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Preface

Gauge Field theories (cf. [Ry], [Po], [Q], [Ru], [Fr], [ChNe], [Pol], and [AH]) have
had a great impact in modern theoretical physics, as they keep internal symmetries and
can account for important physical phenomena such as: spontaneous symmetry break-
ing (see e.g., [Enl], [En2], and [Br]), the quantum Hall effect (see e.g., [GP], [Gi],
[McD], [Fro], and [Sto]), charge fractionalization, superconductivity, and supergravity
(see e.g., [Wi], [Le], [GL], [Park], [Sch], [Ti], and [KeS]). In these notes, we focus
on specific examples of gauge field theories which admit a selfdual structure when
the physical parameters satisfy a “critical” coupling condition that typically identi-
fies a transition between different regimes. The selfdual regime is characterized by the
presence of “special” soliton-type solutions corresponding to minimizers of the energy
within certain constraints of “topological” nature. Such solutions, known as selfdual
solutions, satisfy a set of first-order (selfdual) equations that furnish a “factorization”
for the second-order gauge field equations. Furthermore, each class of “topologically
equivalent” selfdual solutions form the space of moduli, whose characterization is
one of the main objectives in gauge theory. The situation is nicely illustrated by the
(classical) Yang—Mills gauge field theory (cf. [YM]), whose field equations (over )
are satisfied by selfdual/antiselfdual connections, simply by virtue of Bianchi identity.

The selfdual/antiselfdual connections define the well-known instanton solutions of
the Yang—Mills field equations. They can be characterized by the property that, among
all connections with prescribed second Chern number N € Z, the N-instantons iden-
tify those with minimum Yang-Mills energy. In this way one sees that every second
Chern—Pontryagin class of S* can be represented by a family of instantons, which
forms the space of moduli in this case. The space of moduli of N-instantons has been
completely characterized in terms of the assigned second Chern number, N. In this
respect, we refer to [AHS1], [Schw], and [JR] for a dimensional analysis of such
space, and to [BPST], [ADHM], [AHS2], [JNR], [JR], ['tH1], and [Wit1] for explicit
constructions of N-instantons. Although instantons do not exhaust the whole family
of finite action solutions of the Yang—Mills equations (see e.g., [SSU], [Par], [SS],
[Bor], [Bul] [Bu2], and [Ta3]), their impact both in mathematics and in physics has
been remarkable. From the mathematical point of view, it is enough to mention their
striking implications toward the study of differential topology for four-dimensional
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manifolds (cf. [DK] and [FU]). In the selfdual context, we see through the work con-
tained in [Fa], [FM2], [JT], [Le], [Ra], [RS], [AH], [Pe], [Wei], [NO], [Bral], [Bra2],
[GO], [PS], [Hi], and [Y1], how influential has been the study of Yang—Mills instan-
tons toward the understanding of other selfdual soliton-type configurations including:
monopoles, vortices, kinks, strings, etc.

In this respect, we shall be concerned with the case where, in account of the Higgs
mechanism, we include a Higgs field in the theory, to be (weakly) coupled with the
other gauge fields. In this way we are lead to consider the Yang—Mills—Higgs theory,
where we still may attain selfduality by a dimensional reduction procedure yielding
to monopoles as the three-dimensional soliton-solutions for the corresponding selfdual
Yang—Mills—Higgs equations. We refer to [JT], [Le], [AH], [Pe], [GO], and [Y1] for a
detailed discussion of monopoles based on their strong ties with instantons.

Another instructive example about selfduality is offered by the abelian Higgs
model as pointed out by Bogomolnyi in [Bo]. More precisely, by considering a
planar (abelian) Maxwell-Higgs theory with a scalar “double-well” potential (hav-
ing appropriate strength), Bogomonlyi in [Bo] derives a set of selfdual equations,
whose solutions describe the well-known selfdual Maxwell-Higgs vortices discussed
in [NO]J. One may regard these configurations as the cross-section of the “vortex-tubes”
observed experimentally in superconductors which are subjected to an external mag-
netic field. In fact, the selfdual situation identified by Bogomonlyi describes the rel-
ativistic analog of the Ginzburg—Landau model in superconductivity (cf. [GL]), with
parameters that correspond to the borderline case between Type I and Type II super-
conductors. In analogy with Yang—Mills instantons, it is possible to distinguish abelian
Maxwell-Higgs selfdual vortices into distinct “topological” classes, relative to each el-
ement of the homotopy group of S'. The role of S! in this context is readily explained,
since topologically, it represents the abelian gauge group U (1). More precisely, for
every N € 71(S') = Z, the family of selfdual Maxwell-Higgs N-vortices corre-
sponds to the minima of the Maxwell-Higgs energy, as constrained to Higgs fields
with topological degree N. Moreover, the space of moduli formed by N-vortices over
a surface M has been completely characterized as a manifold equivalent to MY mod-
ulo the group of permutations of N elements (see [Tal], [JT], [Bral] [Bra2], [Gal],
[Ga2], [Ga3], [WY] and [NO], [MNR], [HJS], [Y1] for further results). We mention
that, in contrast to Yang—Mills instantons, selfdual Maxwell-Higgs vortices fully de-
scribe finite energy static solutions of the Maxwell-Higgs field equations. In this way,
one deduces a complete characterization of Ginzburg-Landau vortices in the selfd-
ual regime. More recently, much progress has also been made in the understanding of
Ginzburg-Landau vortices away from the selfdual regime, as one may see for example
in [BBH], [DGP], [Riv], and [PR].

In the early 1990s, Chern—Simons theories were introduced to account for new
phenomena in condensed matter physics, anyon physics, supercondictivity, and
supergravity (see [D1], [D3] and references therein). Selfduality entered this new
scenario with a primary role. In fact, it became immediately clear that although
the Chern—-Simons term was extremely advantageous from the point of view of
the physical applications, it introduced serious analytical difficulties that prevented
the corresponding Chern—Simons gauge field equations from being handled with
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mathematical rigor. Thus, to gain a mathematical grasp of Chern—Simons-Higgs con-
figurations, it has been useful to consider convenient selfdual first-order reductions of
the (difficult) second-order Chern—Simons field equations. In this respect, following
Bogomolnyi’s approach, Jackiw—Weinberg [JW] and Hong—Kim—Pac [HKP] intro-
duced an abelian Chern—Simons-Higgs 6th-order model that obeys a selfdual regime.
For such a model, the Maxwell electrodynamics is replaced by the Chern—Simons
electrodynamics and the Higgs “double-well” potential is replaced by a “triple-well”
potential. We shall see how those characteristics give rise to a Chern—Simons the-
ory which supports a rich class of selfdual vortices yet to be completely classified.
Subsequently, other interesting selfdual Chern—Simons models were introduced both
in relativistic and non-relativistic contexts and address the abelian and non-abelian
situation. We refer to the excellent presentation on this subject, as provided by Dunne
in [D1] and [D3].

The purpose of these notes is to illustrate the new and delicate analytical problems
posed by the study of selfdual Chern—Simons vortices. We shall present the resolution
of some vortex problems and discuss the many remaining open questions. By this
analysis, we shall also become capable of handling the celebrated electroweak theory
in relation to the selfdual regime characterized by Ambjorn—Olesen in [AO1], [AO2],
and [AO3].

In Chapter 1, we introduce the basic mathematical language of gauge theory in
order to formulate examples of Chern—Simons-Higgs theories both in the abelian and
the non-abelian setting. We are going to compare their features with the well-known
abelian Higgs and Yang-Mills-Higgs model. For those theories, we will see how
to attain selfduality and to derive the relative selfdual equations that will represent
the main objective of our study. In this perspective, we shall investigate also the
electroweak theory of Glashow—Salam—Weinberg (see [La]) according to the self-
dual ansatz introduced by Ambjorn—-Olesen [AO1], [AO2], and [AO3]. In addition,
we shall analyze selfgravitating electroweak strings, as they occur when we take into
account the effect of gravity through the coupling of the electroweak field equations
with Einstein equations.

In Chapter 2, we shall adopt the approach introduced by Taubes for the abelian
Higgs model (see [Tal] and [JT]) to reduce the selfdual field equations into elliptic
problems involving exponential nonlinearities. Naturally, this will lead us to exam-
ine Liouville-type equations, whose solutions (see [Lio]) have entered already in the
explicit construction of some special selfdual configurations, for example: Wittens’ in-
stantons (cf. [Witl]), spherically symmetric monopoles (cf. [JT]) and Olesen’s periodic
one-vortices, (cf. [O1]).

Unfortunately, our problems will not be explicitly solvable, and we shall need to
introduce sophisticated analytical tools in order to obtain solutions whose features can
be described consistently with the physical applications. To this end, we shall recall
some known facts about Liuoville-type equations, in relation to their mean field for-
mulations and to the Moser—Trudinger inequality (cf. [Au]). This material is collected
in Chapter 2 together with a general discussion on related mathematical problems and
applications.
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On the basis of this information, we proceed in Chapter 3 to analyze planar Chern—
Simons vortices for the abelian 6th-order model proposed by Jackiw—Weinberg [JW]
and Hong-Kim—Pac [HKP]. Here, we encounter the first novel feature of Chern—
Simons vortices in comparison with Maxwell-Higgs vortices. In fact, we are now
dealing with a theory that admits both symmetric and asymmetric vacua states, and
hence we expect multiple vortex configurations to occur according to the nature of the
vacuum by which they are supported. More precisely, in the planar case this amounts
to classify vortices in relation to their asymptotic behavior at infinity. Thus, we shall
call “topological” those vortices that at infinity are asymptotically gauge equivalent to
an asymmetric vacuum state; while “non-topological” will be called those that at infin-
ity are asymptotically gauge equivalent to the symmetric vacuum. This terminology is
justified by the fact that only the topological solutions correspond to minimizers of the
Chern—Simons-Higgs energy within the class of Higgs fields with assigned topological
degree. Observe that since the Maxwell-Higgs model admits only asymmetric vacua
states, it can only support topological vortices. The goal of Chapter 3 is to show rigor-
ously that indeed both “topological” and “non-topological” vortices actually coexist in
the Chern—Simons-Higgs theory proposed in [JW] and [HKP]. In particular, in Section
3.2 we show that the topological ones are very much equivalent to the Maxwell-Higgs
vortices, with whom they share the same uniqueness property and asymptotic behavior
at infinity. It is interesting to note however that the “topological” Chern—Simons vor-
tices are by no means “approximations” of the Maxwell-Higgs vortices (in any reason-
able sense), as one finds out from some limiting properties (see property (3.1.3.) (c)).
In section 3.3 we shall present the construction of Chae—Imanuvilov [ChI1] relative to
non-topological Chern—Simons vortices which extends and completes that of Spruck—
Yang [SY1] relative to the radially symmetric case. We also briefly describe the alter-
native construction of Chan—Fu-Lin [CFL] yielding to non-topological Chern—Simons
planar vortices satisfying a nice “concentration” property around the vortex points (i.e.,
the zeroes of the Higgs field), consistently to what has been observed experimentally
in the physical applications.

However, in contrast to the topological case, a complete asymptotic description of
“non-topological” vortices is still under investigation. In fact, we are still far from a
full characterization of selfdual Chern—Simons vortices in the same spirit of what is
available for the Maxwell-Higgs model. For instance, we observe that our study does
not clarify whether the Chern—Simons field equations admit (finite action) solutions
other than the selfdual ones; nor does it even justify that this can never be the case
when some symmetry assumption holds, as it occurs for instantons and monopoles.

The situation is even less clear for other models, for example, the abelian Maxwell-
Chern—Simons-Higgs model proposed by Lee—Lee—Min [LLM] as a unified theory for
both Maxwell-Higgs and Chern—Simons-Higgs models. For this model the asymptotic
distinction between topological and non-topological vortices carries over, and the ex-
istence of such configurations has been established repectively in [ChK1] and [ChI3].
But a full classification of selfdual Maxwell-Chern—Simons-Higgs vortices is still
missing, including the validity of a possible uniqueness property for the “topological”
ones. See [ChN] for some contribution in this direction.
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In the non-abelian framework, an interesting selfdual Chern—Simons model has
been proposed by Dunne in [D2] (see also [D1]). Vortices in this case are expected
to have an even richer structure, since now the system involves “intermediate” vacua
states that interpolate between the symmetric and totally asymmetric ones. So far, it
has been possible to establish only the existence of a planar non-abelian Chern—Simons
vortex of topological nature (see [Y6]). The difficulty in the study of non-abelian vor-
tices arises from the fact that they involve elliptic problems in a system form (see
(2.1.21) and (2.1.25)) which introduces additional technical difficulties, as compared
to the single Liouville-type equation arising from the Chern—Simons 6th-order model
of [JW] and [HKP].

In Chapter 4, we still consider vortices for the Chern—Simons 6th-order model in
[JW] and [HKP], but now we analyze them under (gauge invariant) periodic boundary
conditions. This is motivated by the fact that lattice structures are likely to form in a
condensed matter system. Also, they should account for the so-called “mixed states”,
that Abrikosov described to occur in superconductivity. He also anticipated their peri-
odic structure long before they were observed experimentally (cf. [Ab]).

All periodic selfdual Chern—Simons vortices correspond to minima of the Chern—
Simons energy in the class of Higgs fields with assigned topological degree. There-
fore, as for the abelian Higgs model, for any given integer N, the moduli space of
periodic Chern—Simons N-vortices is formed by minimizers of the energy among
Higgs fields of fixed topological degree N. This space of moduli turns out to be much
richer than that of the Maxwell-Higgs model described in [WY]. Indeed, we see that
in the periodic case, a vortex must approach a vacuum state as the Chern—Simons
coupling parameter tends to zero. Again, the presence of different vacua (asymmet-
ric and symmetric) gives rise to asymptotically different vortex behaviors and this
leads to multiplicity. Thus, in analogy to the planar case, we shall call of “topological-
type” those vortices asymptotically gauge equivalent to asymmetric vacua states and
of “non-topological-type” those vortices asymptotically gauge equivalent to the sym-
metric vacuum, when the Chern—Simons coupling parameter tends to zero. We shall
introduce a useful criterion (see [DJLPW]) to distinguish between this different class
of vortices and show, that indeed, both types coexist for the Chern—Simons 6th-order
model in [JW] and [HKP].

The construction of “topological-type” vortices follows by using a minimization
principle in the same spirit of that introduced for planar topological (Chern—Simons or
Maxwell-Higgs) vortices. This approach allows us to clarify why a uniqueness prop-
erty should hold for “topological-type” vortices, as recently established in [T7]. In
fact, one sees that whenever a vortex is asymptotically gauge related to an asymmet-
ric vacuum state, then from a variational point of view, it must correspond to a local
minimum for the associated action functional (possibly for small values of the Chern—
Simons coupling parameter). With this information in hand, it is then possible to check
that uniqueness must hold (for details see [T7] and also [Cho], [ChN]).

Moreover, for our variational problem it is also possible to carry out a “mountain-
pass” construction (cf. [AR]), and this permits us to deduce the existence of a “non-
topological-type” vortex. Unfortunately, such construction guarantees convergence
for the “non-topological-type” vortex toward the symmetric vacuum state only in
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LP-norm, and so it leaves out important information about the behavior of the vortex
solution near the “vortex points.” Thus, to improve such convergence to hold at least in
uniform norm, we discuss an alternative construction (introduced in [T1] and [NT3])
that permits us to handle single or double vortices. Interestingly, in the double-vortex
case such construction relates the Chern—Simons vortex problem to a mean field equa-
tion of the Liouville-type, which also enters into other contexts such as the study of
extremals for the Moser—Trudinger inequality or the assigned Gauss curvature problem
(see e.g., [ChY3] and references therein). As a matter of fact, our “non-topological-
type” double-vortex solutions correspond to the “best” minimizing sequence for the
Moser—Trudinger inequality on the flat torus. Thus, to control their behavior (as the
Chern—Simons parameter tends to zero) it is necessary to develop a detailed blow-up
analysis concerning solutions of Liouville-type equations in the presence of “singular”
Dirac measures supported at the vortex points. This task will be the carried out in
Chapter 5.

But before orienting our discussion towards those technical analytical aspects, we
shall complete Chapter 4 by extending our approach to the study of periodic non-
abelian Chern—Simons vortices. In this way, we land naturally on the field of elliptic
systems of the Liouville-type, for which much more needs to be understood and clar-
ified. For this reason, our contributions to the understanding of periodic non-abelian
Chern—Simons vortices provide us only with partial answers and leave out much room
for improvements. Mainly, we shall be concerned with the case of SU (n + 1)-vortices,
whose analysis involves the study of an elliptic Toda-lattice system characterized by
many elements of analytical interest (see [JoW1], [JoW2] and [JoLW]).

In Chapter 5 we discuss the blow-up behavior of solution-sequences for Liouville-
type equations in the presence of “singular” sources. The aim of this chapter is to
present a systematic extension of the work of Brezis—Merle [BM], Li—Shafrir [LS]
Brezis-Li—Shafrir [BLS] and Li [L2] concerning the “regular” case, namely, when
singular sources are not taken into account. As it turns out, this task becomes rather
delicate when blow-up occurs at the “singular” set, a situation likely to occur for our
vortex solutions. In this case, the character of the “concentration” phenomenon is com-
plicated by more degenerate aspects. Nonetheless, it is still possible to obtain sharp
concentration/compactness principles, Harnack type inequalities, inf + sup estimates
and “quantized” properties, which furnish a rather complete description of the blow-up
phenomenon, as one expects to occur for the vortex solutions.

The material presented in this section is rather technical, and only concerns the case
of a single equation. However, the presence of singular sources gives us the chance to
introduce many technical tools which we hope may help in the blow-up analysis for
systems (both in the “regular” and “singular” case), as well as, for related problems
(cf. [Ci], [CP], [KS], [Mu], [CLMP1],[CLMP2], [Kil], [Ki2], and [Wo]).

In Chapter 6, we take advantage of the analysis developed in Chapter 5 in order
to complete the study of the asymptotic behavior of Chern—Simons periodic double-
vortices as constructed in Chapter 4. As a by product of this analysis, we shall be able
to obtain extremals for the Moser—Trudinger inequality on the flat two-torus.
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Also, the information in Chapter 5, in combination with some variational tech-
niques, will allow us to establish a general existence result for an elliptic system of
interest in the study of selfdual electroweak periodic vortices.

The objective of Chapter 7 is to establish the existence of selfdual electroweak con-
figurations of Abrikosov’s “mixed-type” vortices and of self-gravitating electroweak
strings. We will follow the path opened in the study of Chern—Simons vortices to ob-
tain results in electroweak theory by means of the methods and techniques introduced
in the previous chapters. There again, our analysis suffices to handle only a certain
range of parameters, and it would be extremely useful to know whether or not our
results extend to cover the full range of admissible parameters.

In this monograph, we have chosen to discuss only a few selected selfdual models
which in our view, most effectively illustrate the advantage of the analytical approach
that is pursued here and that originated in the work of Taubes ([Tal] and [JT]). As
already mentioned, this line of investigation has proved equally successful in the study
of many other selfdual gauge field configurations. However, for the models considered
here, the progress achieved in the selfdual case is particularly remarkable since rigor-
ous mathematical results away from the selfdual regime remain rather scarce (see e.g.,
[HaK], [KS1], and [KS2]).

While we have provided indications on possible extensions of the given results
to related models, we refer to the monograph of Yang [Y1] for a systematic use of
Taubes’ strategy to treat selfdual solutions arising in different physical contexts.

In fact, we hope that the reader can profit from the analysis developed here and
further pursue the investigation of a variety of selfdual models, after the work in [Y1].

We have not touched upon other aspects related to selfduality, for example: “inte-
grability” issues (see e.g., [Das], and [Hop]), dynamical properties of seldfual vortices
(see e.g., [KL], [Ma], and [BL]), and solvability of initial value problems (see e.g.,
[Ch5], [ChC], and [ChCh2]). All of these problems pose very attractive and stimulat-
ing mathematical questions, and certainly deserve a lot more attention.

Acknowledgments. It is a pleasure to thank Haim Brézis for his encouragement to take
on this project and for his interest and continued support.

Also, we have benefited from the useful observations of the referees and profited
from the valuable comments of Pierpaolo Esposito.
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1

Selfdual Gauge Field Theories

1.1 Introduction

In this chapter we introduce the reader to the gauge theory formalism in order to furnish
examples of gauge field theories that support a selfdual structure.

We start with the simpler abelian situation, where most of the technical aspects of
group representation theory can be avoided.

From the physical point of view, an abelian gauge field theory describes electro-
magnetic particle interactions. Thus we shall start by discussing the abelian Maxwell—
Higgs model, well-known also as the relativistic counterpart of the Ginzburg—Landau
model in superconductivity (cf. [GL]). We will illustrate Bogomolnyi’s approach
(cf. [Bo]) and attain selfduality for this model with parameters that describe the bor-
derline case that distinguishes between type I and type II superconductors.

Next we will see how, in the same spirit, one can attain selfduality in the pres-
ence of the Chern—Simons term (cf. [D1]). In this context, we will focus on the “pure”
Chern—Simons 6th-order model of Jackiw—Weinberg [JW] and Hong—Kim—-Pac [HKP]
and on the Maxwell-Chern—Simons—Higgs model of Lee—-Lee—-Min [LLM]. Subse-
quently, we will turn to the treatment of non-abelian gauge theories, and for this pur-
pose we shall need to recall some basic facts about the representation of compact
(semisimple) Lie groups (see [Ca], [Hu], and [Fe]). In the non-abelian framework,
we shall formulate the Yang—Mills and the Yang—Mills—Higgs theories, as well as the
non-abelian Chern—Simons theory in [D2] and the celebrated electroweak theory of
Glashow—Salam—Weinberg (cf. [La]). We will show how to attain selfduality for such
non-abelian models, which represent only a “sample” of the ample list of selfdual
(relativistic) gauge field theories available in physics literature. Some extensions of
the models considered here are contained in [KLL], [KiKi], [Kh], [CaL], [CG], [Wit2],
[Va], and [D1]. In any case, we refer the interested reader to the monograph by Yang
([Y1]) for a broader discussion of relativistic and non-relativistic selfdual theories that
model a wide range of physical phenomena.
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1.2 The abelian Maxwell-Higgs and Chern—-Simons theories

The abelian Maxwell-Higgs (or simply abelian-Higgs) and Chern—Simons theories
describe electromagnetic interactions and, as gauge field theories, they are formulated
by a Lagrangean density £ expressed in terms of the gauge potential A and the Higgs
(matter) field ¢. Occasionally a neutral field is also included.

We focus our attention on euclidean theories formulated over the Minkowski space
(R'*4, g) with metric tensor g¢ = diag (1, —1, ..., —1), where we denote by x the
time variable and (x', ..., x?) the space variables.

Usually, we shall use Greek indices to identify indifferently space or time variables,
while the roman letters will be specific to space variables. We adopt standard notations
and use the matrices g = (gqp) in the usual way to raise or lower indices, and let g =
(g*”) for the inverse. Moreover we use the summation convention over repeated lower
and upper indices.

In this context, the potential field A is specified by its smooth real components

Ay R S R, a=0,1,...,d; (1.2.1)
whereas, the Higgs field ¢ is a smooth complex valued function
¢ RF 5 C. (1.2.2)

To be consistent with the theoretical gauge-formalism (see next section), we identify
the potential field A with a 1-form (connection) as

A= —iAdx", (1.2.3)
and we express the corresponding (Maxwell) gauge field F 4 as the 2-form (curvature)
Fa= _% wp dx® A dx?, (1.2.4)

where
Fop = 04 Ap — OpAq. (1.2.5)

The Higgs field ¢ in (1.2.2) is weakly coupled with the potential field A via the exterior
covariant derivative D 4 as follows:

D¢ = Dypdx® where Dyp = 0,¢p —iAqpanda =0,1,...,d. (1.2.6)
We record the Bianchi identity
oV F*Y + oM FYT 48" FTH =0, (1.2.7)

which is valid for the (curvature) components Fypg in (1.2.5). For later use, we point
out that in the dimension d = 3, identity (1.2.7) may be more conveniently expressed
in terms of the dual gauge field:

~ j ~ - 1
FA _ —%Fa/j dx(x /\dxﬂ where Faﬁ = EgaﬁﬂvFﬂU
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as follows:
opF* =0, a=0,1,2,3. (1.2.8)

Recall that ¢*/7V denotes the usual Levi-Civita e-symbol which is totally skew-

symmetric with respect to the permutation of indices and is fixed by the condition:
0123
€ =1

In normalized units, the abelian Maxwell-Higgs Lagrangean density takes the form

1 1 -
LA ) =~ wpFP + 5 DudD*G —V (|¢|2) , (1.2.9)
where the scalar potential V is taken as the familiar “double-well” potential
y) 2
Vel = (1o - 1) (1.2.10)

with 4 > 0 a physical parameter. The internal symmetries typical of electromagnetic
interactions are expressed by the fact that the fields .A and ¢ are defined only up to the
following gauge transformations

¢ — e, (1.2.11)
A— A—ido, (1.2.12)

for any smooth real function w over R+,

The invariance of £ under the tranformations (1.2.11) and (1.2.12) can be easily
verified. In fact, the validity of such invariance property serves as justification for the
structure of £ in (1.2.9).

Clearly, the same invariance under (1.2.11) and (1.2.12) is mantained by the cor-
responding Euler-Lagrange equations

oV
DD ¢ = 2L, 12.13
D" ¢ 7 ( )
o, F1Y = JH, (12.14)
where
JH = i(aDﬂqs - Dﬂqﬁq&). (12.15)
2

Note that J# can be considered as the current generated by the internal symmetries
expressed by (1.2.11) and (1.2.12).
In fact, in view of (1.2.13), J# defines a conserved quantity, that is, oyt = 0.
Furthermore, by identifying
p=Jandj= JH (1.2.16)

with the charge density and the current density respectively, we see that (1.2.8) and
(1.2.14) formulate the familiar Maxwell’s equations in terms of the electric field
E = (E;) and the magnetic field B = (B}) specified as follows:

: |
Ej — _FOJ’ B/ = _Egjlekl (1217)

(gjkl — gOjkl. .k, 1=1,23).
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In particular, in the absence of the matter field (i.e., ¢ = 0), J* = 0 and (1.2.14)
reduces to Maxwell’s equations in a vacuum:

o F* =0. (1.2.18)

For details see [JT] and [Y1].

The fields A and ¢ are not observable quantities, as they are defined only up to the
gauge transformations (1.2.11) and (1.2.12). On the contrary, the electric and magnetic
fields (1.2.17) as well as the magnitude |¢| of the Higgs (matter) field are gauge-
independent quantities, and hence observables.

Therefore, from an analytical point of view, we can hope to explicitly solve (1.2.13)
and (1.2.14) only in terms of those gauge-invariant quantities.

We shall be interested in obtaining “soliton” configurations, namely, static solu-
tions for (1.2.13) and (1.2.14) carrying finite energy. To this end, note that by the Gauss
law constraint (i.e., the 4 = 0 component of (1.2.14))

0;F% = - ($D0¢> - ¢D0¢5) , (1.2.19)
2
we easily obtain that the energy density associated to £
oL oL oL —
E=——<0A, + So¢p + —dop — L (1.2.20)
o (d0A,) " 8 (dog) o (20)

(in the temporal gauge) takes the form:

1

Lez v Lipggr+ L psglr + v 1221
5 2 Fht 5 1DodlP+ 2 Dol + v (1.2.21)

4

Our interest in static configurations is motivated by the fact that in a non-relativistic
context, when the dimension is d = 3, the Lagrangean density (1.2.9) with the scalar
potential V of (1.2.10) has been proposed as a model for superconductivity accord-
ing to the Ginzburg-Landau theory (cf. [GL]). In this context, ¢ plays the role of the
order parameter, whose magnitude |¢| measures the number density of Cooper pairs.
Thus, the superconductive state is manifested where |¢| takes values away from zero.
Furthermore, the constant 4 involved in the “double-well” scalar potential (1.2.10)
defines a relevant physical parameter in this context, as it distinguishes between super-
conductors of Type I (i.e., A < 1) and of Type II (i.e., A > 1). By considering a cross
section of the superconductive bulk of a material, a “special” situation occurs when
we consider bi-dimensional soliton solutions (vortices) of (1.2.13) and (1.2.14) at the
“critical” coupling value of 1 = 1.

Indeed, from (1.2.21) we see that for d = 2 and 4 = 1, the static energy density
of the vortex-configurations in the temporal gauge (which allows us to take A9 = 0)
coincides with the opposite of the action functional Lgyic so that it takes the form,

1 1 1 1 2
Extic = —Laaic = 5 F + 5I1D1¢2 + 310291 + 5 (1P 1) (1222)
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Thus, if we introduce the operators
Di¢p = Di¢p £iDrop

(to be compared with the & and & operators of complex functions in a gauge-free set-
ting) and observe that

ID1¢? + |Dagp|* = |Drg|? £ Fralg® F e/%0; I, (1.2.23)
we arrive at the following useful expression for the static energy:

Evatic = ~1DagP 4+ (Fra 2 (1P =1 2:|:1F Lok, 1.2.24
statlc—§| :l:¢|+§(12 §(|¢| _)) E 12:F§3 jYk- (1.2.24)
Again &/ k is the (bi-dimensional) skew-symmetric e-symbol (j, k = 1, 2), which we
can obtain from ¢*#7V defined above simply by setting £/ = £07k3,

So, by considering boundary conditions suitable to neglecting the total spatial
divergence terms in (1.2.24), we find that energy minimizer vortices must satisfy the
following first-order equations:

Dig¢ =0, (1.2.25)
2Fp + (|¢|2 - 1) —0, (1.2.26)
Ao = 0. (12.27)

Solutions of (1.2.25)—(1.2.27) are known as the Nielsen—Olesen vortices (cf. [NO])
and are energy minimizers constrained to the class of gauge potential fields with a
fixed magnetic flux. We shall see that this corresponds to a “topological” constraint,
such to produce “quantization” effects.

Equations (1.2.25)—(1.2.27) were derived by Bogomolnyi in [Bo] as a convenient
first-order factorization of the second-order Euler-Lagrange equations (1.2.13) and
(1.2.14), where the scalar potential V satisfies (1.2.10) with 4 = 1. Indeed, it is a
simple task to check that every solution of (1.2.25)—(1.2.27) also satisfies (1.2.13) and
(1.2.14).

Such a reduction property has been observed to occur in quite a variety of mod-
els in gauge field theory, when the physical parameters are specified according to
an appropriate “critical” coupling. The first instance of such an occurance has been
observed in the non-abelian context for the pure Yang—Mills model (cf. [JT]). In this
case, energy minimizers (within a topological class) give rise to instantons and corre-
spond to selfdual (or antiselfdual) connections, as discussed in Section 1.3.5.

By analogy, it has become a custom to refer to the reduced first-order equations as
the selfdual (antiselfdual) equations. We can reveal the selfdual/antiselfdual character
of (1.2.25) if we express it in the form:

D¢ =FicjxDro. (1.2.28)

However, before engaging with non-abelian (selfdual) gauge field theories, let us see
how a similar reduction procedure can also be attained when we enrich the electro-
dynamical properties of the theory by including the Chern—Simons term.
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The Chern—Simons theory is a planar theory (i.e., d = 2, or more general d
is even) that enjoys several favorable physical properties not attainable through the
“conventional” Maxwell electrodynamics. For instance, we shall see that Maxwell—
Chern—Simons vortex-configurations carry both electrical and magnetic charge, in con-
trast with the conventional Maxwell electrodynamics, that only yields to electrically
neutral Ginzburg—Landau vortices. This and other important aspects of (relativistic
and non-relativistic) Chern—Simons theories are widely discussed by Dunne in [D1],
in relations to their relevance in high critical temperature superconductivity, the quan-
tum Hall effect, conformal field theory and planar condensed matter physics.

In the abelian context, the Chern—Simons Lagrangean density L., is assigned in
R!*2 in terms of the potential field A = —i A dx?, a =0, 1,2 as

1

Les (-A) = 4

P Ay Fp, (1.2.29)

where again 7 denotes the totally skew-symmetric pseudotensor fixed by setting
012
e =1.

The structure of the Chern—Simons Lagrangean L., may be justified on the basis
of a reduction argument from the 4-dimensional Yang—Mills equations to dimension
d = 2 (see [D1] for details). In this respect, observe that L., corresponds to the action
functional for the (trivial) equation

Fup =0 (1.2.30)

since we have

aﬁcs

1
= Zgw/”Faﬂ. (1.2.31)
u

We remark the interesting fact that although L, is not gauge-invariant,
1
Les(A=ido) = Les(A) + 50, (0e" 3, Ap) ;

the corresponding Euler—Lagrange equation (1.2.30) is gauge-invariant, and for this
reason, L., is an admissible Lagrangean in the context of gauge field theory.

As a first example, we describe a theory proposed by Jackiw—Weinberg [JW]
and Hong—Kim-Pac [HKP] in which the electrodynamics of the system is governed
solely by the Chern—Simons Lagrangean. The corresponding Chern—Simons—Higgs
Lagrangean density takes the form:

L(A, ¢) = —%s“ﬂ”Aa Fgu + DypD%p — V (|¢|2) , (1.2.32)

where the (dimensionless) coupling constant £ > 0 measures the strength of the
Chern—Simons term, which we shall refer to as the Chern—Simons parameter.
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The Euler-Lagrange equations relative to (1.2.32) are expressed as

D,D% = —5 (1.2.33)
KenaPpup = Jn, (1.2.34)

where
Jt =i (¢D*p — pD ). (1.2.35)

Again, J* can be considered as the conserved current for the system, with p = J°
the charge density and j = J the current density. As before, using the Gauss law
constraint obtained from the 4 = 0 component of (1.2.34),

kFip =i (50% - ¢D_0¢) , (1.2.36)

we easily deduce that for the Lagrangean density (1.2.32), the associate energy density
takes the expression

= 1Dog + 10,61 + V (191
(provided we neglect the total divergence term). Since L., is independent of the
Minkowski metric, we check that indeed, it does not contribute to the energy
momentum tensor.
Thus (pure) Chern—Simons vortices will correspond to solutions for (1.2.33) and

(1.2.34) independent of the x%-variable and with finite (static) energy. Note that, the
Gauss law constraint (1.2.36) for the time-independent case reduces to

kFi2 = 2A0l¢)* = Jo. (1.2.37)

Identity (1.2.37) can be used together with the identity

|D1¢* + | Dagp|* = | D1gp|? iF12|¢|2q:78 Ji (1.2.38)

(the equivalent of (1.2.23)) to obtain the gauge-invariant part of the energy density
relative to vortex configurations as

eIk
Euaic = 140 + |Di¢|2 £ Fualgl? +V (1) F -0,
it (1.2.39)

= 1D2g £ > Aolgl* + A3+ (197) 7 -0y

As for the abelian Maxwell-Higgs model, we can operate on a suitable choice of the
scalar potential V in order to complete the square in (1.2.39) and identify a set of
first-order (selfdual) equations that “factorizes” (1.2.33) and (1.2.34). To accomplish
this goal and account for some physical consistency, Jackiw—Weinberg in [JW] and
Hong—Kim—Pac in [HKP] proposed the triple-well potential

v (18P) = o (169 ?)’ (1240
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with the mass-scale symmetry-breaking parameter v2. For the abelian Maxwell-Higgs
model (1.2.9) we have adopted the normalization v> = 1. Also notice the explicit
dependence of the (selfdual) scalar potential (1.2.40) on the Chern—Simons parameter
k. Therefore as for the abelian Maxwell-Higgs model, we see that a selfdual regime
is reached when there is a balance between the strength of the electromagnetic term
(Maxwell or Chern—Simons) and the potential term.

For the Chern—Simons 6th-order model proposed in [JW] and [HKP],

LA, $) = —'fe“’”A Fpy + Dug D¢ ——|¢|2 (191 - )2, (1.2.41)

the (static) energy density of vortex-configurations takes the form

2 ik
&
5static=|Di¢|2+|¢|2(A0i (191 - 2)) £V Fip F -0 (1242)

Consequently, by considering suitable boundary conditions that allow one to neglect
the total spatial divergence term in (1.2.42), we arrive at the following first-order equa-
tions to be satisfied by energy minimizers (at fixed flux) Chern—Simons vortex solu-
tions, together with the Gauss-law constraint (1.2.37)

Diqﬁ —0, (1.2.43)
161(Ao + — (|¢| ) —0. (1.2.44)

We can arrange (1.2.37), (1.2.43), and (1.2.44) more conveniently in the following
equivalent set of selfdual equations:

Di¢p =0,
Fio = £51917 (v* — 1917, (1.2.45)
2A0l¢* = kFia.

Again (1.2.45) represents a “factorization” of the second-order Euler—Lagrange
equations (1.2.33) and (1.2.34). Indeed, one can easily check that a solution of (1.2.45)
also verifies (1.2.33) and (1.2.34) with V specified by (1.2.40).

In particular observe that away from the zeros of ¢, the Ap-component of the
potential field is determined simply by the identity:

Ag== ]1(( |¢|2) (1.2.46)

(see (1.2.44)). Thus, the selfdual vortex solution is completely identified by the com-
ponents (A1, A, @), satisfying the first two equations in (1.2.45).

It is interesting to note that the Chern—Simons energy density takes a similar struc-
ture (i.e., sum of the quadratic terms plus the spatial divergence terms) for the time-
dependent solutions of (1.2.33) and (1.2.34), provided we specify the scalar potential
V asin (1.2.40).



1.2 The abelian Maxwell-Higgs and Chern—Simons theories 9

In fact, the (non-static) Gauss law constraint (1.2.36) may be used together with
(1.2.38) to deduce the following expression for the energy density:

v2 0 glk
—JOF 0 h.  (1.2.47)

2
+D¢2Zt
| + | k 2

Eos = ‘D% % 20 (197 )

As noted above, for fixed magnetic flux (see (1.2.37)), energy minimizers may be
identified as solutions of the first-order equations

Di¢p =0, (1.2.48)
D% = i,%cb (|¢|2 -~ vz) : (1.2.49)

to be satisfied in addition to the Gauss law constraint (1.2.36). Equivalently, by insert-
ing equation (1.2.49) into (1.2.36) for the time-dependent case, we obtain the following
Chern—Simons selfdual equations:

Di¢ =0,
Fio = 25162 (v = 191%) (1.2.50)
D% = £14 (141 —v?).

A soliton-like solution of (1.2.50) may be constructed out of a solution (Ag, Aj,
A2, @)static, Of the static selfdual Chern—Simons equations (1.2.45), simply by letting

+ i(/)zxo

¢ =e"TF Pyatic,
1
Aj = (Aj)static; Ap = iz (Vz + w? — |¢static|2)a

(1.2.51)

for any constant w € R.

In view of (1.2.46) the soliton-like solution above reduces to the selfdual vortex
(Ao, A1, A2, P)static, when w = 0.

Next we see how an analogous selfdual reduction property remains valid by consid-
ering a full Maxwell-Chern—Simons—Higgs theory (MCSH-theory), that also includes
a neutral scalar field.

We shall discuss a model proposed by Lee-Lee—Min [LLM] with the purpose of
unifying the abelian Maxwell-Higgs and Chern—Simons-Higgs theories considered
above.

To this purpose, it is convenient to introduce the explicit dependence of the theory
in terms of the electric charge g (previously normalized to 1) so that the (dimension-
less) Chern—Simons parameter is expressed as
o

k==,

(1.2.52)

LS

with ¢ having the dimension of mass.
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The MCSH-theory proposed in [LLM] is formulated by means of the Lagrangean
density

1 o . __
L(A,¢,N) = Ti wpF — @e“ﬁ/ Ao Fpy + Dap D@

(1.2.53)

1
+2q—zaa1vaa1v _vy (|¢|2, N) ,

where N is a neutral scalar field, and the scalar potential V takes the form

» 5 q2v2 2 qz 5 o 2
14 (|¢I ,N) =|p|“{ N — — + 5 (|¢| - ?N) , (1.2.54)

with the mass scale parameter v to be considered as a symmetry-breaking parameter.
Note that formally, we may recover the abelian Maxwell-Higgs Lagrangean den-

sity (1.2.9) out of (1.2.53) by letting ¢ — 0 while keeping ¢ fixed. In this way the
Chern—Simons term drops out while the neutral scalar field N needs to be fixed ac-
cording to the relation

oN 5

— = V.

q

Then (1.2.53) reduces to
AH 1 4 2 2)?
LA P = —75 wF* + Du¢D7P— - (|¢| —v ) ., (1.2.55)

which gives exactly the selfdual abelian Maxwell-Higgs Lagrangean density with all
relevant physical parameters.

On the other hand, if we let ¢ — +o00, ¢ — 400 while keeping fixed the
Chern—Simons constant given by the ratio (1.2.52), we again formally see that both
the Maxwell term and the kinetic term relative to the neutral field drop out, while N
must be fixed according to the relation &SN = |#|2. Thus at the limit, £ in (1.2.53)
takes exactly the form of the Chern—Simons Lagrangean (1.2.32).

It is in this sense that we say that the MCSH-Lagrangean in (1.2.53) formulates a
unified theory between the abelian Maxwell-Higgs and Chern—Simons models.

The “formal” limits taken above can be shown to hold rigorously along vortex
configurations (see [RT1]).

Let us now describe the selfdual structure of the MCSH-Lagrangean represented
by (1.2.53) and (1.2.54). First of all, notice that the corresponding Euler—Lagrange
equations complete those in (1.2.34) and (1.2.33) as we have:

200N = =25 (181, V).,
D, D% =~ (I41%. N), (1.2.56)
O F! + et P Fop = JH,

with k in (1.2.52) and J# the current defined in (1.2.35).
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As above, the u = 0 component of the last equation in (1.2.56) expresses the Gauss
law constraint for the given system, which is given as follows:

1, _ .
?a,-FOJ Y kFa=J0=i (¢D°¢ - ¢DO¢) . (1.2.57)

As before, we shall take advantage of (1.2.57) and (1.2.38) in order to express the
following MCSH-energy density:

1 1 1
&€= @WOHZ + 2q—2|F12|2 +DogI? + ID1g* + [D2g* + —Ie0N |

2 (1.2.58)
1 q? q® o 2
—|VN? 2N -2 Z(19?==N) .
37 |+|¢>|( Uv)+2 B =
(neglecting a total spatial divergence term) in the more convenient form:
&= 1| P £ o + S laN P+ IDsg P
2g2 / 2g2
2 2\ |2
1 5 s O . v
+55 (Fata® (162 = 5N)) + | Dogwig( N - )| 1259
2q q k

2 0 elk 1
Therefore, with the help of suitable boundary conditions that allow one to neglect the
last total spatial divergence term in (1.2.59), the minimal MCSH-energy for fixed flux,
is saturated by the solutions of the following selfdual equations:

Dig¢ =0,

F% £9;N =0,

Fia+4? (|¢|* —kN) =0, (1.2.60)
Dog Figp (N = %) =0,

ooN =0,

with k given in (1.2.52).

Once more, equations (1.2.60) supplemented with the Gauss law constraint
(1.2.57) identify a first-order factorization of the second-order Euler-Lagrange
equations (1.2.56).

In particular, selfdual MCSH-vortices will be obtained by considering solutions of
(1.2.60) independent of the x°-variable. In this situation, the corresponding equations
simplify considerably, since the last equation is automatically satisfied. We can satisfy
the second and fourth equation in (1.2.60) simply by setting:

2
Ao = :l:(% - N). (12.61)
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Furthermore, in the xo-independent case the Gauss law constraint (1.2.57) takes the
form

1
— AAg + kFia = 2A0|¢|*. (1.2.62)
q

Therefore, we can combine (1.2.61), (1.2.62), and the third equation in (1.2.60) to see
that a selfdual MCSH-vortex is completely determined in terms of the components
(A1, Az, ¢, N) satisfying:

Di¢p =0,

Fia = +q* (kN — |¢]%), (1.2.63)
2

~LAN =20 (% = N) +kq? (192 — kN).

Exactly as before, we see that from a solution (A, A2, @, N)static of (1.2.63), we may
obtain a soliton-like solution of (1.2.60) by letting:

iwsz .
¢ = ei k ¢static» Aj = (Aj)SIati09 J= 1: 29
1
N = Ngtatic, and Ag == (% (U2 + w2) - Nstatic)a

for every w € R.

Analogous selfdual reduction procedures are known to hold also for non-
relativistic versions of the Maxwell and Chern—Simons theories described above,
where roughly speaking, the covariant derivative Dy¢ of the Higgs field only enters
linearly into the Lagrangean density. We refer to [D1] for a detailed discussion in this
direction.

Already from those first examples, we can remark on some interesting features
common to all selfdual equations discussed so far. Firstly, all of them include the self-
dual/antiselfdual equation

Di¢ =0, (1.2.64)

which will play a crucial role in the analysis that follows. For the moment, let us
mention that (1.2.64) may be viewed as a gauge-invariant version of the Cauchy-
Riemann equation, and in fact it implies an holomorphic-type behavior for the Higgs
field ¢ (respectively ¢) up to gauge tranformations (cf. [JT]). Note also that except for
(1.2.64), the remaining (static) selfdual equations involve only gauge-invariant quanti-
ties (i.e., Fio, |¢|2, and when present, the neutral scalar field N). Therefore, one may
hope to find an appropriate gauge transformation according to which the full set of
selfdual equations take the most convenient expression from the analytical point of
view.

This goal was attained first by Taubes (see [Tal], [Ta2], and [JT]) who success-
fully handled the selfdual abelian Maxwell-Higgs model. It is one of our purposes to
show that, in fact, Taubes’ approach works equally well for the Chern—Simons models
discussed above and, more generally, for the non-abelian theories of next section.
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But before treating non-abelian gauge field theories, we wish to mention that while
Taubes’ approach has furnished a complete characterization of Ginzburg—Landau vor-
tices in the selfdual regime, in recent years much progress has also been made away
from the selfdual regime (i.e., A # 1 in (1.2.10)). In fact, a much better understand-
ing of Ginzburg-Landau vortex configurations now exists in dimension d = 2 and
d = 3, also in relation to their dynamical properties. In this respect, see for exam-
ple: [AM], [AB], [ABG], [JMS], [BeR], [JiR], [ABP], [BPT], [BBH], [BBO], [BOS],
[BR], [CHO], [CRS], [DGP], [E], [J11, [J2], [JS1], [JS2], [Lin1], [Lin2], [Lin3], [LR1],
[LR2], [LR3], [MSZ], [PiR], [Riv], [RuS], [Sa], [SS1], [SS2], [SS3], [SS4], [SS5],
[SS6], [SS7], [Sel], [Se2], [Se3], and [Spi]. Such a remarkable understanding of the
Ginzburg-Landau model has also prompted to undertake a similar approach to the
6th-order Chern—Simons model away from the selfdual regime; contributions in this
direction can be found in [HaK], [KS1], and [KS2].

1.3 Non-abelian gauge field theories

1.3.1 Preliminaries

In this section we discuss examples of gauge field theories describing physical inter-
actions other than the electromagnetic ones treated in the previous section.

Such theories are formulated within the mathematical framework of (non-abelian)
gauge theory and are specified according to (a representation of) an assigned gauge
group G. The gauge group G is given by a real Lie group, usually compact and con-
nected, which acts over a finite-dimensional (real or complex) linear space L. The
corresponding representation,

p: G — Aut (L), (1.3.1)

will be used to describe the internal (local) symmetries relative to the theory. For this
reason, we shall refer to L as the internal symmetry space.

By the usual operation of “derivation,” we can exchange information between the
group G and its (real) Lie algebra G. In this way, p in (1.3.1) induces a representation
of G on IL which we shall denote in the same way. We refer to [Ca], [Fe], and [Hu] for
the details.

In most cases we can use (1.3.1) to identify G with an embedded subgroup of the
Lie group of (square) real invertible matrices:

GL(n,R) = {n x n real matrix A : detA # 0}. (1.3.2)

So, for most purposes, it is convenient to think of G as a matrix group.
In this respect, note that G could be represented also by complex square matrices,
namely, elements of the group:

GL(n,C) ={A: n x n invertible complex matrix} ; (1.3.3)

but in this case it is understood that G (being a real group) is considered a subgroup of
GL(2n,R).
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1.3.2 The adjoint representation and some examples

In this section, we describe the adjoint representation for a Lie group G. This will
help establish ideas and will give us a chance to review a relevant group representation
for the physical applications. More precisely, the adjoint representation concerns the
situation where I = G; namely, the linear (symmetry) space coincides with the Lie
algebra of G, and

Ad: G —s Autg (1.3.4)

is defined as follows.
Let e € G be the unit element of G, i.e., ge = g = eg Vg € G. And for g € G,
define the inner automorphism on G as

I :G— G
a — gag_l.
Then
Ad(g) = d(Ig)le € Aut g, (1.3.5)

where d denotes the usual differentiation of smooth functions on manifolds. The
induced adjoint representation over the Lie algebra G,

ad: G — End G withad = d(Ad)]., (1.3.6)
can be shown to act simply by the Lie bracket [, ] on G, namely,
ad(A) = [A, -] (1.3.7)

(see [Fe)).
The (real) adjoint representation introduced above can be extended in a natural way
over the complexification of the (real) Lie algebra G as

Gc=G®rC, (1.3.8)

which defines a complex Lie algebra equipped with the induced Lie bracket. G¢ pre-
serves the structural properties of G and we may consider the extended maps

Ad: G —> Aut (Go) (1.3.9)

and

ad : Gc — End (G¢)

AN (1.3.10)

where for g € G, the restrictions Ad(g)|g and ad|g recover, respectively, the adjoint
representation (1.3.5) and (1.3.7).
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We shall consider both real and complex adjoint representations. In literature, the
complex adjoint representation is also referred to as the conjugate representation of G.
In the context of the adjoint representation, it is interesting to consider the Killing
form
k:Gc xGe — C,

given by the symmetric bilinear form defined as
k(A, B) = tr(ad(A)ad(B)), (1.3.11)

where A, B € G¢ and tr denote the trace of elements in End(G¢). The Killing form is
invariant under the adjoint transformation of (1.3.9) (and hence (1.3.5)), in the sense
that, for A, B € G¢:

k(Ad(g)(A), Ad(g)(B)) = k(A, B), Vg € G; (1.3.12)
and k|g«g € R. For later use, we record the identity
k([A, B],C) =k (A,[B,C]), (1.3.13)

which follows from elementary properties of Lie brackets and traces. Note that the
Killing form vanishes identically when G is abelian, i.e., every element of G (and thus
of Go) commute: [A, B] = 0, YA, B € G¢. On the other hand, it is also of interest
to analyze the situation where k is non-degenerate, in which case the relative group is
said to be a semisimple group.

It is possible to show that (see [Fe]):

Theorem 1.3.1 If G is connected and semisimple, then G is compact if and only if
klgxg is negative definite.

In the context of Theorem 1.3.1, the Killing form is used to provide G with a
Riemannian structure. In the sequel, we shall explore its role in the Cartan—Weyl
decomposition of G¢.

Next, let us see how the adjoint representation operates over a matrix group. For
this purpose, recall that the Lie algebra associated to GL(n, R) is given by

gl(n, R) = {n x n real matrices}, (1.3.14)
whose complexification
(gl(n,R))c = gl(n, C) = {n x n complex matrices} (1.3.15)

just corresponds to the Lie algebra of the complex Lie group GL(n,C). If G is a
(embedded) subgroup of GL(n, R), then it is not difficult to see that: if g € G C
GL(n,R)and A € G C gl(n,R) (or A € G¢ C gl(n, C)), then

Ad(g)A = gAg™! € G (or Go), (1.3.16)

where we use the usual matrix multiplication.
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In fact, through an abuse of notation, the expression (1.3.16) can be adopted to
denote, in general, the (real or complex) adjoint representation for any group.

Next we recall some examples of matrix groups that will enter as gauge groups in
the gauge field theories discussed below.

Special Orthogonal Group:

SO(n):{AeGL(n,R): A'A =1d, detA = 1} (1.3.17)
where ! A is the transpose of A, and its associated Lie algebra is
so(n) = {A egln,R): A=— ’A}. (1.3.18)
Special Unitary Group:
The complex counterpart of SO (n) is given by,
SU@n) = {A €GL(n,C): AA" = Id, detA = 1} (1.3.19)
where AT = 7A is the Hermitian conjugate of A, and its associated Lie algebra is
su(n) = {A cgl(n,C): A=—A", rtA = o} . (1.3.20)
In particular note that
dimp su(n) = n® — 1, (1.3.21)
and the complexification of su(n) is given by
(su(n))c =sl(n,C) ={A € gl(n,C): tr A =0}. (1.3.22)

We recall that SU (n) defines a compact, connected subgroup of the unitary group
Um) = {A € GL(n,C): AAT = Id} (1.3.23)

and also defines a semisimple group for n > 2 (cf. [Ca], [Fe]). While for n = 1,
U() = {z € C: |z| = 1} defines an abelian compact group which we can identify
with SO (2).

In fact, every element of SO(2) can be described by a pair of complex numbers
{z, w} such that = iz and |z| = 1. We thus see that the projection map from C? into
C defines a Lie group homeomorphism between SO (2) and U (1).

Note that U (1) acts on C by multiplication by a unitary complex number.

In concluding this section we return to the role of differentiation as a means to
transfer information from G over (its infinitesimal expression) G, as we have seen
already from (1.3.5) to (1.3.6). As is well-known, this procedure may be reversed by
means of the exponential map. For a matrix group G C GL(n,R) (or G C GL(n, C))
with Lie algebra G C gl(n,R) (or G C gl(2n,R)), this is simply described by the
exponential of a matrix:

Aeg—>eA=Z—eG. (1.3.24)
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1.3.3 Gauge field theories

We return to the description of a gauge theory over a (real) Lie group G, acting over
the symmetry space L with the corresponding representation p in (1.3.1).

From now on we shall assume G to be compact.

In this situation, it is always possible to define an inner product over L. and G
invariant under the transformation of p(g) and Ad(g), respectively, Vg € G (cf. [Ca]).
We denote it by (-, -) regardless of whether it pertains to L. or G, so that no confusion
should arise. And we let | - | denote the associated norm.

A gauge field theory with gauge group G is formulated in terms of the following
dynamical variables:

the gauge potential A: a connection over the principal bundle P with structure
group G,
the Higgs (matter) field ¢: a smooth section of the associated bundle E with fiber L;

(cf. [JT], [Tra], and [Jo]).

For the purpose of these notes, it suffices to limit our attention to gauge theories
where both the principle and the associated bundle are trivial; although it should be
mentioned that non-trivial bundles do occur in physical literature.

More precisely we take,

P =R x G, E=R" xL,

with (R'*9, ¢) the Minkowski space and g = diag (1, —1,..., —1). Hence, the
potential field A is the globally defined G-valued 1-form

A= Aydx?®, Ay =A,x)eG a=0,1,...,d, (1.3.25)
and the Higgs field ¢ is the smooth IL-valued function
$: R L. (1.3.26)

In turn, if we let D 4 denote the (exterior) covariant derivative associated to the connec-
tion A acting on G-valued forms, then we obtain the gauge field F 4 as the curvature
2-form corresponding to .A:

FAzDAAzde-A/\A:% wup dx® A dxP, (1.3.27)
with
Fop = 04 Ap — 0pAg + [Aa, Ap], (1.3.28)
a,p=0,1,...,d.
By means of the (induced) representation of p on G, we can also consider the

covariant derivative D 4 acting over LL-valued forms as follows:

Do =do+ p(A) ANo.
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In this way, we can (weakly) couple the Higgs field ¢ to the potential .4 as follows:
D¢ = Dypdx® with Dy = 0, + p(Aa), (1.3.29)

a=0,1,...,d.
Observe that when we represent G according to the (real or complex) adjoint rep-
resentation, the components of the covariant derivative of ¢ reduce to the expression

Doyt = 0a®p + [Aa, $1, (1.3.30)

a=0,1,...,d.
A (relativistic) gauge field theory (in normalized units) is formulated by means of
a Lagrangean density of the form

1 1
LA¢) =~ (Fup, F*P) + 5 (Dosp, D*¢) — V, (1.3.31)

with scalar potential V typically assigned with dependence on |¢|> = (¢, ¢).
The internal symmetries of the theory are now expressed by the invariance of £
under the gauge transformations

A —> Ay = Ad(g)A+gdg™!, (1.3.32)
¢ — ¢ = p(8)P, (1.3.33)

for any given smooth gauge map
g: R 5 G. (1.3.34)

Indeed, it is not difficult to verify the following (covariant) transformation rules:

Fa, =Ad(@)Fa, Dy =p()Dad. (13.35)

Consequently, the invariance of the inner product (relative to L or G) immediately
gives the invariance of £ under the transformations (1.3.32) and (1.3.33).

To familiarize ourselves with such a framework, let us see how to recast the elec-
tromagnetic theory discussed in the previous section within this formalism.

We see that, for this purpose, we need to specify the gauge group G, as given by
the (abelian) group of rotations in R?, and the internal symmetry space, as given by
the complex line. Namely, we take

G=U()=S0@R)and L =C, (1.3.36)
and consider C equipped with the standard inner product
(z, w) = zw Vz,w € C. (1.3.37)

We know that U (1) defines a compact (topologically S') abelian Lie group, acting on
C as multiplication by a unitary complex number. The associated Lie algebra G is the
imaginary axis, which is represented as

G=—-iR

and which acts on C by multiplication.
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Consequently, for the matter and potential fields, we find that the expressions
(1.2.2) and (1.2.3). Furthermore, in accordance with (1.3.27), (1.3.28) and (1.3.29)
— the corresponding gauge (Maxwell) field and covariant derivative of ¢ — take the
forms of (1.2.4), (1.2.5) and (1.2.6), respectively.

In addition, a gauge transformation g over U (1) is assigned simply by a smooth
function @ : R!*? — R as follows:

g R — (1)
X —> eicu(x)'
With this information, we can revisit the Maxwell-Higgs theory discussed in the pre-
vious section to fit within the gauge field formalism illustrated above.

More general (non-abelian) gauge field theories may be formulated when we
replace U (1) with other (matrix) groups. Thus, while U (1) pertains to electromag-
netism, the group SU(2) is involved in the formulation of the Yang-Mills—Higgs
theory of weak interactions, while SU(3) is the appropriate gauge group to de-
scribe strong interactions. In the group SU (5) lies the hope for describing a universal
unified theory beyond the already celebrated electroweak theory of Glashow—Salam—
Weinberg which formulates a unified (SU(2) x U (1))-gauge field theory for electro-
magnetic and weak interactions.

We shall present a more detailed discussion of non-abelian gauge field theories
in the context of the (real or complex) adjoint representation, where both the potential
and the matter fields are expressed on the same basis of the gauge algebra (real or com-
plex). As is already apparent from the expression of the covariant derivative (1.3.30),
it is important to consider on G (or G¢), a basis that satisfies the most convenient
commutator relations.

We will reach this goal by means of the Cartan—Weyl basis decomposition (cf. [Ca],
and [Hu]) which we discuss briefly in the following section; we will describe the most
relevant features, especially in the context of semisimple Lie groups (e.g., SU (n)).

1.3.4 The Cartan—Weyl generators: basics

In this section we give a brief account on the Cartan—Weyl decomposition of a com-
plex (finite-dimensional) semisimple Lie algebra {L, [ , ]} according to the (complex)
adjoint representation; we refer to [Ca] and [Hu] for details. To this purpose, we recall
that there exists an element A € L, such that the linear map

ad(A): L — L

X —> [A. ] (1.3.38)

admits only zero as a multiple degenerate eigenvalue, while the number of remaining
non-zero eigenvalues is maximal. Such non-zero eigenvalues are called the roots of IL
and necessarily must be simple eigenvalues.

The eigenspace of the zero eigenvalue (i.e., Ker ad(A)) contains A, and by virtue
of the Jacobi identity

[A,[B,C]1+[B,[C, All +I[C,[A, B]] =0, (1.3.39)
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defines a subalgebra of L, which can be shown to be abelian (i.e., each pair of its
elements commute under the Lie bracket operation).

Actually, the eigenspace coincides with the maximal abelian subalgebra of L, and
thus is independent of the choice of the element A. Such a maximal abelian subalgebra
of IL is known as the Cartan subalgebra, and its dimension r defines the rank of L.
Denoting by {H,},=1....» a basis for the Cartan subalgebra, we have:

[Hy, H)]=0 Va,b=1,...,r. (1.3.40)
Since A belongs to the Cartan subalgebra we may write:
A=vy%H,. (1.3.41)

Now, let 4 be a root of L and denote by E, a corresponding eigenvector, called a root
operator. Then

[A, E;] = 1E;. (1.3.42)
By means of the Jacobi identity (1.3.39), we find that

[A, [Ha, E}]]l = —[Hq, [Ea, All — [E4, [A, Hyll
=AMHy, E;] Ya=1,...,r

where we have used (1.3.40) and (1.3.41). That is, [H,, E,] is also an eigenvector
corresponding to the (simple) eigenvalue A, and consequently

[Hy, Ej)) = agE;, Ya=1,...,r (1.3.43)

In this way, to each root 1 we can associate a vector a = (a1,...,a,) € C" known
as a root vector. Note that a root vector is non-zero, i.e., a # 0. It is possible to check
that the root vector a is uniquely determined by 4, in the sense that different roots give
rise to different root vectors. By (1.3.41) the following relation holds:

A =7y%q. (1.3.44)

Thus, if we denote by A C C” \ {0} the set of root vectors, we find a one-to-one
correspondence between A and the set of roots of L.

For this reason we can replace E; with E, to identify the corresponding root op-
erator. Furthermore {H,, E,} defines a basis for I, known as the Cartan—Weyl basis,
and for each X € L we obtain the following root space decomposition:

,
X = Zy”Ha + Z Vo Eq. (1.3.45)
a=1

a€A

Next notice that, if a = (a4)4=1,...r and f = (Ba)a=1,...r € A are two root vectors
of A, with A, = y“%a, and Ap = y“f, the corresponding roots, then by means of the
Jacobi identity (1.3.39), we can verify the identity:

[A, [Eqs Egl = (Ra + 28)[Eas Epl. (1.3.46)
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Thus we see that, either E,,, Eg commute as
[Ea, Ep] =0, (1.3.47)
or Ay + Ag is aroot of IL. and we must distinguish between the following cases:

i) Aq +4ip =0, 1ie., f = —a, where we find

[Ey, E_,] = a®H, for suitable a® € C (1.3.48)
ii) Ao + g #0, ie., a 4 f is aroot of A and we find

[Eq, Eg] = capEqqp for suitable c,5 € C. (1.3.49)

As a matter of fact, when E, and E s commute, we can suppose that the relations
(1.3.48) and (1.3.49) are still valid by taking a“ = 0 or ¢, = 0, respectively.

In particular, from identity (1.3.49) we see that in order to represent . we do not
need to include E, g, among its root operators when a + f # 0 this eigenvector
may be recovered via the bracket operation from E, and Ep, provided they do not
commute.

Therefore, it becomes an interesting problem to determine the minimal set I" of root
vectors, known as the simple root vectors, which generate the whole set A by summing
over its elements. In this way, the Lie algebra . would be completely represented by
the generators of the Cartan subalgebra and the simple root step operators.

The set of simple root step operators is particularly nice to describe for semisimple
Lie algebra for which we can derive direct information out of the Killing form (1.3.11)
in the root space decomposition.

To this purpose, let {X;} be a basis for I with structural constants Cfn,n defined by
the relation:

(X, Xal = C), , X1. (1.3.50)

Then, the Killing form k may be completely expressed in terms of the symmetric
square matrix g = g, With

gmn = Cp, ,Co, (1.3.51)
as we find that
k(X,Y) :x”ga,byb, for X =x'X;, andY :y[Xl.

Therefore, if L is semisimple, then g = gu,, is invertible (i.e., det g # 0). Fur-
thermore, if L corresponds to the complexification of a real Lie algebra relative to a
compact, connected semisimple group, then by Theorem 1.3.1, we may even conclude
that g is negative definite.

Let us see how to use this information when we fix {H,, E,,a=1,...,r, a € A}
as a basis for LL according to the root space decomposition.
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As a consequence of the commutator relations (1.3.40), (1.3.43), (1.3.48), and
(1.3.49), we obtain the structural constants to be given as follows:

ch=o=cl, pen, able(l,...r) (1.3.52)

CP =00, CL. =0 a,peA,able(l,.. . r) (1.3.53)

ﬁ .
s Icaﬂ%ﬂ fatun#0 IO @t p#0 (13.54)

aH 0 otherwise a’y! a+pu=0
a,p,ue A, lef{l,...,r}.

By virtue of (1.3.52), (1.3.53), and (1.3.54), we find that the matrix g is formed by
two blocks: {gap}a,p=1,..,r given by its restriction over the Cartan subalgebra,

gtlb = k(Ha’ Hb)v
{8ap}a,pen given by its restriction over the root space operators
g(lﬁ = k(E(XB Eﬂ)s

while g contains zeros elsewhere.
In fact, fora € {1,...,r} and a € A we find

,,,,,

8ua = CLyCl + CLyCl + €Lyl + €L, ChL = 0 = gaa. (1.3.55)

a

On the other hand, when a, £ € A we have
1 b I b
ou = C(xhC,ul + Caﬂcﬁl + C;ﬁcﬁv + Ct‘x)bc,uv (= g#“) :

We see that necessarily —a € A; otherwise, we would get g5, = O forall z € A, and
in light of (1.3.55), we would contradict the non-degeneracy of g.

Thus, by the analysis of the block {g,} we have discovered a first important prop-
erty of semisimple Lie algebras; namely,

ifa € A, then —a € A. (1.3.56)

Next, we consider the block {gup}a,p=1,...,r Telative to the restriction of g on the Cartan
subalgebra.

First, note that {g,5} defines a non-degenerate r x r matrix. In view of (1.3.53) and
(1.3.48), we compute

agk(Eq, E_;) = k([Hy, Eq]l, E_4)
= k(Ha’ [Eq, E—a])
= a’k(Hq, Hp)
— dPeu. (1.3.57)

where we have used (1.3.13).
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Therefore, if we normalize the root operators to satisfy
k(Eq, E—q) =1,
then from (1.3.57) we deduce
a = g%ay, (1.3.58)

where, as usual, (g%?) denotes the inverse matrix of (gqp). By virtue of (1.3.58), it
seems appropriate to introduce the following inner product over the set A:

b
(a, B) = a“ o = Pag” op. (1.3.59)
Furthermore, in terms of the structural constants we see that

Zab = CLy Cp + Cly Cly + Chm Clly + ChaCly
= Caﬂacg/g = ZaeA GqOp,

and the non-degeneracy of {g,»} implies that the set of root vectors must span the
whole space C .

Such a property indicates that the set of simple roots I must contain exactly r inde-
pendent vectors. This result can be made rigorous (cf. [Ca] and [Hu]) as it is possible
to show that, for a semisimple Lie algebra the set of simple roots contains exactly r
independent vectors and any other root vector can be obtained as a sum of simple root
vectors with integer coefficients all having the same sign (either > 0 or < 0). More
precisely,

Ff{a(“(l)az‘l,...,r}JrandVaeA: . (13.60)
o =nga'Y withn, € Z7 Va, orn, € Z~ Va.
The root operator corresponding to the simple root (@ will be denoted by E,,
a =1,...,r and called a simple root step operator. Note that, according to (1.3.60),
for a # b we have

[Eq, E_p] =0,

asa@ —q® ¢ A,

In fact, according to Chevalley’s normalization conditions (cf. [Ca], [Hu], and
[Chev]), it is always possible to arrange the Cartan subalgebra generators {Hy}a=1,....r
and the simple root step operators {E;},=1
and trace relations:

,,,,,

[Ha, H)] =0 (1.3.61)

[Eq, E—p] = Gy Hy (1.3.62)

[Hy, Expl = £ KapExp (1.3.63)

tr (EqE—_p) = 6%, tr (HyHp) = Kap, tr (HyExp) =0 (1.3.64)

a,b=1,...,r,
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where the coefficients
(oc @ a(b))
(a (@, a(u))

form an r x r matrix, known as the Cartan matrix.

The above decomposition can be nicely illustrated for the group SU(n), where
the corresponding operators H, and E, are determined explicitly. We start with the
particularly simple case of SU(2), where the associated Lie algebra

Ky =2 (1.3.65)

su(2) = {A cgl2,C): AT=—A, wA= 0}
admits (real) dimension 3. Its complexification
sIR,C)={AeglR,C): rA=0}

also admits (complex) dimension 3.
We easily determine a basis for s/(2, C), as given by:

10 01 00
n=fot] m=loo] me[ie]

Observe that 75 = T;, and the following commutator relations hold:
[Tla TZ] = 2T2> [Tla T3] = _2T39 (1366)
(T2, T3] = Th. (1.3.67)

Hence, no pair of linearly independent elements of s/(2, C) can commute. Therefore,
the corresponding Cartan subalgebra is one-dimensional (i.e., » = 1), and in view of
(1.3.66) we arrive at the conclusion that

H =T, E1=1

give the Cartan subalgebra generator and the simple root step operator, respectively,
while E_1 = E IT = T3. It can be checked by direct inspection that all the Chevallery’s
relations (1.3.61)—(1.3.64) are verified since K = K{; = 2 in this case.

To obtain a basis for su(2), we simply have to use linear (complex) combinations of
Hy, E1 and E_ to obtain three linearly independent anti-Hermitian traceless matrices.
Easily we guess them to be:

iH|, Ey —E_y, i(E\+ E_y).
In fact, it is more convenient to take as a basis for su(2) the following:
1 1 1
X1 == (E1+E-1), Xo=—5(E1 — E_y), X3 =—H,. (1.3.68)
2i 2 2i
This basis satisfies

[Xa, Xp] = €apcXe, (1.3.69)
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and is related to the (Hermitian) Pauli matrices:

01 0—i .
012(10)=E1+E—1, Gzz(i Ol)zl(E—l—El), (1.3.70)

10
0y = (o _1) = H (1.3.71)

via the identity X, = 5-04,a = 1,2,3.
This first example gives a hint on how to proceed more generally for the group
SU (n). We introduce the matrices T, defined by the condition:

(Tup) jx = 0567 (1.3.72)
a,b=1,...,n.Set
Hy =Ty —Tuy1,av1,a=1,...,n—1, (1.3.73)
and note that such matrices are diagonal and hence commute as
[H,, H)] =0, a,b=1,...,n—1.

In addition, T;b = Tpq and T,y € sl(n, C) only if a # b. In fact, the set
{Ha, Tup, Ty 1 < a < b <}

forms a basis for s/ (n, C).
The commutator relations for the matrice 7, can be easily computed to yield the
following relations:

Toag — Tee ifa=d, b=c
Tag ifa#d, b=c

(Tap, Teal = 1. # (1.3.74)
T ifa=d, b#c

0ifa#d, b#c.
As a consequence of (1.3.73) and (1.3.74), we also establish that
[Hu, Tpel = Kjp T, (1.3.75)
where for b < ¢, we have
0ifb,c ¢ {a,a+ 1}
1ifa=5b d 1
ke — |l ta=b andcFat (1.3.76)
2ifa=b, andc=a+1
—lifb=a+1lorc=a

and K, = —Kj ,a,b,ce{l,..., n}.
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These relations imply that the Cartan subalgebra of s/(n, C) is generated by the
(linearly independent) matrices H, @ = 1,...,n — 1; and thus we find r = n — 1 for
the corresponding rank. Furthermore, over the elements of the Cartan subalgebra, each
matrix, Typ a # b, acts as a root operator. In addition, observe that the set of linearly
independent elements

{(Thav1,a=1,...,n—1}

generate the whole Lie algebra sl/(n, C) via the commutator and the Hermitian conju-
gation operations. Therefore,

Hy =Ty —Tyr1gv1and E, =T qr1a=1,...,n—1, (1.3.77)

must correspond, respectively, to the Cartan subalgebra generators and the simple root
step operators, with

E =E =Ti14,a=1,...,n—1. (1.3.78)

Consequently the (n — 1) x (n — 1) Cartan (non-singular) matrix K is given as

2 —-10 ...... 0
-12 -10 0
Koo | e ’ (1.3.79)
0o ...... 12 -1
0 ......... —12

and detK = n.

By direct inspection, it is not difficult to check that the Chevalley normalization
condition, (1.3.61)—(1.3.64), is valid for the given Cartan—Weyl generators (1.3.77)
and (1.3.78).

Exactly as above, we may now determine a basis for the (real) Lie algebra su(n)
as given by the following n> — 1 elements:

{iHas E,—E_4, i(Ea + E—a)s [Ep, Ec]+[E_p, E_¢],

i(Eps Ec] —[E_p. E_c): a=1,....n—1, 1<b<c<n—1}. 1380

1.3.5 Yang-Mills—Higgs theory

The Yang—Mills—Higgs theory (YMH-theory) has been introduced in physics literature
to describe weak particle interaction. In this respect, the appropriate gauge group to
consider is SU (2) in the (real) adjoint representation.

More generally, we are going to formulate the theory over a gauge group G,
assumed compact, connected and semisimple, so that SU(n) (and thus SU(2)) is
included as a particular case.

In the context of the (real) adjoint representation, both the potential .4 and the
matter field ¢ take values over the gauge algebra {G, [-, -]}.
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Notice also that in this situation it is possible to define an invariant inner product
(-, -) over G, which commutes nicely under the Lie bracket operation. Namely, the
product satisfies

(Ad(g)A,Ad(g)B) =(A,B)Vge G, YVA,Be§G (1.3.81)
and
([A,B],C)=(A,[B,C])VA,B,C € G. (1.3.82)

For example, in view of (1.3.12), (1.3.13), and Theorem 1.3.1, we may take the inner
product as the Killing form with the opposite sign.

For the case G = SU(n), it is easy to check that the usual inner product over
gl(n, C) is given by

(A,B) = tr ABT (1.3.83)

and satisfies (1.3.81) and (1.3.82) when restricted over the elements of su(n). In fact,
on su(n) we find that (A, B) = —trA B, and it is well-known that the Killing form and
the trace form, (A, B) —>trA B, are multiples of each another.
In terms of the (smooth) G-valued components of the potential field A, (¢ =
0, 1,...,d) and of the matter field ¢, the Yang—Mills—Higgs Lagrangean density takes
the expression
1 [ 1 a A 2 2
Lymn(A¢) = = (Fup. F*P) + 5 (Dugp. D°9) — = (1617 = 1) . (13.84

with [$]* = (¢, ¢), 2 € R, and

Fop =04 Ap — 0pAg + [Aa, Ag]: Datp = 84 + [Aq, 1. (1.3.85)

By virtue of (1.3.82), we derive the corresponding Yang—Mills—Higgs equations of
motion as

(1.3.86)

D,D*¢ =4%¢ (1—1¢),
DyF* =[¢, D*$]

(ct. [JTD).
To obtain a selfdual reduction principle, first we focus on the “pure” Yang—Mills
Lagrangean density,

Lyy = _4_11 (Fup, F*), (1.3.87)

where we neglect both the Higgs field and the scalar potential by taking ¢ = 0 and
A = 01in (1.3.84). The corresponding Yang—Mills equations

DpF* =0, (1.3.88)
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may be considered as the non-abelian counterpart of Maxwell’s equations in the vac-
uum (1.2.18). Therefore, if we are restricted to static finite action solutions for (1.3.88)
(known as Yang—Mills fields), then in the temporal gauge (which allows us to take
Ap = 0) for spatial dimension d = 4, the Bianchi identity relative to the curvature F 4,

DyF,uU‘|’DIuFuy +Dva,u ZO, (1389)

may be rewritten in the form
1
Dy (ES ﬂ,ka") =0, (1.3.90)

for j =1,...,4. (Compare (1.3.90) with (1.2.8).) Identity (1.3.90) calls our attention
to the * Hodge operator, which transforms a p-form over R?

w=0w; _idx"" A Adx'?
i15eensip

into the (d—p)-form

*x = ?811a~»-,lp,Jl,-~»,]d—pa)il ..... ipdle A - Adxli-r,

In fact, in terms of the 2-form F 4 in (1.3.27), equation (1.3.90) simply states that
Dy (xFy)=0. (1.3.91)

Consequently, we deduce that every connection A satisfying the selfdual/antiselfdual
relation,

Fa=+xFy, (1.3.92)

automatically solves (1.3.88).

In other words, we may regard (1.3.92) as a first-order factorization of the (second-
order) Yang-Mills equations (1.3.88). Their finite action solutions, known as the
selfdual/antiselfdual instantons, have been studied in great detail, especially for what
concerns the gauge group G = SU (n). Indeed, due to Uhlenbeck’s removable singu-
larity result (cf. [U1] and [U2]), instantons over R* can be extended at infinity to define
(in a suitable gauge) a smooth connection over S*. In this way one finds that SU (n)-
instantons correspond to minima of the Yang-Mills energy Eyy (= Lyy) when re-
stricted to those connections over S* with fixed second Chern number N € Z. The
corresponding minimal energy is easily computed and given as,

Eym = 872N, (1.3.93)

where the sign of N simply allows one to decide whether to consider the selfdual or
the antiselfdual solutions of (1.3.92).

For each N € Z, explicit expressions of such (minimal) N-instantons have been
obtained in terms of the basis (1.3.80), see e.g., [BPST], [ADHM], [AHS2], [JNR],
[JR], ['tH1] and [Witl].
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The dimension of the manifold of N-instantons (the space of moduli) has been
computed (in terms of N) by [AHS1], [Schw] and [JR]. Thus, in analogy to the de
Rahm cohomology of an oriented compact manifold, where each class may be rep-
resented by a harmonic form (cf. [Jo]), we have that each second Chern—Pontryagin
class of §* may be represented by a family (i.e., the moduli space) of SU (2)-instantons
over S*.

See [Y1] for a possible extension of the above analysis to the dimension d = 4m,
m € N.

It should be mentioned, however, that selfdual/antiselfdual instantons do not ex-
haust the whole class of Yang—Mills fields with finite energy as shown in [SSU], [Par],
[SS], [Bor], [Bul], [Bu2], and [Ta3]. On the other hand, there are classes of Yang—
Mills fields that can be recognized as instantons, for example, the local minima for
Ly p (cf. [BoL]) or the O (3)-symmetric solutions of (1.3.88). These all share features
with the vortex configurations of the abelian Maxwell-Higgs model (1.2.9) (see [JT]).

In this respect, recall that any finite energy static solution of the abelian Maxwell—
Higgs equations (1.2.13)—(1.2.15) in R? corresponds to a Nielsen—Olesen vortex
(cf. [NQJ)), in the sense that it actually satisfies the selfdual equations (1.2.25)—(1.2.27)
(cf. [Ta2] and [JT]). Moreover, such vortices can be classified by topological classes
still labelled by an integer N. This integer now corresponds to the degree of the Higgs
field, and thus represent a homotopy class of the abelian gauge group U(1). In other
words,

NeZ= m(U(l)).

Thus, the above claim about the Chern—Pontryagin classes now states that each
homotopy class of 7 (U (1)) can be represented by a family of Nielsen—Olesen vor-

tices, solutions of (1.2.26)—(1.2.27) (cf. [JT]). The moduli space formed by such
N-vortices has been completely characterized in [Tal] as a manifold equivalent to
R2N modulo the group of permutation of N elements (see also [JT], [Bral], [Bra2],
[Gal], [Ga2], [Ga3], and [WY]).

We shall see that each element of 74 (U (1)) is also represented by a family of

(abelian) selfdual Chern—Simons vortices. However, the description of the moduli
space formed by Chern—Simons N-vortices is far from complete in this case.

Returning to the selfduality property of the Yang—Mills—Higgs theory, (1.3.84), we
mention the following dimensional reduction procedure that yields to selfduality for
(1.3.84) in dimension d = 3 and for 4 = 0 (i.e., no scalar potential is included in the
Lagrangean Ly p).

More precisely still, in the static case and in the temporal gauge (according to
which we can always take Ap = 0), we consider the selfdual/antiselfdual equation
(1.3.92) when the component A ; of the potential is independent of the x*-variable, for
every j = 1,2,3,4, and set, As = ¢. Then we easily check that they reduce to the
equation:

*Fq =Dy, (1.3.94)
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which furnishes a first-order selfdual reduction of the second-order equations (1.3.86)
whend =3 and A = 0.

The finite action solutions of (1.3.94) define the well-known monopoles, which
have attracted much attention by virtue of their physical and mathematical properties,
e.g., see [Le], [AtH], [Pe], [GO], and [PS].

They share with instantons (where d = 4, 4 = 0 and ¢ = 0) and vortices (where
d = 2 and 4 = 1) many elements of interest as shown in [JT].

1.3.6 A selfdual non-abelian Chern-Simons model

The goal of this section is to explore selfduality when the Yang—Mills Lagrangean
(1.3.87) is replaced by the (non-abelian) Chern—Simons Lagrangean of (1.3.84).

Again this plan works through a dimensional reduction procedure (cf. [Jo] and
[D1]). In the abelian case, this is evident when we compare (1.3.92) with (1.2.30). In
the non-abelian case, we refer to a non-relativistic model discussed in detail in [D1].
This model’s selfdual equations can be recast in terms of (1.3.92) by performing an
appropriate transformation (in the spirit shown above) from four to two dimensions.

We start by noting that the YMH-theory, described in the previous section, would
furnish a more direct non-abelian version of the abelian Maxwell-Higgs theory (1.2.9)
when we express the gauge group according to the complex adjoint (i.e., conjugate)
representation.

To be more precise and also to avoid useless technicalities, we shall focus on the
gauge group G = SU (n), where we have available the invariant inner product (1.3.83)
on sl(n, C) (and thus on su(n)) to carry out the explicit calculations.

It will be clear from the following discussion how to treat more general compact,
connected semisimple gauge groups.

In the conjugate representation of SU (n), the potential field component A, is given
by a smooth su(n)-valued map for o = 0, 1, ..., d. In contrast, the Higgs field ¢ is
a smooth s/(n, C)-valued map. Thus, we can still use the relations (1.3.85) to express
the corresponding Lagrangean density as

¥

LA ¢) = —% e (Fup (F)') + % r(Dudp (D)) =V, (13.95)

where V = V (¢, ) is the gauge-invariant scalar potential.

Recall that for the scalar product (1.3.83), property (1.3.82) remains valid only
over triplets A, B, C such that B € su(n) and A, C € sl(n, C). Then from (1.3.95),
we deduce the following Euler—Lagrange equations:

D,D*¢ = —2%, (1.3.96)
DpF* = —iJ°, (1.3.97)

with
J* = % ([D“¢, ¢7‘] — [¢, (D“¢)"]) . (1.3.98)
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Here J¢, the corresponding (relativistic) non-abelian current, is covariantly conserved
(DgJ* = 0), in perfect analogy with the abelian counterpart (1.2.15).

We investigate selfduality, when the Yang—Mills term in the Lagrangean density
(1.3.95) is replaced by the (lower-order) Chern—Simons term.

Therefore, we turn our attention to a planar (i.e., d = 2) Chern—Simons—Higgs
theory described by the Lagrangean density

L(A, ¢) =kLcs(A) + tr (Daqs (Dagb)T) -V (1.3.99)

with the non-abelian Chern—Simons Lagrangean

ma

Les(A) = ¢ tr (AﬂauAa +§A#A,,Aa) a,u,v=20,1,2.  (1.3.100)
Notice that in the abelian case, the second term in (1.3.100) drops out and we recover
(1.2.29). In (1.3.99), the parameter k > 0 defines the Chern—-Simons coupling para-
meter whose strength must be counter balanced by the strength of the scalar potential
V = V(¢,$"), in order for (1.3.99) to support a selfdual structure.

To this purpose, Dunne in [D1] (see also [D2]) proposed the following gauge-
invariant scalar potential:

O (o Y 3 R e

o] o]l

5

with the symmetry-breaking mass-scale parameter v?.

Although the potential V in (1.3.101) might appear unusual at first sight, we un-
cover its familiar nature by looking at it over the subspace of s/(n, C), generated by
the simple root step operators E;, a = 1,...,n—11in (1.3.77). In fact, for ¢ = ¢p?E,,
with ¢¢ € C, we find

1
V= 51607 = Knald PP, (1.3.102)

which might be taken as the natural extension over the (n — 1)-ples {¢“} of the self-
dual Chern—Simons potential (1.2.40) with coupling provided by the Cartan matrix in
(1.3.79).

The Euler-Lagrange equations relative to (1.3.95) are given by

v
a _—
D,D*¢ = it (1.3.103)
k
—eMP Fup = —iJ", (1.3.104)

2
with

JH =i ([D#¢,¢T] - [gb, (Dﬂqﬁ)T]), (1.3.105)
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as the corresponding non-abelian covariantly conserved current. Again we notice an
obvious formal analogy between (1.3.105) and its abelian counterpart (1.2.35).

From the 4 = 0 component of (1.3.104) we obtain the (non-abelian) Gauss law
constraint:

1 .
Fio = = (¢, D$1— (D), 9. (1.3.106)

As for the abelian case, we can use (1.3.106) to deduce the following expression for
the gauge-invariant part of the energy density:

£=tr (Daqﬁ(D“qb)T) v (13.107)

where again, the Chern—Simons term does not contribute to (1.3.107).
To reveal how the choice of V in (1.3.101) implies a selfdual structure, we record
the following identity as the non-abelian counterpart of (1.2.38):

. RIA
|D1¢|* + |Dyp|> = |Drp|® £i trFy, [¢, ¢>’] + 0 Q- (1.3.108)

Here
Di¢ = D1 +iDrs; (1.3.109)

and
0" =itr (¢TDﬂ — (D”¢)T¢) (1.3.110)

identifies the abelian current relative to the U (1)-invariance of the theory.

With this information and with the choice of the scalar potential V in (1.3.101), we
can proceed analogously to the abelian situation and arrive at the following expression
for the energy density:

T R P o | P ) Y
- ‘Do¢¢ ([[##'] 4] —v2¢)‘2+ Dol (13.111)
ii% tr (Dogg” — ¢ (Dog)') & %a,- 0.

Thus, by using the elementary properties of traces and the component Q° of the abelian
current (1.3.110), we find

£= ‘Doﬁb T % ([[¢.4']-4] - v%)‘z +1Dsgl? & ”k—ZQO + %aj Or. (13.112)

Therefore, within appropriate boundary conditions that allow us to neglect the total
spatial divergence term in (1.3.112), we can saturate the energy lower bound through
the solutions of the following (first-order) equations:
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Di¢p =0 (1.3.113)
Dop = x££ ([[¢.¢7]. ] —v?¢). (1.3.114)

to be satisfied in addition to the Gauss law constraint (1.3.106). In other words,
(1.3.106), (1.3.113), and (1.3.114) represent the selfdual equations corresponding to
the non-abelian (pure) Chern—Simons model (1.3.99) and (1.3.101). In order to iden-
tify the static selfdual solutions (i.e., solutions independent of the x%-variable), it is
convenient to substitute (1.3.114) into (1.3.106) and rewrite the (static) selfdual equa-
tions in the form

Di¢p =0

[P t 1.
=% V20— [[#. 4] 4] 47]: (13.115)
and then use (1.3.114) to determine only the Ap-component of the potential field.

Incidentally, notice that the selfdual equations (1.3.115) are trivialized in the real
adjoint represenation where ¢ € su(n), and so ¢7 = —¢. Indeed in this case, the
second equation in (1.3.115) leads to Fi» = 0, while (1.3.114) can only result in the
trivial solution ¢ = 0 since its left-hand side is Hermitian while its right-hand side is
anti-Hermitian.

So the selfdual Chern—Simons theory presented here is of true interest in the con-
jugate representation. The resulting (non-abelian) selfdual equations (1.3.114) and
(1.3.115) are much more difficult to handle in comparison with their abelian coun-
terpart (1.2.45), in spite of their analogies at a “formal” level.

In fact, concerning (1.3.114) and (1.3.115) rigorous analytical results have been
obtained only under the ansatz that each component A, of the potential field takes val-
ues on the Cartan subalgebra of su(n), while the matter field ¢ belongs to the subspace
of sl(n, C) generated by the simple root step operators. Observe that the commutator
relations (1.3.61)—(1.3.64), valid for the Cartan—Weyl generators (1.3.77), prove con-
sistency of the selfdual equations under such restrictions. More precisely, we let

A, =—iA%H, A €R, a=0,1,2 (1.3.116)
¢ =¢"E, ¢ €C, (1.3.117)

a=1,...,n— 1; and see that
Dy = (Dg¢p®) E, with Dy = 049" — i (AZK;M) %, (13.118)
where K}, are the coefficients of the Cartan matrix. Furthermore,
Fop = —iFgﬁHa with Fo‘jﬁ = aaA% — Op Ay, (1.3.119)

where no commutator appears, as {H,,a = 1,...,n — 1} commute; and

Jo=i ([Doqs,qs*] — [¢, (Doqﬁ)T]) = J¢H,, (1.3.120)
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with
JE=i (WD{W —WW) : (1.3.121)
Therefore, setting
L¢" = D{¢" £iD3¢", (1.3.122)

we can express, by straighforward calculations, the selfdual equations (1.3.115) com-
ponentwise as

£9" =0 2 3.123)
(1.3.1
Fiy = 25 (v = 18" PKsa) 19
while the Gauss law constraint (1.3.106) becomes
a L ja 124
Flzzz 0 (1.3.124)
a=1,...,n—1.
Also notice that, for the abelian current density, we have
n—1
0" =>"J. (1.3.125)
a=1

In other words, a solution to (1.3.123) and (1.3.124) give rise (via (1.3.116) and
(1.3.117)) to the solutions for the selfdual equations (1.3.114) and (1.3.115), whose
energy density reduces to

n—1
E=+? Z F}, + spatial divergence terms. (1.3.126)

a=1

It is not surprising that for n = 2, the reduced SU(2)-selfdual equations above just co-
incide with the selfdual equations of the abelian U(1)-Chern—-Simons model (1.2.41).

On the other hand, for n > 3, the selfdual equations (1.3.123) and (1.3.124) rep-
resent a system of selfdual abelian-type equations coupled through the Cartan matrix
(1.3.79). This fact is also expressed by the nature of the gauge invariance properties of
equations (1.3.123) and (1.3.124), given by the transformation rules:

AL —5 A% + Oy0q, (1.3.127)
¢° —> el Knaga, (1.3.128)

We refer to [D1] and [ Y 1] for a discussion of other non-abelian Chern—Simons models
concerning non-relativistic settings.
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1.4 Selfduality in the electroweak theory

As a last example, we present Ambjorn Olesen’s approach (cf. [AO1], [AO2], and
[AO3]) to describe a selfdual structure for the celebrated electroweak theory of
Glashow—Salam—Weinberg (cf. [La]) of unified electromagnetic and weak forces.

The electroweak theory is a relativistic (SU(2) x U(1))-gauge field theory that
we are going to consider over the Minkowski space (R'*3, g) with metric tensor g =
diag(1, —1, —1, —1). The gauge group G = SU(2) x U(1) acts over C? (the internal
symmetry space) according to the representation

p:SUR) x U(l) — Aut(C?). (1.4.1)
We are going to describe this representation in terms of the matrices:

1
ta =304, a=1,2.3, (1.4.2)

where o, is the 2 x 2 Pauli matrix and ¢ = 1,2, 3, is defined in (1.3.70) and
(1.3.71). To this purpose, note that by virtue of (1.3.68) and (1.3.69), we know that
{—its}a=1,2,3 defines a basis for su(2), and there holds:

[ta, th] = i€apete, (1.4.3)
Tre,t, = 5;, (1.4.4)

where Tr = 2tr is the normalized trace.
Hence, we can use the exponential map (1.3.24) to express every element of SU (2)
as follows:

e e SU(Q), 1? e R. (1.4.5)

Moreover, letting

1/10
to=5(01), (1.4.6)

we may extend the notation in (1.4.5) over the group U (1), by representing every
element of U(1) as a2 x 2 complex matrix in the form:

e eyQ), £ eR. (1.4.7)

Then, for h = (e~"*"% ¢~€0) ¢ G = SUQ2) x U(1) and ¢ = (Zl) € C?, the
2
representation p of G on C? is defined as
p(h)p = e 184 1aigxclog ¢ C2, (1.4.8)

with g and g, the coupling constants relative to the group SU(2) and U(1),
respectively.
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In this setting, the potential field is expressed by the pair

A= —igAudx® with A, = Alt,,

where A%, a = 1,2, 3 and B, are smooth real functions over Rt g = 0,1,2,3.
The corresponding gauge fields are given by the expressions:

Fy= —%gFaﬂdx“ AdxP, with Fop = 0,Ap — 0pAq +ig [Aas Ap] (1.4.10)
Fp = —%g*Gaﬂtodxa AdxP, with Gap = 0, B — 05 By (1.4.11)

Concerning the Higgs matter field ¢, it is simply expressed by a C2-valued smooth
function

$:RM 2 = (Z;) : (1.4.12)

and it is weakly coupled to the potential field by means of the covariant derivative
Dyp = Ogp —igAGtap —ig«Batop, a =0,1,2,3. (1.4.13)

Over C?, we consider the standard inner product:

(@, %) = O = 1y + Gayn, for ® = (Zl), ¥ — (l/"j‘) e C2 (1.4.14)
2 2

While, with the identification (1.4.7), we may use the usual inner product (1.3.83) for
the elements of the gauge algebra.

In this way, the bosonic sector of the electroweak theory is formulated according
to the Lagrangean density

1 1 .
LA B.p) = 18" Tr (Fup (F)') = 282Gup G + (D9)' (Dugp)

(e} _¢+¢,)2, (1.4.15)

with 4 and ¢( two positive parameters.

For %, ¢ : R — R, smooth functions (¢ = 1,2,3), and f = ¢8®"% ¢
SU(2), we check that the Lagrangean density in (1.4.15) is invariant under the gauge
transformations:

igwty+ig« Lt
0 >€g a g*50¢’

Ay —> fAf '+ fou f7, (1.4.16)
B, —> B, + 0,¢.
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By virtue of such invariance, we can rewrite the theory in the unitary gauge defined by

the condition
0
— , 1.4.17
¢ ( 0 ) ( )
with ¢ a real scalar function.

In fact, in the unitary gauge, it is convenient to formulate the theory in terms of the
new fields’ configurations — W,, P, and Z, — obtained as the linear combinations
of the original fields as follows:

Py = By cosf + A2 sin6, (1.4.18)
Zy = —Bysinf + A3 cos#, (1.4.19)
and
1 1 . A2
W= (Aa + lAa) , (1.4.20)

a =0,1,2,3and 8 € (0, %). To comprehend the role of the angle &, we observe
that W, and Z, are massive fields mediating short-range (weak) interactions, while
P, mediates long-range (electromagnetic) interactions (see [La]).

In terms of P, and Z,, the covariant derivative D, takes the expression:

D, =06, —ig (A}xtl + Aitz) —iP, ((gsinB)t3 + (g4« cosh) tg)
—iZ, ((gcosO)tz — (g4« sinb) ty).

(1.4.21)

For P, to mediate electromagentic interactions, we need the relative coefficient in
(1.4.21) to correspond to the charge operator eQ = e(3 + 1), where e is the electron’s
charge. Consequently we derive: e = g, cosf = gsinf. That is

*
e=—2% _andcosf=—5 (14.22)

(82 +42)? (8> +83)*
0 € (0,7%).
The angle € is known as the Weinberg (mixing) angle, and from now on it will be

fixed according to (1.4.22).
In this way, we see that

Dy = 0u —ig (A;tl + Agtz) —iPeQ —iZ,e0, (1.4.23)

with Q' = (cot0)t3 — (tan 6)1g.
Consequently, in the unitary gauge where ¢ is assigned according to (1.4.27), we
have

—ig (Al — ;A2
Da¢=( 28 (Ae = “)q’), (1.4.24)
0a® + 55059 Za®

0s 6

with ¢ a real scalar function.
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Therefore, if we let D, = o, — igA?)c and set Pyp = 0o Pp — 0pPy, Zop =
0uZp — 0pZ,, then by direct inspection we can confirm that the Lagrangean density
in (1.4.15), when expressed in the unitary gauge variables, takes the form:

L =—= (DaWy — DyW,) (D*WF — DEWa) — %Zaﬂza/)’ _ %Paﬂpaﬂ

1
2
U (((~ou \2 S _
-3¢ ((W“ Wa) — WW, Wﬁwﬁ) —ig (2% cosO + P sin0) W, Wy

1 — 2
580 W" Wa + 0000 + @202 7°Z, — 4 (¢g _ ¢2) (1.425)

4cos? 0

To obtain selfdual electroweak vortex-type configurations, Ambjorn and Olesen (see
[AO1], [AO2], and [AO3]) suggested that one take all magnetic excitation as confined
in the third direction, according to the following vortex ansatz:

Al = A% = By = B3 = 0,

A% = Al(x!,x?), By = Bj(x',x?), j = 1,2, (1.4.26)
a=1,2,3,and
p =o', x%). (1.4.27)
In addition, they assume that for a complex field W, there holds
Wi=W, iW,=W; (1.4.28)
that is,
—A3 = Al = V2Re(W), A2 = A} = V2Zm(W). (1.4.29)

We then find the following expression for the corresponding energy density

1 1 .
E=|DiW +DyW|* + §P122 + Ezfz —2g(Z12cos 6 + Py sin6)|W|?

1
28 W + (6i9)* + ———
+ 287 IW[" + (Gip) t o020
Notice that, under the ansatz (1.4.26)—(1.4.28), the invariance of £ according to the
transformations (1.4.16) is simply expressed by a residual U (1)-invariance, of the
energy &£ defined above, under the gauge transformation:

80725 + g0’ IWI* + Alpg — 0°)*.

W — €W, P — Pj+10;¢

Z, — 7, o—0i=1.2 (1.4.30)

for any smooth function & = &(x 1 x2).
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With the aim to attain selfduality, Ambjorn and Olesen in [AO1] observed that the
above energy density £ may be written in the form,

£=DIW+DaWP+ (Plz S S sina|W|2)2
2 2sinf
1 2 g 2
Az, - (2—2)—2 9W2) ( Zi+eid )
+ 2( Y =% geosOIWI) + 20059¢ it kO
2 2 2 2 2
8 2 2 8 4 89g 8%;
(- (o2 -03) - + 20 p, - 200 g
( 800529) =% 8511129% 2sinf 2 2sing "
ovp% (c3x2i9%)
— 0 A . 1.4.31
2cos b kB ( )
Therefore, for 4 > g_zz we have
8cos* 0
g 4 8% , 89

8 2
= o : - 9 ( W7 ) 1.4.32
85in29(p0 2sinf 27 25in0° "2 T 2cosg K \EkLI? ( )

In addition, when the given parameters satisfy the “critical” condition

g2

~ 8cos20’

then the lower bound in (1.4.32) is saturated by the solutions of the following system
of selfdual equations:

(1.4.33)

Di\W +iD,W =0,

Pio = 55202 4+ 2gsin60| W2,

Zia = 585 (0> — 0§) + 28 cosO|W 2,
Z;= —zcgs‘gsjkaklogga, j=12.

(1.4.34)

As usual, (1.4.34) represents a first-order factorization of the Euler-Lagrange equa-
tions corresponding to £ in (1.4.25). In particular, each solution of (1.4.34) gives rise
to a critical point for £. Note that in the unitary gauge variables, the real field ¢ never
vanishes. Also observe that we can combine the last two equations in (1.4.34) and
obtain,

2
~Alogg = (52—) (9] — 07 — IV, (1.4.35)

2cos@
Expression (1.4.32) implies that planar solutions of (1.4.34) may carry infinite energy.
Therefore, in the planar case, the selfduality criterion yields to solutions which may not
bare a physical meaning. Nonetheless, we know that the solutions of (1.4.34) appear
in abundance and may be selected according to their decay property at infinity (see
[SY3] and [ChT1])).

As we shall see, the appropriate boundary conditions to consider in this con-
text are the periodic ones, as introduced by ’tHooft in a gauge-invariant situation
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(see ['tH2]). The corresponding periodic electroweak vortex-like configurations are
known as W-condensates, and are physically interesting by virtue of their connection
to the so-called Abrikosov’s “mixed states” in superconductivity.

Since their presence was first predicted by Ambjorn and Olesen ([AO1], [AO2],
and [AO3]) on the grounds of some numerical evidence, the existence of W-
condensates has been established rigorously in [SY2] and [BT2]. We will discuss
them in Chapter 7.

The analysis of selfdual electroweak vortex configurations actually can be extended
to selfgravitating electroweak strings; they occur in the theory described above, when
we also take into account the effect of gravity. In this situation, the metric tensor g is
no longer fixed but part of the unknowns to be determined according to the coupled
electroweak Einstein equations.

Again, it is possible to show that a selfdual regime is attained by the electroweak
Einstein theory, when we allow the gravitational metric to vary in the class

ds? = (dx0)2 — (dx3)2 _ et ((dx1)2 n (dx2)2) , (1.4.36)

with # the unknown conformal factor.

Thus, as before, for 4 fixed according to the critical condition (1.4.33), and under
the string ansatz according to which # is a function depending only on the variables
(x', x?), and when (1.4.26)—(1.4.29) hold, we find that selfgravitating strings (parallel
along the x3-axis) may be obatined by solving a set of selfdual equations which modify
(1.4.34) as follows:

DiW +iD,W =0,
Py = 55ple +2gsinf| W2,

(1.4.37)
Zin = 535 (0% — ¢§) e +2g cos 0| W2,

Zj= _ZCzsﬁgAikak logp, j=1,2,

with 7 satisfying Einstein’s equations that, in this setting, reduce to

2
U 8%q 8 2 2 2
—A ( =% p ( —02) Z1a + 4V %, 1438

87rG) sin @ 2+ cos@ ¢ (/90) 12+ 4Vl ( )

where G is the gravitational constant.
We refer the reader to [Y1] for the details. Here we limit ourselves to observing
that the energy density, corresponding to solution of (1.4.37), takes the form:

2

24 2
879y 89 - 0 -y
— — Zin—
83in20+25in96 27 2c0s0° 727 2cos0
As a matter of fact, we can use (1.4.37) to express £ equivalently as follows:

e "o (ejk Zip?). (1.4.39)

2.4 2
879 8%y _ g _ ) 5 B )
E=——"— - np. ny ( _ ) 20~V
ssn20 " 250 T2V 2eesp¢ 21207 T o) F2eTIVel
%0, g2

2
2_ 2 2 21w 2 ,— - 2
= - + W T+2e7 Vel 1.4.40
8sin”@  4cos?d ((ﬂ %) g7 IWle ¢ Ivel ( )
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Therefore, contrary to the previous case, it makes good sense now to consider planar
selfgravitating electroweak strings (parallel in the x3-direction) satisfying the finite
energy condition

Ee < +oo, (1.4.41)
R2
which can be verified by requiring adeguate behavior of # at infinity.
It is interesting to note that (1.4.39) leads also to a geometrical property about
the Gauss curvature K, = —%e’” An of the Riemann surface (R2, e6 k). Indeed, by
means of Einstein’s equation, K, relates to £ by the identity

K, =8rnGE + A,
with A the cosmological constant, which (for consistency) must be specified as

rGg’py

A =
sin

So, we can interpret the finite energy condition (1.4.41) as (almost) equivalent to a
finite total Gauss curvature property.

Rigorous analytical results concerning the existence of selfgravitating electroweak
strings, including solutions to (1.4.37), (1.4.38), and (1.4.41) (with finite total
Gauss curvature) have been established recently in [ChT2], and will be discussed in
Chapter 7.
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Elliptic Problems in the Study of Selfdual Vortex
Configurations

2.1 Elliptic formulation of the selfdual vortex problems

The examples of selfdual problems discussed in the previous chapter all share a com-
mon equation (see (2.1.1) below), which can be viewed as a gauge-invariant version of
the Cauchy—Riemann equation.

Following an approach introduced by Taubes (cf. [JT]), we see next how to use
such a property in order to eliminate the gauge invariance from the selfdual equations
and formulate them in terms of elliptic problems of the Liouville-type, whose analysis
will be the main objective of our study.

To be more precise, let ¢ € C be a smooth complex-valued function defined in R?
(to be identified with C when necessary), and A = (A ) j_1 2, be a smooth real vector
field such that,

Di¢p:= (01 £id2)p —i(A] £iA2)p =0inR?, (2.1.1)
Since (2.1.1) is invariant under the abelian-gauge transformation,
¢ —> P, Aj — Aj+0jw,j=1,2 (2.1.2)

(for any given smooth real function « defined over R?), we may suppose A to be
specified according to the Coulumb gauge, where .4 defines a divergence-free field,
namely, 01 A1 + 02 Az = 0. Thus, if we let # be a real function such that,

Vi = +(-Az, A1), (2.1.3)

then y = e~ "¢ satisfies (6; £i02)w = 0. So according to whether we choose the + or
— sign, we find that  or y is holomorphic.

Therefore, if ¢ is a non-trivial solution of (2.1.1), then ¢ admits only an isolated
number of zeroes with integral multiplicity. From the point of view of the vortex prob-
lem, such zeroes play the role of defects and are responsible for the occurence of
non-trivial phenomena.
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Assuming that {z1, ..., zy} are the zeroes of ¢, repeated according to their multi-
plicity, and setting
N -1
hz)=e"9¢@) [ [] (2 -z))
Jj=1
or
N —_—
h@=e"9%@) | [[-2)| -
j=1
we see that & defines a never vanishing holomorphic function. Furthermore, by the
change of gauge

¢ —> |hlh ™',
we find that ¢ takes the form
$(2) = |¢(2) et Zi=1 ATBE=)) (2.1.4)
with
N
1B =e"h@I [ ] |z -zl - (2.1.5)
j=1

In this gauge, equation (2.1.1) reads as

N

orloglgl+ 01 | D Arg(z—z)) | =4,
j=1
N

drloglgl — o | D Arg(z—z)) | = FAa,
j=1

(2.1.6)

and gives a well-defined smooth expression for the components A and A in terms of
the (gauge-invariant quantity) |¢|. Furthermore, from (2.1.5) and (2.1.3) and the fact
that log ||* is a harmonic function, we deduce that,

N
—Alog|¢* = =27 —2Alog |h|* — 4z > J;;
j=1

N
=+2F; — 41 D 4.,
j=1

Here 6, denotes the Dirac measure with a pole at p € R2.

At this point, we can use the remaining selfdual equations to determine log |¢|>
(and hence |¢]) as a solution of an elliptic problem.

In this way, we have eliminated completely the fastidious gauge invariance from
the selfdual equations and reduced their study to the solvability of some elliptic prob-
lems involving only gauge-invariant quantities.
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To be more precise, let us start to discuss the abelian case, where ¢ defines the
Higgs (matter) field, and set

u = log |$|%. (2.1.7)

For a given set of points {z1, ..., zn}, repeated according to their multiplicity, we can
take advantage of (2.1.4), (2.1.6), and (2.1.8), to define

b(2) = e2"@F XL ArgG—z)), (2.1.8)
and
| N
A=+ Eazu+al ZArg(z—zj) ,
j=1
/ (2.1.9)
| N
Ay =F Ealu — & ZArg(z - zj)
j=1
Based on the arguments above, (¢, A) with A = —i A dx* defines a vortex solution

for the abelian Maxwell-Higgs selfdual equations (1.2.25), (1.2.26), and (1.2.27),
provided we take ¢ in (2.1.8) and A and A3 in (2.1.9) such that u satisfies

N
—Au=1-¢"—41 Y d,, (2.1.10)
j=1
and let,
Ap=0. (2.1.11)

Similarly, we obtain a vortex solution for the pure Chern—Simons—Higgs selfdual
equations (1.2.45), provided we now take u in (2.1.8) and (2.1.9) to satisfy

—Au = —e”(v e —4r Z(SZ/, (2.1.12)

and recalling (1.2.46), let
1 2 u
Aozj:;(v —e"). (2.1.13)
Similarly, to derive a vortex solution for the Maxwell-Chern—Simons—Higgs selfdual

equations (1.2.63), we need to take u and the neutral scalar field N to satisfy

N
—Au=2g" (kN — ¢") — 4z > _J,,
= (2.1.14)

1 2
——AN = 2" (U— — N) + kg (e" — kN),
q k
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2
Aozi(%—N). (2.1.15)

Note that for a vortex solution constructed in this manner, the Higgs field vanishes ex-
actly at {zy, - - - , zn} according to the given multiplicity. Furthermore, for the solution
u of any of the elliptic equations introduced above holds the decomposition

and recalling (1.2.61), let

N
u(z) = Z log ]z —Zj |2 4+ smooth function, (2.1.16)
j=1
and so we may check that the potential field components A; and A3 in the right-hand
side of (2.1.9) extend smoothly at {z1, ..., zy}, the zeroes set of ¢.

Analogously, for the non-abelian pure Chern—Simons model in (1.3.99), (1.3.100),
and (1.3.101), we may derive a selfdual vortex (A, ¢) under the ansatz

A= Agdx® with A, = —iA%H,, A% € Rand ¢ = ¢°E, ¢ € C, (2.1.17)

where H, and E,, fora = 1,...,r are respectively the Cartan algebra generators
and the simple root operators for the (semisimple) gauge group G with rank r. For the
given integers N, € N and the set of points {z{, ..., zf‘va} (repeated according to their
multiplicity) set

$0 = o2 > Arg(zfzi?), (2.1.18)

a =1,...,r. Let the components A%, j = 1,2 be defined in terms of the invertible
Cartan matrix, K = (Kgp) in (1.3.79), through the identity:

N,
1 a
KbaAll7 == 562ua + 0 ZAI'g (Z — Z(;) R
j=1
| N, (2.1.19)
K;,C,Alz7 =7 Ealua — & ZArg (z — Z‘;) ,

a=1,...,r
Recalling (1.3.124), we can also obtain the component Ajj by means of the relation:
b 1 2 u
KpaAf = £ (v — Kpee b), a=1,....r (2.1.20)

In this way, we determine a vortex solution for the non-abelian Chern—Simons self-
dual equations (1.3.115) (reduced to (1.3.123) via the ansatz (2.1.17)) provided
(ta)a=1,...,r defines a solution for the elliptic system:
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N

4

—Au, = ﬁ (Vszaeub _ Kbae”chbe”C) —4r Zéz_‘;' (2.1.21)
j=1

If G = SU(n+ 1), then the rank r = n and the Cartan matrix K = (Kp) is explicitly
given by (1.3.79). Hence, in this case, we can interpret the system (2.1.21) as the nat-
ural extension of the single Chern—Simons equation (2.1.12) to a Toda lattice system
coupled by the SU (n + 1) Cartan matrix (1.3.79).

Concerning electroweak vortices, obtained under the ansatz (1.4.26)—(1.4.29) as
solutions of the selfdual equations (1.4.34), we can use a similar approach, and for
assigned points {z1, ..., zn} (repeated according to their multiplicity) we set,

N a
W = Bt El Arg(a) (2.1.22)
We verify the first equation in (1.4.34), namely,
DIW +iDaW = (21 +i02) W —ig (A +i43) =0
provided u satisfies
N
—Au =2g (a]A% — azA?) =2g (P12sinf + Z3cos0) — 4n Z‘SZJ'

Jj=1
where recalling (1.4.18) and (1.4.19), we have taken

N
1 (1
A§:§ SO +01 Y Arg(z—2z) |,
= (2.1.23)
1 (1 J
A%:—; SO =0 Arg(z—2z) |,

j=I
defined smoothly through the points z;, j =1, ..., N.
Furthermore, taking into account the last equation in (1.4.34) and (1.4.35), we let,

cosd

p*=¢"and Z; = — € jkOkD. (2.1.24)
Thus, using (2.1.22), (2.1.23), and (2.1.24), we obtain an electroweak vortex con-
figuration solution of the selfdual equation (1.4.34), with W vanishing exactly at
{z1, ..., zn}, provided the pair (u, v) satisfies:

N
—Au = 4g%" + g% —4x 251./"
j=1 (2.1.25)
g . 8%
e .
2cos2 6 2cos2 6
Observe that the fields B; and P; may be recovered from A; in (2.1.23) and from Z;
in (2.1.24) via (1.4.18) and (1.4.19), for j =1, 2.

—Av = —2g%" —
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Analogously, we proceed to derive selfgravitating electroweak strings, which in-
clude the conformal factor # in the selfdual equations given in (1.4.37) and (1.4.38).
As above, we see that this case reduces to solving the following elliptic system:

N
—Au = 4g%e" + g2’ —4x Z&Zj,
j=1

2

g > 2 2.1.26
~t0= 5ty (o) e -2 (2126
2 v 2 4
n 8 (e _900) P 2 uto 2 0
—A (—) == + T+2 +1V i
871G 2 ( cos2 6 sinZ 6 ¢ &€ [Vol“e

Thus, for the selfdual models considered above, we can obtain vortex configura-
tions, with a prescribed set of zeroes for the complex field, by solving certain elliptic
problems.

At this point, it is important to be more specific about the boundary conditions.
Clearly our choice of boundary conditions must be significative from the point of view
of the physical applications, as for example in identifying relevant quantities such as
the total energy, the magnetic flux, and the electric charge.

In this respect, the first set of boundary conditions we shall consider, concerns
with planar selfdual vortices, where the selfdual equations (or equivalently, the corre-
sponding elliptic problems) are examined in the whole plane R? under suitable decay
assumptions at infinity, that guarantee finite total energy.

The second set of boundary conditions we consider pertains to periodicity. Note
that periodic patterns of vortex configurations have been observed experimentally to
form in superconductivity, and that they are known as the Abrikosov’s “mixed states,”
in view of Abrikosov’s pioneering work about superconductors (cf. [Ab]) where such
configurations were first predicted.

Therefore, for the (gauge-invariant) fields we require the ’t Hooft periodic bound-
ary conditions (cf. ['tH2]) over the cell domain

Q= {z:slal—i—szazeRz, 0<s; <1, j=1,2} (2.1.27)

with a' and a® two linearly independent vectors in R?, and with the boundary
component

sz{zzskak,0<sk<l}CGQ,k=1,2.

Concerning abelian periodic vortices, we require the Higgs field ¢ = ¢(z), the com-
ponent A,, a = 0, 1, 2 of the potential field .4 and, when present, the neutral scalar
field N to satisfy

@ (z + ak) =@y (2),

(2.1.28)
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for z € 'y U2\ I'k, where wy is an arbitrary function smoothly defined in a neighbor-
hood of I'} UT'»\ Ik, and k = 1, 2. For simplicity, we set wg (s1, s2) = g (s131 +szaz).

A first interesting consequence of the boundary conditions (2.1.28) is a “quantiza-
tion” property of the magnetic flux through Q:

@:/ Fip.
Q

Indeed, since ¢ is single valued in €, its face shift around 6€2 must coincide with an
integral multiple of 2z . In fact, by taking into account the first condition in (2.1.28)
and the expressions (2.1.8) and (2.1.16) in Q, we find that w; must satisfy

1(0,17) — 01(0,0%) — (@2(17,0) — w2 (07,0)) =27 N,  (2.1.29)

with N the number of (prescribed) zeroes (counted with multiplicity) of ¢ in Q.
Since,

1 1
(o} =/ Fio =/ (Al dx' + A2dx2) = —/ 01m3(s1, 0) dS1+/ 0rw1(0, 52) dsa,
Q 0Q 0 0
from the above identity (2.1.29), we find

® =427 N. (2.1.30)

In other words, the total magnetic flux through Q can only take a value correspond-
ing to an integral multiple of 27z, determined according to the topological degree of ¢
in Q.

This “quantization” property is shared by the static fotal energy E = fg £ and the
electric charge Q = fg JO. In fact, by virtue of the boundary condition (2.1.28), the
spatial divergence terms involved in £ drop out, and for the abelian Maxwell-Higgs
model we find

1
E:j:—/ Fio=nN, Q:/ JO =0, (2.1.31)
2 Ja Q

as a consequence of (1.2.24) and (1.2.14) (applied at 4 = 0), respectively.
Analogously, for the Chern—Simons model we have

E=iv2/ Fio = 27v°N, Q:/ J°=k/ Fi» = £27kN  (2.1.32)
Q Q Q

as a consequence of (1.2.42) and (1.2.36), respectively.
While, for the Maxwell-Chern—Simons—Higgs model we find

V2 v2 1
0 2 2
E:j:—/ J :i—/ (——2AA0+1<F12) = /F12:27w N,
k Q k Q q Q

X (2.1.33)
0 =/ JO =/ <——2AA0+1<F12) =k/ Fip = +27kN,
Q Q q Q

as a consequence of (1.2.57) and (1.2.59), respectively.
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Concerning the non-abelian Chern—Simons problem (1.3.123), we impose analo-
gous periodic boundary conditions that hold componentwise, according to the gauge
invariance (1.3.127) and (1.3.128) which is valid in this case. More precisely, we
require

4 (Z —i—ak) _ el'KbawZ(Z)qs(Z)’
A9 (z+a") = 49@) + 0,0 (@), j=1,2 (2.134)
AY (z +at) = 45(2),

for z € Ty UTy \ I'y, and where f is an arbitrary function smoothly defined in a
neighborhood of I'y UT \ Ty, wherek = 1,2 anda =1, ...,r.

Exactly as above, the given boundary conditions yield to a suitable “quantization”
property involving the component of the magnetic flux and the electric charge through
Q defined respectively as follows:

(I)a:/Flazanan:/Jé’, a=1,...,r (2.1.35)
Q Q

Indeed, setting
O (51,52) = Kpaof (12 + 5227),
we can use (2.1.18) to evaluate the phase shift of ¢* around 0€2 and find
C?)?(O, 17) - &)?(09 O+) - (@2(177 O) - 6,(\)2(0+9 O)) = izﬂNa;
and this implies
,
Z Kpo®p = 27 N,,.

b=1
By virtue of (1.3.124) and (1.3.126), we obtain the following “quantization” rules:

r r
D, = +27 ; (K*l)ba Np: 0, =k®, = :I:27rkb§1 (K’l)ha Ny (2.1.36)

r r
_ _ 2 _ 2 —1
E_/Qé’_:lzv ;CD“_ZEV > (K )baNb. (2.1.37)

a,b=1

Here again the “periodic” boundary conditions (2.1.34) allow us to ignore the total
spatial divergence term in (1.3.126).

Finally, concerning periodic electroweak vortices, we take into account the corre-
sponding gauge invariance (1.4.30), and require

W(e+at) = OwE,
1
P; (Z +ak) = Pj(z) + ;ajwk,
Z; (z+ak) =Z;(2),
0 (+a) =),

(2.1.38)



2.1 Elliptic formulation of the selfdual vortex problems 51

for z € Ty UT, \ I't, and where wy is an arbitrary function smoothly defined in a
neighborhood of T'y U T, \ I'y fork =1, 2.

Exactly as above, we derive a “quantization” property for the flux of the field
(Pj)j=1,2 through Q as,

2w
@ =/ P, = =N, (2.1.39)
Q e

where N is the number of the (prescribed) zeroes (counted with multiplicity) of W in
Q. Furthermore, by means of (1.4.31), we can take advantage of (2.1.38) to obtain the
following expression for the corresponding total energy:

2 2
E=/6= 8% /Plz— 8% g
Q 2sin6 Q 48inf

2 2
% (Z”N % |Q|). (2.1.40)

- 2sinf e 4sinf

Similarly, we can handle periodic electroweak strings by supplementing the boundary
conditions (2.1.38) with a periodicity assumption on the conformal factor:

n(z—i—ak):n(z), VzeT UTs\Tyandk = 1,2 (2.1.41)

Clearly, the “quantization” property (2.1.39) continues to hold in this case, and for the
total energy we find

2 2
E=/£e’7= 800 (27N 895 [ ) (2.1.42)
Q 2sin6 e 4sinf Jqo

as a consequence of (1.4.39).

The ’tHooft periodic boundary conditions reduce to the usual periodicity for gauge-
invariant quantities (e.g., |@|, Fi2, etc.). In order to obtain periodic vortices, we will
therefore need to attack the reduced elliptic problems under periodic boundary condi-
tions, or equivalently, over the flat 2-torus.

Actually, from a mathematical point of view, one may wish to consider the given
elliptic problems more generally over a compact surface. Nonetheless, the nature of
these problems is such that the torus comes to play a special role, somewhat similar to
that played by the 2-sphere in the prescribed Gauss curvature problem (cf. [ChY3]).

In conclusion, we have seen that, by prescribing the set of zeroes for the complex
Higgs field (defined over R? or over the periodic cell domain ), we can reduce the
study of the selfdual vortex problem to the search of solutions for an elliptic equation
(often in system form) over R? (to yield planar vortices), or under periodic boundary
conditions on 0€, (to yield periodic vortices).

Because of such a central role, we shall refer to a zero of the complex Higgs field as
a vortex point and to its total number (counted with multiplicity) as the vortex number.
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For the Ginzburg-Landau model in superconductivity, the vortex points identify
the locus where the magnetic field is maximal and is expected to “localize.”

As already mentioned, in this case the vortex number bares a topological informa-
tion since it coincides with the Brouwer degree of the Higgs field and may be viewed
as an element of the homotopy group 71 (U (1)) = Z. Accordingly, the Maxwell-Higgs
periodic vortices have been classified topologically in terms of such homotopy classes,
and in this way completely characterized. See [Tal], [Ta2], and [JT] for the planar case,
and more generally, see [Bral], [Bra2], [Gal], [Ga2], [Ga3], [Hi], [HJS], and [WY].

Surprisingly, different characteristics have been observed for selfdual Chern—
Simons vortices, where “non-topological” configurations are known to occur as we
shall discuss in Chapter 3.

2.2 The solvability of Liouville equations

In the previous section, we have seen how the study of the vortex problems may be
reduced to the solvability of suitable elliptic equations (or systems) involving expo-
nential nonlinearities.

In order to analyze such elliptic problems, we start to review the Liouville equa-
tion. This provides an instructive example for the understanding of more general
differential equations involving exponential nonlinearities.

To this purpose, we identify R? with the complex plane C by means of the trans-
formation (x, y) € R2 > z=x+i y € C. Moreover, in C, we consider the usual
scalar product:

(z, w) = Re(z, ).

Accordingly, we express the Laplacian operator in terms of the complex differential
operators 0, = %(6)6 —i0y) and &7 = %(ax + i0y) as follows:

A = 48,65

Such complex notation is particularly useful in describing solutions to the (local)
Liouville equation

—Au=¢e" inD, 2.2.1)

with D an open regular subset of R (i.e., C).
For any holomorphic function f = f(z) in D there holds:

N
Alog (1 +1f (z)lz) = 4|fL)|2 (2.2.2)
(1+1f@7)
(see [Ne])).
Thus, if f is univalent in D, then
/ 2
u(z) = log — @)l (2.2.3)

(1+1/@P)*
satisfies (2.2.1).
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Actually the expression (2.2.3) gives a full characterization of all solutions to
(2.2.2), as was shown by Liouville in [Lio]. If we perturb (2.2.1) as

—Au=¢"—4mwad, in D, (2.2.4)

with a > 0 and J;, representing the Dirac measure with a pole at zg € D, then it is
possible to obtain an analogous characterization to the solutions of (2.2.4) by means
of a Liouville-type formula valid for the punctured disk, as obtained by Chou—Wan in
[CW].

For this case according to (2.2.2), f’ or (%)’ must vanish in D exactly at the point
zo with multiplicity a. So for o ¢ N, we must allow f to be multivalued in D. More
precisely, on the basis of [CW], Bartolucci-Tarantello have shown in [BT1] that every
solution of (2.2.4) takes the form of (2.2.3) with an univalent function f in D \ {zo}
given by one of the following expressions:

() f@) =Gz—-20*""w(k)+a, withaeCanda =0ifa ¢ N; (2.2.5)
(i) r@ = 8

(z — zo)*+!”
(iii) limited to the case « = m — L withm e N: f(z) = e(Z_ZO)aH‘/’(Z), 2.2.7)
2

where wis a holomorphic function in D satisfying y (z9) # 0.

(2.2.6)

See [BT1] for details.

Based on the preceding observations, the equation exhibit different classes of so-
lutions. For instance, in the case of the planar singular Liouville equation (we take
zo = 0 for simplicity):

—Au = é* —4rad,—o in R? (2.2.8)
by choosing f(z) = uz*t!, u # 0, and setting 1 = 2 we obtain

8A(a + 1)2|z|*

T VA0, (2.2.9)
(14 2lz2tD)?

u(z) = log

which solves (2.2.8). )
Or, let f(z) = uz*tef@ with g(z) = (a + 1) [y eggl d¢ and u # 0; then for

A= ,uz, we also see that,

8/1(0( + 1)2|Z|2(x|eg(z)+z|2
(1 +/1|z|2(a+1)|eg(z)|2)2 ’

u(z) = log >0 (2.2.10)

solves (2.2.8).
The presence of the free parameter 4 in (2.2.9) and (2.2.10) can be justified by the
scale invariance of (2.2.8) under the transformation:

u(z) — uy(z) :=u(uz) +2logu, Yu > 0.
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Such an invariance will be at the origin of “concentration” phenomena for the solu-
tion sequences of Liouville-type equations, as will be discussed in great detail in
Chapter 5.

As already shown by (2.2.5), when o = N € ZT, we gain an additional free
(complex) parameter. In fact, we can generalize (2.2.9) in this case by taking f(z) =
u(ZNT 4 &), V& € C, and then set 1 = u to obtain the solution:

8A(N + 1)2|z)2N
(14 2N+ 4 £P12)°

u(z) = log ,Vi>0, ¢eC. (2.2.11)

Notice that for a = N = 0, the free parameter ¢ € C is due only to the translation
invariance of (2.2.8).

If instead @ = N # 0, then the additional parameter ¢ € C would have strong
consequences on the nature of the solutions. In fact, this parameter is responsible for
symmetry-breaking phenomena; as we can obtain solutions of (2.2.8) which are no
longer radially symmetric about any point.

The presence of non-radial solutions for this class of equations was first noticed by
Chanillo—Kiessling in [CK1].

It is clear that other choices of f in (2.2.3) would yield to yet other classes of
solutions for (2.2.8); see e.g., Section 5.5.5 in Chapter 5.

However, the examples above distinguish between two important classes of
solutions—namely, those satisfying ¢* € L' (R?) as given by (2.2.9) and (2.2.11), and
those with e* ¢ L!(R?) as given in (2.2.10).

In fact, as observed in [CW] for o = 0, and subsequently in [PT] for a > 0, the
finite energy condition,

/ e < +oo0, (2.2.12)
R2

only allows a function f of the “power-type” in (2.2.3). More precisely, the following
classification result holds:

Theorem 2.2.1 ([CLI1], [CW], [PT]) For o. > 0, every solution u of (2.2.8) satisfying
(2.2.12) takes the form

82+ 1)*[z|*

u(z) = log , (2.2.13)
(1+ Alzo+t +&P2)°
with > 0, & € C, and & =0 for o & ZT. In particular,
/ e =8r (1 + a). (2.2.14)
RZ
[m}

We emphasize that for a ¢ Z*, we must take & = 0 in (2.2.13); otherwise we would
obtain a multivalued solution.
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As already mentioned, such classification result is a consequence of Liouville for-
mula (2.2.3) together with (2.2.5)—(2.2.7), and we refer to [CW] and [PT] for details.
Let us mention that, the case @ = 0 was handled first by Chen—-Li [CL1], by the method
of “moving planes” of Alexandroff in the same spirit of [GNN] and [CGS]. Namely,
in [CL1] the authors show that for a = 0, all solutions of (2.2.8) and (2.2.12) are radi-
ally symmetric about a point, and consequently arrive at (2.2.13) (with o = 0) after an
O.D.E. analysis. Clearly, such an approach cannot work in general for the case o > O,
since radial symmetry may be broken by the solutions of (2.2.8) when o € N.

Nevertheless, the mere identity (2.2.14) can be derived from a general symmetry
result obtained by Chen-Li [CL2] within the framework of the “moving plane” analy-
sis, applied to v (the regular part of u) and defined as follows:

v(z) = u(z) — 2a log|z|. (2.2.15)
Notice that v satisfies:

I—Au = |z]*“¢” in R2, (22.16)

fRz [z|2%e® < +o0.

In fact, for many purposes it is more convenient to analyze problem (2.2.16) rather
than (2.2.8) and (2.2.12). In terms of (2.2.15), Theorem 2.2.1 reads as follows:

Corollary 2.2.2 Let oo > 0, then every solution of (2.2.16) takes the form:

A
v(z) = log y Vo = ————, (2.2.17)
(1 + /Iya|za+1 +é—’|2)2 * 8(1 + 0()2
with A > 0, ¢ € C, and & = 0 for a ¢ Z™. Furthermore,
/ |zI*%e" = 8z (1 + a). (2.2.18)
R2

Observe that, the scale invariance of (2.2.16) is expressed now according to the trans-
formation:
0(z) —> v, (2) :==0(uz) +2(a + 1) logu, Yu > 0.

We point out a symmetry property for the solutions of (2.2.16), which is not at all
obvious from expression (2.2.17) when a € N and ¢ € C\ {0}. To this purpose, for a
given solution v of (2.2.16), we let

Voo = lim (0(z) +4(a + 1)log|z]). (2.2.19)
|z|>+o0

By (2.2.17), the limit (2.2.19) exists and is finite.
Proposition 2.2.3 Let oo > 0 and v be a solution of (2.2.16). Set
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with v in (2.2.18). Then
é 1 . 2
v(@)=v|——5)+2@@+Dlog—->, inR".
T|z] T|z]
Furthermore, setting |z| = r, we have
1

! ) ,
(roy0 +20a + 1)) <0, ifr #
VT (2.2.20)

(-

ropo +2(a+ 1) =0, ifr = F

Properties (2.2.19) and (2.2.20) were established in a more general context in
[PT, Theorem 2.5], to which we refer the reader for details.

2.3 Variational framework

As we shall see, many of the elliptic problems we shall analyze below admit a useful
variational formulation, so that the search for their solutions can be reduced to finding
the critical points of a Frechet differentiable functional,

I:E— R

with E a suitable Banach space.

Recall that v € E is a critical point for I in E with a critical value ¢ = I (v), if we
have ||I'(v)||g+ = 0. As usual, with E* we denote the dual space of E, so that for a
critical point o we have

max (I'(v), ) = 0. (2.3.1)
peE*

Typically, the construction of a so-called Palais—Smale (PS)-sequence, namely a se-
quence {v,} C E such that

')+ — 0, and I(v,) — ¢ (2.3.2)

represents the first step in obtaining a critical point with a critical value c. For instance,
if 7 is bounded from below, then (2.3.2) may be realized by a minimizing sequence
and ¢ = infg 1. See, for example [Gh].

Or, when [ admits a “mountain-pass” structure (cf. [AR]), in the sense that

A" C E aclosed set which separates two points vg and v; € E and
i?fl > max {/ (vg), I (v1)}. (2.3.3)

Then (2.3.2) may be realized via a min-max procedure, by considering the set of all
continuous paths joining vg and v, (namely,

P :={y :[0,1] — E continuous with y (0) = vg and y (1) = v})
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and by setting

¢ = inf max I(y(t)) > max{I(vp), I(v1)}. (2.3.4)
yeP tel0,1]

In this case, the corresponding (PS)-sequence is obtained by using the flow associated
to the pseudogradient vector field relative to 1. More precisely,

Theorem 2.3.4 Let I € C'(E), and assume that there exist c > 0 and 6 > 0 such that
ifv € E: |I(v) —c| <Jthen = ||I'(v)||g+ > J. (2.3.5)
Then for any € > 0 sufficiently small and suitable ¢ € (0, €), we find a deformation map
n:Ex[0,1] — E (2.3.6)

satisfying:

1) 7,0 =vand I(n(v,t)) is decreasing in t € [0, 1];
(i) ifv e E: |[I(v) —c|>¢e, thenn(v,t) =v Vt € [0, 1]; 2.3.7)
(iii) ifv e E: I(v) <c+eg, then I(n(v, 1)) <c—e.

We refer to [St1] and [R] for details and for more examples of min-max constructions
that yield to critical points.

Once a (PS)-sequence for [ (at level c) is available, in order to derive that ¢ repre-
sents a critical value for / then we need to satisfy the following compactness condition:

Definition 2.3.5 We say that the functional 1 satisfies the Palais—Smale condition
(at level c), if any (PS)-sequence satisfying (2.3.2) admits a strongly convergent
subsequence.

Remark 2.3.6 (1) Any functional with a “mountain-pass” structure (in the sense of
(2.3.3)) and satisfying the (PS) condition always admits a critical point with a relative
critical value defined by (2.3.4), (cf. [AR]).

(2) By the direct method of the Calculus of Variations (cf. [Da]), we see that for a
functional bounded from below, the (PS) condition at the level of the infimum may be
replaced by (in fact is often equivalent to) the assumption of coerciveness and weakly
lower semicontinuity.

2.4 Moser-Trudinger type inequalities

In our applications, a first situation of interest concerns the case where £ = H 1 (Rz),
the Sobolev space obtained by the closure of C{° (R?) with respect to the norm

ol eey = (1901 + 101122g2)) (2.4.1)
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and equipped with the scalar product,
(u,v) = /RZ(VMVU 4+ uv)dxdy.
By Sobolev’s embedding theorem [Ada], we know that Vp > 2:
H'(R?) — L7 (R?),

and that the following inequality holds

p—2\ 7%
lollLp@e) < @ (T) ol g2y, Yo € H' (RZ).

(2.4.2)

Inequality (2.4.2) was derived by Jaffe-Taubes (see Proposition VI.2.3 in [JT]) who
aimed to determine an accurate (but not sharp) explicit dipendence on p of the constant

involved in the Sobolev inequality, in order to deduce the following result:

Lemma 2.4.7 There exist suitable constants C > 0 and y >0 such that, for every veH

(R?) there holds
lloll3
e — 1llaqey < Ce "),
Moreover, for every p > 2 the map
' (R?) — 1 (R?)
p— e’ —1

is continuous.

Proof. To establish (2.4.3), we use the Taylor expansion and write

So, by means of (2.4.2) we can estimate:

+ook1

|| l||L2(]R2) = 22 ||D||L"(R2)
2k1 k—2\'T
<2Z (T) 101151 (g2)
R K\: 1
< 22(2@" (5) LSy

(2.4.3)

(2.4.4)

(2.4.5)
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Since by Sterling’s formula, we may find constants ¢c; > ¢; > 0 such that
(c1h) < k! < (@b,

from (2.4.5), we readily arrive at (2.4.3). Thus, ¢® — 1 € L2(R?) and (2.4.4) follows
for p = 2. On the other hand, for every n € N, we have

n n

0 n n! v n—k __ n! n— v .
(¢ —1) :%mek (—1) k_,;m(_l) k(ek —1)eL2(R2),

that is,

2
ynHVU”LZ(Rz)

¢’ =1 €L (R and [[e" — 1| 2 pey < Cne
for every n € N, with C,, > 0 and y, suitable constants (depending on n). Therefore,
by interpolation we conclude that (2.4.4) holds for any p > 2. O

The idea of using Sobolev’s inequalities with explicit appropriate constants to
estimate the norm of the exponential was adopted first by Trudinger in [Tr] in the
framework of the Sobolev space H(} (Q) with Q ¢ R? a bounded (regular) domain
(see also [Sal]). Subsequently, Trudinger’s result was re-derived by Moser in a more
general form as follows:

Proposition 2.4.8 ([Tr], [Mo]) For n > 2 there exists a constant C,, > 0 (depending
on n only) such that setting

1

an =nw"”! (2.4.6)

n

—_

with w, the volume of the unit sphere S in R"*!, we have
sup I/ Py € Wi Q) and ||Vl = 1} < CalQI, (247
Q

where |Q)| is the Lebesgue measure of Q C R".
Furthermore, a, in (2.4.6) is the best possible constant for which the supremum in
the left-hand side of (2.4.7) is finite.

Here, we are interested in considering (2.4.7) for the case n = 2, where it states
that,

v

2
1 4z (Tw»u 2 )
Yo e HAQ): [ e 2o/ <clgl (2.4.8)
Q

with a universal constant C > 0 and independent of Q C R2.
From (2.4.8) we easily derive the estimate

L Vo2 1
e’ <Ce'™ @, Yy e Hy(Q); (2.4.9)
Q
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where we use standard notation to denote the average value of f as

1
=— f 2.4.10
fr=g s 410

The inequality (2.4.9) furnishes a “sharp” version of (2.4.3) for bounded domains.
In fact, the value ﬁ is the best possible for inequality (2.4.9) to hold. This can be
checked directly with the help of the “concentrating” solutions of the regular Liouville
equation (i.e., (2.2.8) with a = 0).

Indeed, by assuming for simplicity (and without loss of generality) that B; (0) C Q
and by setting

2
142\
i) — | loe (i) iflel =1 e H (@), Q2.4.11)
0 iz > 1

we can check without great difficulty that, as A — 400,
||vm||iz(g) = 167 log(1 + 2) + o(1) (2.4.12)

and
log]l e’ =log(l + A) + O(1). (2.4.13)
Q

Therefore, as 1 — +00, v; furnishes an “optimal” family for (2.4.9) and shows that
(2.4.9) does fail if we repace ﬁ with a smaller value.

The example above also indicates that it may not be always possible to obtain an
extremal function for (2.4.9). Non-existence of an extremal function can be checked
when Q is a ball, while existence may occur for annulus or rectangular domains (see
[Ban], [Sul], [CLMP1], and [CLMP2]). On the contrary, it is surprising to see that the
existence of a minimizer can always be guaranteed for the original inequality (2.4.8),
as it has been shown to in [CaCh], [F12], [Ln], and [St4].

It is of interest to us to consider possible versions of (2.4.8) and (2.4.9) over com-
pact Riemann surfaces (M, g). We consider the case where M has no boundary (i.e.,
0M = ) and denote by V, and doyg, respectively, the covariant derivative and the
volume element induced by the Riemann metric g on M.

The inequality (2.4.8) continues to hold within the framework of the Sobolev space
H'(M); that is

sup[/ A dog, ue H'(M) and |lull ;i) = 1] <400 (24.14)
M

(see [Au], [Ad], [yLil], and [yLi2] for generalizations). And as above, it yields to the
inequality

e 2 2
/ e"do, < Ce'™" (HVWHL%M)H‘””L%M))
M
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In particular, we see that for every p > 1, the map

H'(M) — LP(Q)

" e (2.4.15)
18 continuous.
On the other hand, on the subspace
E = {weHl(M): / wdag:O}, (2.4.16)
M

the norm ||w|| g1y and ||Vew]|p 23y are equivalent, and it is possible to show that
the exact same inequality as in (2.4.7) holds (see [Fo]). Namely,

Proposition 2.4.9 ([Fo]) Let M be a compact Riemann surface. There exists a
constant C > 0 such that

][ e doy < Ce™ V2 vy ¢ E. 2.4.17)
M

Interestingly enough, for the standard 2-sphere M = S2, the inequality (2.4.17) can be
derived as a limiting case (for p — +00) of the well-known (sharp) Sobolev inequality

p—2 1
ullf 52y < T IVl ot T lullfa g2y u € H'(S?), (24.18)
2a)2 a)2

valid for p > 2 and wp = |S2| = 4r (see e.g., [Be] for a version of (2.4.18) in the
dimension n > 3). Indeed, by applying (2.4.18) withu = 1 + %w and w € E, we find

p

1 ? p—2 2 3 ! 2
1+ —-wPdo) <|—F5— \Vw|*do + w) + ——— w-do
52 p 1—; 2 52 2 I_E S2
2

2w2 p pro

-2 2 1 2 P
= 1+ |Vw| do + 5 w do ) .
2w, p? w2 p” Js?

Hence, by passing to the limit as p — +o00, we derive the desired Moser—Trudinger
inequality for functions defined over S2:

1 IVl ?
u)do_ < elén

B < 1262 Y € H'(8?) : /wda_O (2.4.19)
152 Js2

(see [Mo], [On], [Au] and references therein).

The proof above is due to Beckner in [Be], which contains various other
generalizations.

The derivation of (2.4.17) for general Riemann surfaces was obtained by Fontana
in [Fo], along the lines of [Ad]. See also [DJLW1], [NT2], [ChCL], [Che], and [ChY 3]
for related results.
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We may relate (2.4.19) to an inequality over R? (to be compared with (2.4.3)) via
the sterographic projection. To this purpose, consider S> embedded in R3, as given by
the set of all x € R3 : ||x|| = 1. Define the (inverse) stereographic projection with
respect to the south pole (0,0, —1) as

T :R*  — 52\ {(0,0,-1)}
z=(x,y) — (pz,1)

with p = THaE andt = ERPE

Thus, for every v € H'(5%), we may consider a function u = v o = defined over
RR? and verify that:

2 2
[v|Pdo = lul”dxdy, Yp > 1;
$? r2 \ 1+ 2|2
2
ev do = 2 e” dx dy’ (2420)
$2 r2 \ 1+ |z

/ |Vo|*do =/ \Vul? dxdy.
52 R2

Therefore, if we set

E= [u © |Vul € L2 (Rz) and c1? (Rz)] , (2.4.21)

1+ |z]?

then

) eHl(S2)ifandonlyifu:vo7t €E,

/ vda:()ifandonlyif/ — % axay=o,
52 R? (1+|z]?)

and (2.4.19) reduces to

1 u 1 1
T JR2 (1 + |Z|2) T T JR2 (1 + |Z|2)

These observations permit us to use the classification result (2.2.17) with a = 0, to
conclude the following result first noticed by Onoftri in [On]:

Proposition 2.4.10 ([On], [Ho]) The equality in (2.4.19) is attained if and only if
w=0.

Proof. Assume that w attains the equality in (2.4.19). Without loss of generality, we
may suppose that max g w is attained at the north pole (0, 0, 1). Therefore, the function
u=wor —log # fsz e" do) € E attains equality in (2.4.22) and satisfies
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8
—Au=——-("—1)in R?
(1+1z1?)
eu
u(0) = maxu, ——5 =n.
R? R (1+ |z[?)

Consequently, setting

U(z) = log % + u(z),

+ 1z1?)

we see that it satisfies
—AU = ¢V inR?
U©) =max U, / eV =8r.
R2 R2

Thus, we can use Corollary 2.2.2, with a = 0, to conclude that by necessity:

U(z)=1lo for some A > 0.

81
S CEIFREN
In other words,
1+ |z|?

u(z) =logl +2log ————.
(&) = log S EWIEE

Since |Vu| € L?2(R?) A = 1 must hold, which implies u = 0; and so w = 0 as claimed.

O

Analogous inequalities over R? have been derived by McOwen [McO] with other

weight functions. We also refer to [DET] for more general weighted inequalities of the

(2.4.22) type, and their influence in the symmetry-breaking phenomena of the Hardy-
Sobolev inequality (cf. [CKN]).

Versions of the above mentioned inequalities are available also for the case when

M admits a non-empty boundary M # ( (see [Fo] and [Au] and references therein).

However, in this case, the constant # is no longer appropriate. We know that for

a smooth oM, the constant must be replaced by %, while its value becomes more
involved when 0 M admits corners, as it has been discussed in [ChY1].

For manifolds other than the 2-sphere, the existence of a minimum for the extremal
problem (2.4.14) can always be ensured (see [yLil] and [yLi2]).

However, we encounter a delicate problem when investigating the possibility of
attaining equality in (2.4.17). Of particular interest to us is the case of the flat 2-torus
M = R? /a|Z x a7 where a; and a; are two linearly independent vectors of R? that
generate the periodic cell domain Q = {sa; +tay, 0 <, ¢t < 1} in (2.1.27). Since

H (Rz/aIZ x azZ)

= {v € Hllo c R?) v doubly periodic relatively to the cell domain Q} = H(Q),
(2.4.23)
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the Moser—Trudinger inequality (2.4.17) can be expressed in terms of doubly periodic
functions as

Vw2
][ e < ce™ Ve vy e HQ) / w=0, (2.4.24)
Q Q

with a suitable constant C > 0.

Sticking to our complex notations, we are going to identify the (independent) vec-
tors a; = aje; + fjex with the complex number w; = a; +if;, j = 1,2, so that
(fwy, w2) = Re(iwjwy) # 0 formulates the condition for linear independency. In
this way, we may express the flat torus as M = C /(w1 Z + wy 7).

By the work in [DJLW1] and [NT2], we know that for M = C(aZ + ibZ) and
0 < a < b, the equality in (2.4.17) (or (2.4.24)) can always be attained. Actually, the
corresponding extremal function is not identically equal to zero when 7 < % Other
interesting results related to the study of extremals for the Moser—Trudinger inequality
can be found in [CLS], [ChCL], [ChLW], [LiL], [LiL1], [LiW], and [LiW1].

2.5 A first encounter with mean field equations of Liouville-type

For a given non-negative function 4 € L*°(M) and 4 > 0, we may consider the
functional

1
I,(w) = E"ng“Iz_Z(M) — ,ulog/M he” dog,, w € E (2.5.1)

(recall E in (2.4.16)).
By virtue of (2.4.15), the functional /,, € C (E), and its critical points correspond
to (weak) solutions for the mean field equation of the Liouvill-type

_ h w 1 .
—Agw=p (m - W) in M (2.5.2)
Jyywdog =0

with A, the Laplace-Beltrami operator corresponding to the Riemannian metric g on
M, and |M | the surface area of M.

We shall be interested in handling (2.5.1) or (2.5.2) under the following set of
assumptions on 4:

h=e" eL®(M): uyeL'(M)and / updoy = 0. (2.5.3)
M

Notice that the last condition in (2.5.3) implies no real restriction on /, since problem
(2.5.2) remains unchanged if we replace i with th, t > 0.

Equation (2.5.2) has attracted much attention in the last two decades by the central
role it has played in a variety of problems arising in conformal geometry (see e.g., [Au],
[Ba], [ChY1], [ChY2], [ChY3], [CL], [CD], [CL3], [CK3], [H], [Ho], [K], [KW1],
[KW2], [L1], [Ob], [Ni], [On], and the references therein), mathematical physics (see
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e.g., [CLMP1], [CLMP2], [CK1], [CK2], [CK3], [On], [Kil], [Ki2], [Wo], and the
references therein) and applied mathematics (e.g., [Cha], [Ci], [CP], [BE], [Ge], [KS],
[EN], and [Mu]). In our context, problem (2.5.2) has entered in a crucial way in the
understanding of the asymptotic behavior of “non-topological” Chern—Simons vortices
and in the study of electroweak mixed states.

The solvability of (2.5.2) poses a rather delicate problem, as we can see already on
the basis of (2.4.24). This leads us to distinguish the following cases:

Case 1: u € (0, 8r), then the functional u 1s coercive and bounded from below
in E. Since it is also weakly lower semicontinuous, it attains its infimum at a solution
of (2.5.2). Hence, problem (2.5.2) is always solvable in this case. Actually, for the flat
2-torus, where (2.5.2) reduces to a periodic boundary value problem, it is possible to
use the Weierstrass P-function into the Liouville formula (2.2.3) to exhibit an explicit
solution when ¢ = 4z . For details see [Ol].

In this case, it is important to understand under which circumstances we can claim
uniqueness of the solution (or of the minimizer).

When £ is a constant, this amounts to asking if problem (2.5.2), with 4 € (0, 87),
admits only the trivial solution w = 0. We know the answer to be affirmative for the
2-sphere (cf. [On], [Ho], [CK1], and [Lil]); whereas multiplicity does occur for the flat
2-torus, M = C/(aZ + ibZ) and 0 < a < b, provided that % < % and 47172% <pu<
87 (see [DILW1], [NT2], and [CLS]). On the other hand, a result of Cabré-Lucia—
Sanchon in [CLS], establishes uniqueness for the case 0 < u < min{47r2%, Ay}, with
Zx = Zx(%) < 8m an explicit constant depending on the conformal radius of the
periodic cell domain. More precisely, the authors in [CLS] show that for 0 < u < 4,
the solutions must be constant with respect to one variable. Then they can conclude, by
the O.D.E. analysis of [RT2], that one-dimensional non-trivial solutions do not exist
for u below the value 47 2% = 11|Q|, where 11 is the first non-zero eigenvalue for — A
in H(€). In particular, in [CLS] the authors are able to improve upon the analysis of
[RT2] for the case § < %; they show that u = 0 is the only solution (not necessarily

one-dimensional) for (2.5.2) when £ is a constant, if and only if 0 < ¢ < 471'2%.

By a different argument based on the isoperimetric profile of M, Lin—Lucia in
[LiL] were able to obtain a uniqueness result which is sharp when 7 > 7, since it
holds for the full range of parameters u € [0, 87 ]. The approach of [LiL] permits also
to improve some other results in [CLS].

Actually, the best available result about uniqueness, for any value u € [0, 8x],
concerns the global minimizer of 1, as obtained recently in [LiL1]. This result can be
viewed as the equivalent on the flat 2-torus of Onofri’s result (cf. [On]) on the 2-sphere.
See also [LZ] for related results.

Case 2: If u = 8x, then I,,—g; is bounded from below but is no longer coercieve
in E, and [, g, fails to satisfy the (PS)-condition. In fact, the existence of a minimizer
for I,,—g; is influenced greatly by the nature of the given weight function 4.

For instance, when M = S2, a minimizer for 1,,—gz exists if and only if & is a
constant function (see [Ho]).
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If & is not constant for M = S2, then more elaborate min-max procedures must
be introduced in order to obtain solutions to (2.5.2) when 4 = 8z (see e.g., [Mo],
[ChY1], [ChY2], [ChY3], [L1], [Li2], and the references therein). These existence
results are of particular interest because of their connection to the assigned Gauss
curvature problem, see [KW1] and [KW?2] for details.

For the flat 2-torus M = C 7 (aZ + ibZ), it is shown in [NT2] that the functional
1,,—87 always attains its infimum on E provided & satisfies the following condition:

h=¢"eC(M),3g € M : up(q) = max ug and — Aup(g) < % (2.5.4)
We shall give a detailed proof of this result in Section 6.3 of Chapter 6, and refer to
[DJLW1] and [ChL2] for analogous results over a general surface, where (2.5.4) is
replaced by a similar condition involving the Gauss curvature.
For our periodic Chern—Simons vortex problem (2.1.12), equation (2.5.2) occurs
with 4 = 4z N and ug in (2.5.3) given by the unigue solution for the problem

N
4z N
Agug =4 E 5Zi—7r—inM,
=1 M

(2.5.5)

IM uo dO'g =0
with {z1,...,znx} C M the assigned set of vortex points, repeated according to their
multiplicity. Note that ug in (2.5.5), attains its maximum value at a point ¢ € M \
{z1,...,2zN]}, where we have: —Aug(q) = 4"1{4’\( Since 4 = 8z in (2.5.2) occurs

exactly when N = 2 (i.e., in the double vortex case), we see that condition (2.5.4)
is just violated by uq in (2.5.5) in this case. Thus, the above mentioned result does
not apply, and in fact, Chen—Lin—Wang in [ChLW] were able to show that when the
two vortex points coincide, I,—g; cannot attain its infimum in E. Moreover, in this
situation, namely when 2 = €0 with uq satisfying (2.5.5) with N = 2 and z; = z2,
the authors in [ChLW] provide uniform estimates for the solutions of the corresponding
equation (2.5.2) with 4 = 8z . This allows us to define the Leray—Schauder degree at
zero for the associated Fredholm map F = Id + 8z T, : E — E,

he® 1
Thw = A ( ¢ —) €E, wek, 2.5.6)

Sy hevdoy M|

where T}, defines a compact operator and Agl : E — E defines the inverse operator of
A, acting on E. In [ChLW], this degree is computed to be equal to zero. This suggests
that the given problem, which we can formulate in terms of u = ug + w, as follows:

u

_ _ et ;
Agu = 8x (IM etdag ‘5“) in M (2.5.7)
Jyudog =0
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with z; € M, admits no solutions when M = C(aZ + ibZ). This fact has
been subsequently proved by Lin—Wang in [LiW] and [LiW1] by a clever use of the
Weierstrass P-function, which naturally enters in the Liouville formula (2.2.3) in or-
der to fulfil the periodic boundary conditions. More generally, the authors in [LiW]
are able to relate the existence of a solution for (2.5.7) on M = C /(w|Z + w»7Z) to
the number of critical points of the Green’s function G, in the fundamental domain

Q = {z =tw) + swa, s,t € (— %, %)} (see Remark 2.5.11 below). Since the

critical point’s equation for G can be formulated in terms of P, the authors analyze this
latter function in order to arrive at their non-existence result, (see [LiW] for details).
Actually, the study carried out by Lin—Wang in [LiW] and [LiW1] permits to conclude
that (2.5.7) can admit at most a solution u = ug+w with the regular part w correspond-
ing to a minimum for /,—g, in E. This fact implies, in particular, that G admits at most
five critical points — a property interesting in its own right. Moreover, if G admits ex-
actly three critical points in Q (i.e., the three half-periods %, % and %(wl + wy)
that occur for the rectangle where w1 = a and wy = ib) then non-existence holds;
while if G admits additional critical points (as occurs for the rhombus with w; = a
and wy = %(l + i «/g)), then existence holds. The authors in [LiW1] also deduce

information on the nature of these additional critical points.

Case 3:If u > 8r, then the functional I, is unbounded in E, and min-max crit-
ical values must be sought in order to obtain solutions for (2.5.2). Following [ST],
[DJLW3] and [BT2], we shall give an example of such min-max construction in
Section 6.2 of Chapter 6. Notice that in this case we face the difficulty of checking
that the (PS)-condition holds for /. To this end, we use Struwe’s monotonicity trick
(cf. [Stl], [St2], [St3], and [Je]), as we see that I, is decreasing with respect to the
parameter u. Indeed, recalling Jensen’s inequality,

if F : R — Ris convex then F (][
M

udag) 5][ F(u)doy,, (2.5.8)
M

and using it with F(¢) = €', we find that

][ "t dg, > 1, Yw € E and / updag = 0. (2.5.9)
M M

Thus, in view of (2.5.3), for u| < u2, we have 1, (w) > I,,(w), Yw € E.

We obtain an existence result for (2.5.2), when M admits genus g > 0, u €
(87, 167) and (2.5.3) holds. In particular we are allowed to take ug as in (2.5.5). See
[ST], [DJLW3], [BT2], and Section 6.2 in Chapter 6 for a detailed proof.

We mention that, when the value of the parameter 4 > 16z and (beside (2.5.3)),
we assume that 2 > 0 in M, then existence results for (2.5.2) can be deduced by
the degree formula obtained by Chen-Lin in [CL1] and [CL2]. More precisely, if 1 €
co! (M) is strictly positive on M, then Li in [L2] showed that, forevery u € RT\8z N,
the Leray-Schauder degree d,, at zero of the Fredholm map Id + uTj, with Tj in
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(2.5.6), is well-defined. Moreover, for 1 € (87 (n — 1), 8z n) the degree depends only
on the integer n € N, and on the topological properties of M.

Subsequently, Chen—Lin in [ChL1] and [ChL2] were able to complete Li’s analysis
and arrived at the following formula:

1 if 4 € (0,8
d:[ if u € (0, 87)

(‘X(M”lz-n-ﬁ;{(M)*”‘”, if u € 8z (n —1),87n), n e N\ {1}

(2.5.10)

where y (M) = 2(1 — g) is the Euler characteristic of M with genus g.

Notice that for any manifold M with positive genus, in particular the flat 2-torus,
we see thatd, > 0, Yu € R*\ 87N, and so we can ensure the existence of a solution
for (2.5.2) in this case.

More precisely in [ChL2] it is shown that for the flat 2-torus we have d,, = 1,Vu €
(0, +00). However, this does not imply that the corresponding solutions are uniformly
bounded, see [LiL], [LiW], and [Lu]. For the standard sphere M = S2, we have
d,=—1foru e (87, 167), and so existence is guaranteed in this case; while d, =0
for any larger value u ¢ 8z N. This leaves the question of existence as a challenging,
open problem in this case. See [Dj] for some contribution in this direction.

Again we stress that the results above do not apply when & = "0 and ug is given
by (2.5.5). Indeed, in this case,

N
uo(z) =4z G(z,2;)
j=1

where G(z, p) defines the Green’s function of A, in H 1(M), satisfying:

2.5.11
Jyu G, p)dog =0. ( )

Note that G(z, p) = G(p, z) and as is well-known (cf. [Au]),

{AgG(-, p)=0p — i in M,

1
G(z,p) = o log(dg(z, p)) + 7 (z, ),

T

where d, (-, -) denotes the distance function on M, and y (the regular part of G) is a
suitable smooth function defined on M x M.
Consequently,

N
h(z) =@ =[] d3(z.2)V (@), (2.5.12)
j=1

with suitable
0<Vech (M.

Thus, we see that & vanishes exactly at z; with order 2n;, where n; is the multiplicity
ofz;,j=1,...,N.
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Remark 2.5.11 For later use, we recall that for the flat 2-torus M = C /(w|Z+w»7Z),
the Green’s function is identified by a doubly periodic function over the periodic cell

domain Q = {z =sw;+twy :0 < |s|, |t] < %} In fact, G(z,y) = G(z — y) and

fg G = 0. Furthermore, G is even in Q and can be expressed in terms of the Theta
function 6, as

L e,y
Gz)=——1 — 2.5.13
(@) 5. log 070)] + 2 ( )
+00 ' -
where z = x +iy, 7 = %2 =a+ifandb;(z) = —i E (—1)"e/ ™ (@ntDzt(rt3)70)
n=—00

See [LiW] for details.
For a rectangle, where w; = a and w» = ib, we can carry out explicit calculations
and thus deduce that G takes the form

1
G(z) = z—loglz| + 7 (2), (2.5.14)
27
with y (smooth in Q) expressed as

e~ Uim+un)

y(@) =y +ixp) = Z enem cos(Amx1) Cos(,unxg)ﬁ
e

(m,n)#(0,0)

U ds = (x1 —ma)® + (xo — nb)?
dxs Z Zexp B 4s

(m,n)#(0,0) —o©

0

! /1 Uy ety 4 L jogas L /We_ldz . (25.15)
- —(1—e —1o — —dt — 5.
4r JuP 1 4z 0% 4w J, t ’

where A, = %”m, Un = ZT”n, and ¢, = 1 or 2 according to whethern =0 orn > 1,

respectively (cf. [Tit]).

If we take h as in (2.5.12), it is still possible to show that d,, is well-defined for
any 1 € R\ 87N (see [BT2], [T4], and [T5]). Furthermore, d, = 1for u € (0,87)
andd, = y(M)+ N + 1 for u € (8, 16x), provided the zeroes of i in M are all
distinct, that is, in (2.5.12) we have z; # zi for j # k € {1,... N}, (see [ChLW]).
Thus, when 2 > 0in M, formally we can take N = 0 in the above formula and reduce
to (2.5.10). However, when / vanishes as in (2.5.12) and u € (167, +00) \ 87 N, then
a general formula for d, is not yet available.

We expect that the knowledge of the expression for d,, would carry relevant infor-
mation about the N-vortex problem. This we see already when M is the flat 2-torus,
where we can use the above formula to see that d,, admits a jump when crossing the
value u = 8z, fromd, =1 (foru <8w)tod, = N + 1 (for8z < u < 16x).

On the contrary, when N = 0 thend,, = 1 forany u € (0, 167) \ {87 }.
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Other contributions related to elliptic problems involving exponential nonlineari-
ties can be found for instance in [Ban], [BP], [Ch2], [DeKM], [DDeM], [Es], [EGP],
[Ge], [MW], [M], [NS], [Ni], [P], [Sp], [Sul], [Su2], [WW1], [WW2], [Wes], [Wo],
and [Y8]. The analysis of PS-sequences for /,, can be found in [OS1].

Extensions of the results discussed above to the case of systems are of much inter-
est in applications (see e.g., [CSW], [SW1], [SW2]). More precisely, for an assigned
symmetric invertible positive definite # x n matrix A = (a;;);, j=1,...,» We are interested
in analyzing the functional

1 n o n
I(wy,...,w,) = E/ Z a”’Vw;Vw;jdog, — Z,uj log <][ hjew/') dog,
M ‘ M
j=1

i.j=1

.....

(2.5.16)
where A™1 = (a¥ )i,j=1,..,n denotes the inverse of the given matrix A, u =
(41, ..., n) € (RM)" is a n-ple of assigned positive numbers, h; € L®(M) is a
given non-negative function, and w; € E, forevery j =1,...,n.

We shall naturally arrive at considering a functional of the type (2.5.16) in our
study of non-abelian SU (n + 1)-vortices with matrix A = K as given by the Cartan
matrix in (1.3.79) relative to the gauge group SU (n + 1). For later purposes, recall that
the Cartan matrix K = (Kj;);, j=1,...,» is identified by the condition:

.....

. i1 .
Kij =20, — 5’/. - 5;“. (2.5.17)
The problem to determine sharp conditions on the n-ple 4 = (u1,..., 4n), such

that /,, is bounded from below in E" was first treated by Chipot—Shafrir—-Wolansky
in [CSW], who actually considered the Dirichlet analog of the functional (2.5.16) as
described in (2.5.19) below. In [CSW], the authors assume that the entries of the ma-
trix A are non-negative, a condition justified by their aim to treat models in population
dynamics in absence of conflicts.

They introduce 2" — 1 quadratic polynomials A ;(x) defined for every non-empty
subset J C {1,...,n}as

Ary =" ue |87 =D agjuj | . (25.18)
keJ jeJ

and prove that, for a regular domain Q C R? the Dirichlet functional (to be compared
with (2.5.16)),

1 n o n .
Ju(wi, ..., wy) = E/Q Z a*'VwiVw; — Z,u,' (log]{Ihjewf —/ij) ,
i,j=1 j=1
(2.5.19)
is bounded from below in (HO1 (Q))" provided

Ay(u) >0, VJ C{l,...,n} (2.5.20)
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On the contrary, such a boundeness property is violated when the opposite inequality
holds in (2.5.20), for some J C {1, ..., n}.

This result was extended by Wang in [W] for the functional /, in (2.5.16). Since
(2.5.20) reduces exactly to the Moser—Trudinger condition for n = 1 (see (2.4.17)),
it is natural to ask whether /,, (or J,) remains bounded from below in E" (or in
(HO1 (©))™") even when we allow equality in (2.5.20). We thus relax to the condition:

Ay(u)=0,VJ C{l,...,n} (2.5.21)

In this respect, an affirmative answer was given by Wang [W] for stochastic matrices
A = (ajj)i, j=1,...,n satisfying:

n
aij >0, Vi, j=1,...,nand D> a;j=1,Vie(l,....n}. (2.5.22)
j=I

Wang’s approach was pursued further by Jost—Wang in [JoW1] for the Toda system of
interest here, namely, when we take A = K, the Cartan matrix relative to SU (n + 1)
given in (2.5.17). Notice that, in this case, (2.5.21) reduces to the condition:

wj <4z, Vj=1,...,n. (2.5.23)

We summarize such results in the following:

Theorem 2.5.12 ([W], [JW]) Under the assumption (2.5.22) or when A = K, the
condition (2.5.21), or respectively (2.5.23), is necessary and sufficient for 1, to be
bounded from below in E".

Moreover, when A = K and equality holds in (2.5.23) for some j € {1, ..., n}, the
existence of a minimizers for I, has been established by Jost-Lin—Wang in [JoLW],
under a condition analogous to (2.5.4). Whereas, when (2.5.23) is violated and so 1,
is no longer bounded from below, the existence of a critical point for /, is estab-
lished in [LN], [ChOS], [MN], and [JoLW], in the same spirit of [ST] and [DJLW1].
We mention that in [JoLW] one can also find a degree formula for the corresponding
SU (n 4 1)-Toda system valid for a certain range of parameters u;, j=1,...,n.

Returning to a general matrix A = (a;;);, j=1,..,,» We mention the work of Shafrir—
Wolansky [SW1], concerning the functional I, over M = $2. The authors in [SW1]
are able to identify, in (2.5.10), the necessary and sufficient condition such that 1,
(with M = §2) is bounded from below in E", provided some mild condition holds
for the entries of the matrix A. We refer to [SW1] for details; here we merely mention
that the approach of Shafrir—Wolansky relies on a “duality” method, which in particular
yields to a simple and direct proof of the results in [W] and [JoW1]. See [SW1] also for
a general discussion on the properties of the functional I, in relation to the properties
of the matrix A.



72 2 Elliptic Problems in the Study of Selfdual Vortex Configurations

The Euler-Lagrange equation relative to the functional (2.5.16) leads to the follow-
ing system of mean field equations of the Liouville-type in the variable (wy, ..., w,):

hje® 1 .
—Aw; = Zauﬂj (f e Jdag M) inM,

/ wid0g=0,z=1,...,n.
M

For problem (2.5.24), one may try to establish properties similar to those discussed
above for the single equation (2.5.2). However, aside from the coercitivity condition,
(2.5.20), very little is known about the structure of the solution set of (2.5.24). Inter-
esting progress has been obtained recently for the case when we take a;; = Kj;; in
(2.5.17); namely, A coincides with the Cartan matrix K relative to SU (n + 1).

In this case, (2.5.24) takes the structure of the following Toda system:

z i i+1 1 h e :
~w =3 (2= =) i (3 g ~
Jj=1

/ wido, =0,1i=1,...,n.
M

Problem (2.5.25) is particularly relevant for our purposes, since it describes the limiting
problem for a class of SU (n 4 1)-vortices concerning the non-abelian Chern—Simons
model of (1.3.99) and (1.3.100), as will be discussed in Chapter 4.

From an analytical point of view, the Toda system (2.5.25) offers the advantage
that we can determine explicitly all solutions of the related planar problem:

(2.5.24)

), (2.5.25)

i 2
[—Aui = K,‘je” in R B (2526)

i=1,...,n

(K;j in (2.5.17)) in terms of n-complex functions, by means of a formula that reduces
to Liouville formula (2.2.3) for the case when n = 1 (see [Ko], [MOP], and [LS]). By
this information, Jost-Wang in [JoW2] were able to obtain a classification result for
all solutions of (2.5.26) subject to certain integrability condition, in the same spirit of
Theorem 2.2.1 (or Corollary 2.2.2). This has furnished the starting point for the blow-
up analysis developed in [JoLW] yielding to some compactness results and degree
formulae for solutions of (2.5.25). See [JoLW] for details, and [LN], [ChOS], and
[MN] for previous results.

2.6 Final remarks and open problems

We conclude this chapter with a summary of the main open problems concerning the
mean field equations of the Liouville-type in (2.5.2), with particular emphasis on those
related to the study of Chern—Simons vortices. We start by considering the case for
which the weight function 4 = constant.
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Open problem: Let M = T2 be the flat 2-torus and 4;(T?) be the first positive
eigenvalue of —A in H 1(T?). Is it true that problem (2.5.2) (with M = T2, h = 1)
admits only the trivial solution, # = 0, if and only if

0 < u < min{8x, 11 (T?)|T?|}? (2.6.1)

This property holds for the standard sphere M = S (cf. [On]) and has been established
for the rectangular torus

T>=C / (aZ+ibZ), 0<a<b, (2.6.2)

only when the ratio 7 is subject to suitable restrictions (see [CLS] and [LiL]) that
however allows us to take equality in (2.6.1).

For a more general non-trivial weight function 2 > 0, one can equivalently ask:
when problem (2.5.2) with M = T? and p satisfying (2.6.1) admits a unique solution?
Particularly useful to our purposes would be consideration of

h = ", with ug the solution of (2.5.5). (2.6.3)

Actually, it would be relevant already to resolve such uniqueness issues for minimizers
of the functional (2.5.1).

So far, uniqueness of minimizers has been established only for 4~ = constant and
with M as in (2.6.2) (cf. [LiL1]).

Another question of interest here concerns the existence of extremals for the
“sharp” weighted Moser—Trudinger inequality. This amounts to asking,

Open problem: For which class of non-trivial weight functions 7 > 0 does the
functional (2.5.1) with ¢ = 8z attain its infimum in E?

Partial answers to this problem are contained in [NT2], [DJLW1], and [ChL2];
however, these do not include the case of interest to us, namely, when A satisfies (2.6.3)
with N = 2in (2.5.5) and so ¢ = 47 N = 8x. For this double-vortex case, we must
specify two vortex points, z1 and z».

The work in [ChLW] and more recently [LiW] and [LiW1] provides a full answer
to this question when z; = z2, namely when the two vortex points coincide.

In particular, in the case of a torus, ™ = C /(017 + wrZ), we know that: if
w1 = a and wr = ib, as in (2.6.2), then the torus is rectangular and no extremal exists;
whereas, if we let w1 = 1 and wp = e , then an extremal is uniquely attained for the
resulting rhombus-shaped torus.

Naturally, we want to know what happens when z; # z>. More precisely we ask
the following:

Open problem: Let i = ¢"0 with ug satisfying (2.5.5), N = 2, and z; # z». Does
I,,—g; attain its infimum in E?

Note that there is a discontinuity of the degree formula at the value y = 8x:

1, for u € (0, 8x)

2N s M s

4, (T7) = [3, for u € (8z, 16m).

Similar degree formulae are not available when u € (167, +00) \ 8z N, where more

generally, the question of existence of critical points for /,, in E remains wide-open to
investigation.
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All questions posed above can also be asked for systems, where much less is
known. For instance, the uniqueness issue in the coercive case has not yet been ex-
plored, while the existence or non-existence of extremals for the corresponding sharp
version of the Moser—Trudinger inequality poses a difficult question answered only in
certain cases (see [JoLW]). We shall return to these issues relating to systems at the
end of Chapter 4.



3

Planar Selfdual Chern—-Simons Vortices

3.1 Preliminaries

In this chapter we investigate the existence of planar Chern—Simons vortices. We start
by considering the “pure” Chern—Simons 6th-order model where, on account of (2.1.8)
and (2.1.9), we are lead to seek solutions over R? for the elliptic equation

4
—u = et (v - e) - 4%25ZI (3.1.1)
where 71, ..., zy are the assigned vortex points (not necessarily distinct) correspond-

ing to the zeroes of the Higgs field ¢.
By means of the transformation,

u(z) = u (%) —logv?andz; — vz, j=1,...,N, (3.12)
vV

we can always assume that v2 = 1. Hence, after setting
4
A= 2 (3.1.3)
we focus our attention on the equation:

—Au=le" (1—¢") d.;, inR%. (3.1.4)

an

Recalling the relation ¢ = |¢p|> where, in superconductivity theory, |¢| measures
the number density of Cooper pairs, we see that a complete superconductive state is
reached when |¢| = 1, while a “mixed state” is attained for |¢| < 1. Therefore, in
order to provide physically meaningful “mixed state” vortex-type configurations, we
need to supplement (3.1.4) with the condition

e" < 1in R (3.1.5)
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By the elliptic regularity theory, it is clear that any weak formulation of (3.1.4) should
ensure the following regularity property:

N
u—> loglz —z;| € C® (Rz). (3.1.6)
=1

Therefore, we expect to verify (3.1.5) by means of the maximum principle applied to
the smooth function 1 — e“, which satisfies (in the classical sense) the equation:

A(l—e")=e™(1—e") —e"|Vul* inR?, (3.1.7)

Note that, although |Vu| is singular at the vortex points, the term e"|Vu|? extends
smoothly through them.

Furthermore, for the corresponding vortex solution we also need to ensure a finite
energy condition, and this amounts to solving (3.1.4) under the constraint:

/ e (1—e") < +o0. (3.1.8)
R2

Condition (3.1.8) identifies two reasonable types of boundary conditions for (3.1.4).
First, we may look for solutions such that,

e — 1, as |z] — +oo. (3.1.9)

The class of solutions satisfying (3.1.4), (3.1.5), (3.1.8) and (3.1.9) are called topo-
logical solutions. This terminology is motivated by the fact that in this case the vortex
number N takes a topological meaning as it coincides with the degree of ¢ in R%. In
terms of N, we shall express the corresponding value of the “quantized” energy and
fluxes. The corresponding topological vortices are asymptotically gauge equivalent
(near infinity) to the asymmetric vacua states: |¢| = 1.

Also it makes sense to consider solutions of (3.1.5) subject to the boundary
condition

e — 0, as |z] — +oo. (3.1.10)

This gives rise to a different class of vortex configurations, called non-topological
vortices, asymptotically gauge equivalent to the symmetric vacuum state ¢ = 0.
Non-topological vortices present new and interesting features as shall be discussed
in Section 3.4. For the moment, let us mention that the distinction between topo-
logical and non-topological vortex configuration cannot occur in the abelian (selfd-
ual) Maxwell-Higgs model, where only asymmetric vacua states are present. Hence,
Maxwell-Higgs vortices can only be of a topological nature, and have been completely
characterized by Taubes in [Tal] and [JT] in terms of the vortex number N.

Following Wang [Wa] and in the spirit of Taubes’ approach, we shall solve
(3.1.4), (3.1.5), (3.1.8) and (3.1.9) to obtain selfdual topological vortices for the
Chern—Simons 6th-order model, and show that they have much in common with
the Maxwell-Higgs vortices described in [Tal] and [JT].
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The existence of non-topological Chern—Simons vortices poses a much harder
problem, whose study involves a more detailed analysis of Liouville-type equations.

After some partial results in the radial setting (cf. [SY1]), the existence of planar
non-topological solutions (with an assigned set of vortex points) was established by
Chae-Imanuvilov in [ChI1]. Subsequently, a different class of physically interesting
non-topological solutions were constructed by Chan—Fu—Lin in [CFL]. The solutions
in [CFL] exhibit a “bubbling” behavior around the (suitably assigned) vortex points
where the magnetic field “concentrates” to carry a flux, which is prescribed and can
be arbitrarily large, independent of the vortex number. Such “concentration” behavior
occurs also for topological solutions, in such cases however, the “quantized” flux takes
a value proportional to the vortex number, and so it cannot be arbitrarily large.

For curiosity, let us mention that if we ignore the finite energy condition (3.1.8),
then a solution of (3.1.4) could admit both behaviors (3.1.9) and (3.1.10) along dif-
ferent directions to infinity.

In fact, if we neglect the Dirac measures in (3.1.4) and take 4 = 1, then we check
that

u<z):10g(1+1|e1|) <0 (3.1.11)

—Au =€ (1 - e“) in R?,

satisfies the equation,

(recall (2.2.2)). Furthermore, by means of the polar coordinates z = pe'?, we have
'@ = 1ore'® - 0as p — +oo,

according to whether 0 € (7, %77:) orf € (0, 5)U (%n, 27). As a matter of fact, from
(3.1.11) we can construct a second solution by taking:

le*]
=log (1 —e"@) =1 .
v(z) = log e 02 T o]
Indeed, we easily check that Au = Ao and ¢“(1 — e*) = e”(1 — ¢”). Note however
that the solutions above do not satisfy the finite energy condition (3.1.8), as we can
see by a simple change of variables that gives:

le*] |dw
——— =4 5 =4m.
{|1mz|<zﬂ} {|Imz|<2n } (L+1ez]) B2 (1+ |w|?)

Therefore, by the 27 -periodicity of u with respect to the second variable, we derive
e“(1 —e*) ¢ L' (R?). This result also applies to the solution v.

This example supports a multiple-existence result for (3.1.4), in addition to the fact
that condition (3.1.8) should be used to select only one of the two conditions (3.1.9)
and (3.1.10) to hold at infinity.

Before entering into the technical details of the study of (3.1.1), we point out
some useful relations between u and the corresponding Chern—Simons vortex. From
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Section 2.1 of Chapter 2 we recall that if u is a solution for (3.1.1), then we may use
itin (2.1.8), (2.1.9) and (2.1.13) to obtain a vortex configuration (A, ¢) solution to
(1.2.45) (with the £ sign choosen accordingly). Since |p+|> = e*, we shall drop the
= sign, by simply writing |@|. Therefore, we see that:

(Fio)e = £ 5197 (v~ 19P) = 3o (v — &)
(Jo)x =kFpp = i%|¢|2 (v2 — |¢|2) = :i:%e“ (v2 - e”) (3.1.12)
et 2 ) o o).

Furthermore, if we use the second (Euler—Lagrange) equation (1.2.34) for our static
solution (A, ¢)+, we deduce the relations:

(J1)+ = —kd2(Ag)+ and (J2)+ = ko1(Ap)+;

and from (1.2.42), we obtain the following expression for the selfdual (static) energy
density,

1
E=H2FpF EkA(Ao)i. (3.1.13)
In addition, recalling (3.1.7) we see that:
4
+kA(Ag)r = A (v2 — e“) = k—262” (v2 — e”) — | Vul?
4
= 18l (v 19P) - 4IVIgI1.

Consequently from (1.2.38) and by means of (3.1.12) and the selfdual equation
(1.2.45) we derive:

ik
ID1gsl? +1Dagal = +(F2) sl F S 0100) = £(F12) sld F 5 A(Ao)s
2 2
= Sl (2 = 181) = 5161* (v~ 1917) + 219161

1
=2/VIg|I* = Je"|Vul®,

3.2 Planar topological Chern—-Simons vortices

The goal of this section is to obtain planar fopological selfdual Chern—Simons vortices.
Namely, we seek solutions (A, ¢) for (1.2.45) for which

¢:C— C, A= —iAgdx®, Ay = Aq (xl,x2) eR, a=0,1,2,
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and that are consistent from the physical point of view, in the sense that
6 <vinR® and |¢]? (v2 - |¢|2) eL! (RZ) , (3.2.1)
under the fopological boundary conditions
|p(z)| —> v, as|z]| > +oo. (3.2.2)

We prove a result that aims to show that topological Chern—Simons vortices are in
direct analogy with the abelian Maxwell-Higgs vortices described by Taubes in [T1],
[T2], and [JT], and more generally analyzed in [WY], [Gal], [Ga2], [Ga3] [Bral],
[Bra2], and the references therein.

For the reader’s convenience, we recall Taubes’ results on planar Maxwell-Higgs
vortices:

Theorem 3.2.1 ([T1]) Given any integer N € N and a set {z1,...,zn} of N points
in R, there exists a (finite energy) solution (A, ¢)+ of the selfdual equations (1.2.25),
(1.2.26), and (1.2.27) (with £ sign chosen accordingly) that is unique up to a gauge
equivalence, and has the following properties:

(i) the solution is globally C*°

(ii) the zeroes of ¢+ coincide with the set {z1, ..., zN} and
1) or _(x) =0 (z—z))")  z— 2,
where nj € Nis the multiplicity of zj in {z1, ..., zZn}.

Moreover, for suitable cy > 0,

|Fial + D1l + D2 < co (1= 11) (32.3)
(iii)Ve>03C. > 0,
0<1—|¢p| <Ceem 17 inR2, (3.2.4)
(iv)
1 1
N=x-— (Fi2)+ = —¢€.
T JR2 T

Theorem 3.2.2 ([T2]) Any critical point of the action functional

3 L (P 10P 4 1020R) + 5 [ (1-10P)°

(see (1.2.22)) is given by a solution in Theorem 3.2.1. In particular, mixed vortex-
antivortex solutions for the selfdual Maxwell-Higgs equations do not exist.

The above results pertain only to specific values of the relevant parameters, namely,
A=Tlandv =1.

However for the Chern—Simons model, we wish to emphasize the role of such
parameters, and in fact obtain estimates (of the type (3.2.4)) which hold uniformly
with respect to 1 = ];iz (where the Chern—Simons constant satisfies k > 0). This fact
will enable us to describe the asymptotic behavior of the vortex solution as k — 0.
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More precisely we prove:

Theorem 3.2.3 For any integer N € N and any assigned set of (vortex) points Z =
{z1,...,25} C R? (repeated according to their multiplicity) and k > 0, we find
(A, @)+ a smooth solution to the selfdual equation (1.2.45) in R? (with the + sign
chosen accordingly) such that the following holds.

i) Properties of ¢+:

(a) ¢+ vanishes exactly at the set Z. Moreover if n; € Z is the multiplicity of z; € Z
j=1,...,N, then

(@) and$_(z) = 0 ((z —zj)"), asz — z;. (3.2.5)

Furthermore, (3.2.1) and (3.2.2) hold for ¢.

(b) |¢p+| is monotone decreasing with respect to k > 0 and is maximal among all
solutions of (1.2.45), satisfying (3.2.2) and (3.2.5).

(c) For every ko > 0, ¢ € (0, 1) and 6 > 0, there exist constants C, > 0 and Cy 5 > 0
such that the following estimates hold for every 0 < k < ko:

0 < v —|gs] < Coe R iy R2, (3.2.6)
2
|D1p| + |Dags| + |(Fi2)x| < Cpgpe #=9RI
Vz e Q5 =R?\ u?’:lB,;(z‘,). (3.2.7)

ii) Asymptotic behavior as k — 0T
(a) For every ¢ € (0, 1), we find k, > O such that Vk € (0, k), we have

2
|D1¢ps| + | Daps| + |(F12)x| < Coet 1= Ro=ED "7 > Ry,

with suitable positive constants cy, Co and Ry independent of € and k.
(b) Form € Z" and § > 0, we have

co
1 1D1¢+| + | D2gps| + [(Fi2) ] llem(qy) < pll v —|#| llem@s) = 0,

as k — 07 with suitable cy > 0 independent of k. Moreover the above convergence to
zero holds faster than any power of k.

(c)Ask — 0T,
0 . 1 2.
(Ap)+ — 0, (J )i —0inL (R )
and
N
(Fi)x — £27 >0, (3.2.8)

j=1

2 1
((AO):I:) -7 Z"%ézj and %(Ao)i — +7 an(nj + 1o,
jeJ jeJ
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weakly in the sense of measure in R%. Here J C {1, ..., N} is a set of indices identi-
fying all of the different vortices in Z. In particular,

1
(A0l 2 oy — m D5 and |17 (Ao)x gy — 7 D nj (mj +1).
jeJ jeJ

iii) (Quantization) The following holds respectively for the magnetic flux, the electric
charge and the total energy:

Magnetic flux ® = / (F12)+ = 2z N;
RZ
Electric charge Q = / (JO)i = +27kN; (3.2.9)
R2
Total energy E =/ Ex = 2mv°N.
R2

Theorem 3.2.3 above summarizes and improves several of the results available
in literature concerning topological Chern—Simons vortices (see e.g., [Wa], [Y1], and
[Ha3]).

It furnishes the analogous version of Theorem 3.2.1 in the context of Chern—
Simons theory. In fact, we observe that the Maxwell-Higgs vortices (of Theorem 3.2.1)
also satisfy the “concentration” property (3.2.8) as established in [HJS].

It is believed that, in analogy with Maxwell-Higgs vortices, Chern—Simons topo-
logical vortex configurations are uniquely determined once the location of their vortex
points has been specified. In other words, the maximal Chern—Simons vortex configu-
ration described above is the only solution of (1.2.45) satisfying (3.2.2) and (3.2.5).

This fact has been established for the case in which all vortex points coincide,
namely z; = zp = - - - = zy (see [Ha3]). Indeed, in this case the magnitude |¢5|2 of the
Higgs field can be shown to be radially symmetric about the (multiple) vortex point
(cf. [Ha3]) and uniqueness follows from a general result about the radial solutions
established by Chen—Hastings—McLeod—Yang in [CHMcLY].

In Section 3.3 we shall prove that uniqueness holds for small values of the parame-
ter k > 0 (depending on the assigned set Z of vortex points), provided that all solutions
of (1.2.45), (3.2.2), and (3.2.5) also satisfy uniform (exponential) decay estimates, as
those claimed in (3.2.6) and (3.2.7) for the “maximal” solution. Recently, such uniform
bounds have been established by K. Choe [Cho], who deduces a uniqueness result
when k > 0 is either very small or very large (in dependence of the set Z). See also
[ChN] for related results.

Still, the question of uniqueness remains open for all values of k& > 0 and any
assigned set Z of vortex points.

Also we mention that it is not known whether a pointwise estimate of the type
(3.2.3) is valid for solutions of the Chern—Simons selfdual equations (1.2.45) in RZ.

To obtain Theorem 3.2.3, we shall construct a solution u for (3.1.4) with the
appropriate asymptotic properties at infinity.
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To this purpose, we shall simultaneously account for the (singular) behavior of u
at the vortex points and at infinity, by taking u of the form

u(z) = uo(z) +0(2) (3.2.10)

with

() = Zl -yl (3.2.11)
1otz °8 1+z -z, o

Note that, in virtue of (2.2.2), ug satisfies:
s —d4r > 3. (3.2.12)

Therefore, for the (smooth) new unkown v the problem is reduced to solve:

—Av = 2"t (1 — e0t?) Z —————nR* (3213
]=1 (1+1z—2z;1%)
v(z) = 0, as|z| —> +o0. (3.2.14)
We set,
20(2) = 42 —. (3.2.15)
1+ 1z —z;)

and, note that gg € C*®°(R*) NLP(R?), 1 < p < 400. So any (weak) solution v of
(3.2.13), (3.2.14) satisfies v € C*®(R?) N L>®(R?).
We observe the following:

Proposition 3.2.4 Let v be a (smooth) solution for (3.2.13). Then v satisfies (3.2.14)
if and only if

veH! (Rz) . (3.2.16)

Furthermore for u = uy + v (the solution of (3.1.4)) the following holds:
i)

uell (R2> Vp>1, andu < 0 in R; (3.2.17)
ii)
e (1—e") e L! (Rz) and/l/Rz e (1—e")=4nN. (3.2.18)
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Proof. Assume that v satisfies (3.2.14). We start to check that u = ug+v < 0in R? and
find that the more strict inequality claimed in (3.2.17) follows from the Hopf lemma.
To this end, we argue by contradiction and suppose that supg2 # > 0. Since u — 0 as
|z] = 400, and u(z) - —ocasz — z; forevery j =1,... N, we see that u attains
its (positive) maximum value at a point z, € R? \ Z such that, u, := u(z4) > 0 and
Au(zy) < 0. But this is impossible, since by (3.1.4) we are lead to the contradiction:

0 < —Au(zy) = A (1 — ”*) < 0;
and so

u < 0in RZ. (3.2.19)

Next we verify that (3.2.18) holds. To this purpose, let y denote the standard cut-
off function defined by the properties:

x € CP(R?), y =1in B1(0), y =0inR*\ By(0) and 0 < y < 1. (3.2.20)

Then for R > 0, set yr(z) := y (%) and use this function as a test function in (3.2.13)
to find

—/ vAyr = i/ ghot (1 — e”0+”) XR —/ SOXR- (3.2.21)
R2 R2 R2

Observe that, as R — +o0o,

/go){R—>/ g0—4Z/ —2=47TN, (3.2.22)
(14 1z —z;1?)

and by means of (3.2.14),

/ VAxRr| = ‘/ vAxr
R? {R<|z|<2R)

Therefore from (3.2.19) and (3.2.21) and the dominated convergence theorem we de-
duce that, e"0F0(1 — e0™) € LI(R?), and 1 [, €00 (1 — €“07?) = 47 N. We see
next how to use (3.2.18) to show that v € H'(R?). For 6 > 0 sufficiently small, set

< IlollLe(reiei<2p) / I

{1=]z]=2}

= R*\ UL, B5(z)), (3.2.23)

so that u € L*°(€Qs). For z € Qs, we can use the elementary inequality:

t
|1_et|Z || 5
14z

VieR (3.2.24)

to estimate

@1 = (1+ ulluean) 11— "1 < (1+ llullimy) e 1@ @ (1 - @)
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Thus, from (3.2.18), we may actually conclude that u € L'(Qs) N L>®(Qs). On the
other hand, since |u| < |ug| + |v| € LP(Bs(z;)), Yp > 1,Vj =1,..., N we see that

uelP (RZ) L Vp > 1. (3.2.25)
Notice that for u¢ in (3.2.11) we have
up € L, (R2) nLa (RZ) Vg > 1. (3.2.26)
Therefore, by combining (3.2.25) and (3.2.26) we obtain,
veld (R2), V1 < g < oo. (3.2.27)

This information allow us to use v yr as a test function in (3.2.13), and for

f=2e"(1—¢") — go, (3.2.28)
we find:
1
/ IVol?xr = —/ vVvaR+/ foxr = ——/ Www/ foxr
R2 R2 R2 2 Jr2 R2
1
:—/ DZA){R +/ foxr.
2 JRr2 R2
As R — +o0,
’/ D*Ayr| < ||v||%m(RS\Z|52R)/ |Ax] =0
R2 {1<lz|<2}
and

/szvmeﬁ/szv-

Consequently, we may conclude that |Vo| € L?(R?) and

/|Vv|2:/ fo.
R2 R2

In particular, v € H'(R?) as claimed.
Vice versa, assume that o € H'(R?). Since we may express f in (3.2.28) as

(1= ety — 4 (1= e"ot?)? — g
(26”0 (1 — e”o) (e” — 1) — (1 — e“°)2 el (1 - e”)z) — 80,
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with €% € L®(R?) and (1 — ¢*0) € LP(R?), V1 < p < 400, then by Lemma 2.4.7
we see that f € LP(R?) Vp > 2. Thus by well-known elliptic estimates (e.g., see
Corollary 9.21 in [GT]), we find a constant C > 0 such that,

) o] = € (Iloll2y0y) + 1 1lL2(Byey) - V2 € B2
Bi(z

Consequently, for R > 1,

sup [v| < C (Iolli2qzsr—1) + 1 l2(e=r-1)) = 0, as R — 400
lz|>R+1

and (3.2.14) is established. O

Remark 3.2.5 We wish to observe that the mere assumption
u=ug+v €L’{|z]| = ro}), forsome p > 1andrg> 0

suffices to ensure that a solution v of (3.2.13) also satisfies (3.2.14). This follows easily
from the observation that u™ = max{u, 0} and u~ = max{—u, 0} define subharmonic
functions in R? \ Z. Thus, by the mean value theorem we deduce that:

u(z) — 0, as|z| - 4o0.
In the same way, the condition
u=ug+o e€L®{|z| = ro}), for some ry > 0, (3.2.29)

implies u(z) — 0, as |z] — +o00, whenever v satisfies (3.2.13) and
et (1) e L! (R?). (3.2.30)

Indeed, we can use, as above, the inequality (3.2.24) together with (3.2.28) and
(3.2.30), to see that ug + v € L' ({|z| = ro}), from which (3.2.14) follows.

Notice that if we assume (3.2.30), then we may still deduce (3.2.14) under the
weaker condition: (ug + v)~ € LP({|z| > ro}) for some 1 < p < 400 and rg > 0.
Indeed (3.2.30) allow us to control the positive part (#o+0v)" by means of the estimate:

0< (g +0v)* < ot )1 — eluoto)”

< et —ehtr| e Lt (Rz) )

Next, at fixed 1 > 0, we provide some useful exponential decay estimates at infinity
for solutions of (3.2.13), (3.2.14).

Proposition 3.2.6 Let v be a (classical) solution for (3.2.13), (3.2.14), and set u =
ug +v. Forevery ¢ € (0, 1) and 6 > 0, there exist suitable constants C; = C;(1) > 0
and Cg 5 = Cg 5(A) > 0O, such that

@Ho<1- @ < Cge*(lfe)‘/mz| in RZ%;
(3.2.31)
(i1) (@) + |Vu)| < Cope™ 1=V vz € Q5 = R\ UV Bs(z)).
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Proof. Recall that f in (3.2.28) satisfies
1l @®ey < 8T N, [ fllpome) < 4+ 4N, (3.2.32)

and since v is bounded, we can use Green'’s representation formula to write

1
V(o) = 2ﬂ/ o).

Consequently, for every R > 0 we estimate:

1
\v/ _
Vo)l = — (/{Z en) |y_z||f(y)| +/{|Z R |y_zllf(y)l)

< EZ_HfHLI(RZ) + R||f||L°°(R2)‘

So, if we optimize the estimate above with respect to R, we find:

1
V0|l ey < 2/ S ey Ll (- (3.2.33)
Moreover, for rg :=2max{|z;|, j =1,..., N} + 1, we have
N
1 8N
[Vuo(z)| <2 < —3, for[z] > ro,
élz—zj-l(l—i-lz—zj-lz) |z|3

and with the help of (3.2.32) and (3.2.33), we derive

1 2
IV (1o + 0)(2)| < 8N(| 3 + 1+ m), Viz| > ro. (3.2.34)

To obtain (3.2.31), we introduce the function
p(z) = eMRTID g groto

with R > rg and A to be specified below. Clearly, w > 0 in Bg. To analyze what hap-
pens for [z| > R, we observe that y satisfies the following boundary value problem:

Ay = (A2 — - 162(”0+1))) A(R—|z]) + Ae2(u0+v)w + eu0+v|v(u0 + l))|2
(3.2.35)

wlopg and y(z) — 0, as |z] — +oo.

Therefore, if we suppose that |1nf w < 0, then we find zg € R? such that |zz| > R
and y(zg) = ‘1|nfR v <0.In par_tlcular Vw(zg) = 0 leads to the identity
zl=
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_ Z
LTIV (1 + 0) (zp) > = (—AeA R ‘ZR“ﬁ, V(uo +0)(zr)), (3.2.36)

and Ay (zg) > 0. Using (3.2.34) into (3.2.36), we derive the estimate

1 / A
WTIER |7 (4 + 0) (zg))? < AeAR-IrDg N (W +,/1+ 4—) )

which we can insert into (3.2.35) to find

0 < Ay(zr)
« Ceepy (3.237)
< (A2 — ﬁ _ 7200t GR) 1 gN A (ﬁ +4/1+ m)) eAR=IZRD,

Notice that, Ag := /I6N2 + (4N + 1) — 4N, /1 + /& satisfies

/ il
A2+ 8NAp 1+ — = A:
0+ 0 +4N

and for every A € (0, Ap) there exists a unique 6 € (0, 1),

/ pi
A2 +8NA 1+ — =11 —9).
+ +4N ( )

Recalling that ¢“0™ — 1 as |z| — 400, we reach a contradiction in (3.2.37) with a
sufficiently large R > O satisfying,

R? > 8N and inf 20t 5 1 .
|zZ|=R

In other words, we have established that,

VA € (0, Ag) there exists a constant C4 > 0 such that,

3.2.38
1 — e0t)@ < Cy e 41l in R2, ( )

Since Ag < ﬁ, the estimate (3.2.38) comes up short in covering the claimed es-

timate (3.2.31). We show next, that (3.2.38) actually holds with A = (1 — &)v/4,
Ve € (0, 1).
To this purpose, observe that from (3.2.38) we have

(o + 0) (2)] + e@0H@ (1 _ e("ﬁ“)(“) < Cse A vz eQ; (3239

for every A € (0, Ap) and a suitable constant Cs > 0, which now depends also on
0> 0.
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Since — A (ug + v) = A0t (1 — 40T in Qs, we can use (3.2.39) together with
the well-known gradient estimates for Poisson’s equation (e.g., see Theorem 3.9 in
[GT)), to obtain:

IV (uo +0)(@)| < Ce 1, vz € Qo5 = R*\ U Bas(z)).  (3.2.40)
But if we substitute (3.2.40) into (3.2.36), we can improve (3.2.37); and for R > 0

sufficiently large, we can see that

inf y < 0implies: A2 — 1 inf ¢2(0F¥) > 0,
|z|=R |z|=R

Since for any A € (0, +/4) we can easily contradict the latter of the inequalities above
by letting R — +00, we arrive at the desired estimate of (i) in (3.2.31).

In turn, for Ve € (0, 1) we can take A = (1 — &)+/4 in (3.2.39), and consequently
in (3.2.40), and thus obtain estimate (if) in (3.2.31). O

We now turn to construct a solution for (3.2.13), (3.2.14).

On the basis of Proposition 3.2.4, we know that #!(R?) furnishes the appropriate
functional space in which to search for the solution.

In fact, in H'(R?) we can formulate our problem in a variational form by consid-
ering the functional,

1 A
L) = E/Rz |V1)|2—i—§/]Rz (e“°+“ — 1)2—1—/Rzg01), veH! (Rz).

By virtue of Lemma 2.4.7, we know that I; € C 1 (H 1 (Rz)). Moreover, on the basis
of the elliptic regularity theory, any critical point of I; in H'(R?) furnishes a classical
solution for (3.2.13), which by Proposition 3.2.4, also satisfies (3.2.14).

Thus, we only need to focus on the search for critical points for I; in H'(R?). In
this direction we obtain:

2
L2(R2)
coercieve in H'(R?). It attains an infimum at v; € H'(R?) that satisfies:

Proposition 3.2.7 For 1 > 8||goll the functional 1, is bounded from below and

[|luo + D)~||L2(R2) — 0, as A — +oo. (3.2.41)

Proof. We can use the elementary inequality (3.2.24) to estimate

2 2
/(l_euo+v)22/ Lv)zzl/ v_z_g/ o2,
R? B2 (14 (o +0))” — 2 Jr2 (1+ o)) R?

and find for any v € H!(R?),

2
L) = vl 2+i/ SEL R I ST ST A
-2 L*R*) ' 4 R2(1+|v|2)2 2 L=(R%) L2(R2) L2(R2)
(3.2.42)
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On the other hand, by means of Sobolev’s well-known interpolation inequality,

o) () oe ),
R2 R2 R2
we obtain

2 2
2 D— ) )
(/WD ) S( R2 <1+|u|)2)(/w“ (1 + o) )
02
=< 2( R? m) (/RZ 02) (1 +2||V1)||iz(R2))

and arrive at the inequality

1
1

2 3
1) 2 2
lIollL2@e) < (2/Rz T e |D|)2) (1+20V01Pge) . 3243

In view of (3.2.42), this implies:

1) 2 SIV0l s + 5 L
®) r2 (1+[o])?
1)2 %
~llgollL2(m2) (2/IRZ AT (1 +2||Vv||iz(R2))) - gi||u0||iz(R2)

A v 14 2/|Vo|?
®2) T 4 e G2 2( +2 D||L2(R2))

2
_ 2 v 2
E,‘HgO”LZ(RZ) Az (1+|1)|)2 g/1||u0||L2(R2)

2
1 2 A ||gO||L2(R2) 1)2 &
- _ \v4 Z_ - ™) - _Z
(2 8) || D||L2(R2) +(4 . R2 (1 i |Z)|)2 5

—gAlluolIf2 g2

||VU||L2

for v € H'(R?) and for sufficiently small ¢ > 0. Therefore, for 4 > 8| go0ll? we

L2(R2)
l1goll? .
may fix ¢, > Osuchthatd, = 1 —¢; > Oand o, = % — — L@ - (). We obtain

&1

2

1
L) > 6,||Vo|]? —l—ab/ Y ¢, WweH! (Rz), (3.2.44)
)( ) /1” ||L2(]R2) y) R2 (1 T |1)|)2 y)

for suitable C; > 0.
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In this way, we have established that /; is bounded from below in H 1(]Rz), pro-

vided 4 > 8||go| |L2(R2)

1
Denote by |[[o]| = (||vl)||i2 + ||1)||Ez) 2 the norm in H'(R?) using (3.2.43) into
(3.2.44), we find

2
o) ||v||L2 RZ) _

10) 2 11Vl gy + 5 T 500012

L2(R?)
() ||U||L2(R2) + ”VDHLZ(RZ)

= 5/1||VD”L2(R2) o +2||Vol|?

L2(R2)

1
> \/55101(1 +2[[vl1?) = 2

for suitable f; > 0; and this proves the coerciveness of /.

Since I, is weakly lower semicontinuous in H 1(]Rz), we conclude that, for 4 >
8l1gol |iZ ®2) the functional /; attains an infimum at a point v, € H L(R?).

It remains to establish (3.2.41).

Claim: There exist suitable constants ag, bg > 0 such that VA > §|| go||L2 (RZ)

have

I,(v)) = H%I(lﬂgz) I; <aglogl+ bg. (3.2.45)

To obtain (3.2.45), we shall evaluate I, over a suitable test function. To simplify nota-
tion, we take the vortex points z1, ..., Zy to be distinct, since with the obvious modi-
fications we can treat also the case of multiple-vortex points.

Let & > 0 but sufficiently small (to be specified below), such that the balls B, (z ;)
are mutually distinct. Set

—uo(2) z e R?\ U?’ \Ba(z))

ve(2) =
(10g1+2+2k7$/10g1+|z |)zeB(z,) j=1,.

(3.2.46)

So that v, € H'(R?) and,

0 z e R*\ UYL B.(z))

uo(z) +ve(z) = (3.2.47)
log ( .

2=z 2
&

142 .
1+;ij|2) z€B.(zj), j=1,....N
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We estimate,

1 Y
Liv,) = = |Vug|2 +2 [ (=e) 4 | gou,
2 2 Jr2 R2

N
z[m 1
{lz—zj|>¢) lz — Zj|2(1 +lz— Zj|2)2

j=1
2
/1/ 2 1+ &2
2 {lz—z;]<e} 1+|Z—Zj|2
1 2
re )} e (3.2.48)

2
z—2zj
+/ 80(z) log ' :
{lz—zjl<e) € 14|z —zj|?
2
1 212 14¢2
T T4 1—H —
flzl>e} 1212(1 + 1z[%) {1zl <¢) el 14z
.
{lz] <e}

2
1 ! 1+é? ! 1
=C3 log——l—/lgz/ rl1-12 re dr—|—82/ rlog—=dr+1],
& 0 1+ &2r 0 r2

with suitable positive constants cy, C1, C2 and C3 that are independent of 1 and ¢.
Consequently, by choosing £ = %, we conclude (3.2.45).
At this point, we can use (3.2.45) to deduce the estimates

IA

72—z
&

+1

Z 2
‘ ’
&

||vvﬂ||L2(R2) = CO(logl + ||M0 + Uﬂ||L2(R2) + l) (3249)

(uo + v;)*
r2 (1 4 |up + U/l|)2 -

< 7 (logi + |luo + U/1||L2(R2) + 1) (3.2.50)

(1 M0+v/;)2

for a suitable constant ¢cp > 0 and independent of 1. Consequently,

2
(/ (uo + Ui)z)
RZ

(uo +v;)?
- ( ” m) (Lo toraimson?)  qas

(uo +v,)? 2 4 / 4
< - 7 8 8 ,
= ( - (1 ¥ luo + Ui|)2 [luo + D/IHLZ(RZ) + ||u0||L4(R2) + R? v,
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and

/R 01 = 2010212 IV0l P2 e

< Hluo + 0211722, V02 11F2 2y + 11001 F2 2y 1 V02112 oy

(3.2.52)

So, we can insert (3.2.52) into (3.2.51), to find a suitable constant C > 0 (and inde-
pendent of 1) such that,

4
||Lt() + D)””LZ(RZ)

2 (3.2.53)
lup + v, ) 5
=C T ( 1) ( v 1)_
- (/RZ 1+|uo+vg|2) lluo + valliage) + 1) ([IVOrll2 @) +

Thus, substituting (3.2.49) and (3.2.50) into (3.2.53) we see that,
||luo + 1),1||L2(R2) — 0, as 1 — +o0. O

Corollary 3.2.8 For every A > 0, problem (3.1.4), (3.1.9) admits a maximal solution
u; < 0, monotone increasing with respect to the parameter 1 > 0, and satisfying:

lluill 2wy — 0, as A — +o0. (3.2.54)

Proof. Recall that by maximal we mean that u satisfies
u;(z) > u(z), vz € R*\ Z,

for any solution u of (3.1.4), (3.1.9).

Let us first treat the case where 4 > 8||go] |2

12(R?) (as required in Proposition 3.2.7),

and set,
v_(z) = sup{v(z) : v € H'(R?) solves (3.2.13), (3.2.14)} < —up(z).

So, v_ € H'(R?) defines a (bounded) subsolution for (3.2.13), (3.2.14), which yields
to the existence of a solution 6, € H'(R?) for (3.2.13), (3.2.14) satifying: 6; > v_
in R2 (see e.g., Theorem 2.4 in [St1]). Consequently, u; = ug + 0, defines a maximal
solution for (3.1.4), (3.1.9) and in particular,

0> u;(z) > (o +v;)(z), ae. inR?
with v, given in Proposition 3.2.7. Therefore,
luall2wey < lluo +0ill 2@y — 0, as 4 — +o0.

For 0 < A1 < A, the function 0;, defines a strict subsolution for (3.2.13). Con-
sequently, for (3.2.14) with 1 = 1, we deduce the necessary condition: 05, (z) <
0,,(2)Vz € RZ; and the desired conclusion follows in this case.



3.2 Planar topological Chern—Simons vortices 93

2
L2(R?)’
given ¢ > 0, nothing changes in our analysis if we replace ug in (3.2.11) with

Y
uo(z2) = Z;V:llog (llz—zjljlz)’ thus go(z) in (3.2.15) becomes go.(z) =

Now to eliminate the condition 1 > 8||goll we observe that for a

stHlz—z

-2
423\/:1 (% +lz—1z2 j|2) . Therefore the above conclusion holds, provided that

A > 8| go’8||i2 ®) = 0 (&?). We can always verify this condition by choosing & > 0
sufficiently small. O

We mention that the first existence result for (3.1.4), (3.1.9) was established in
[Wa], while we refer to [Y1] for an alternative proof based on an iteration scheme.

Property (3.2.54) has the interesting consequence of implying a strong “localiza-
tion” property for the solution u, around the vortex points (as 1 — +00), as is consis-
tent with physical applications.

More precisely the following holds:

Proposition 3.2.9 Let po > 1 and 1o > 0. Assume that we have a solution v, of
(3.2.13) such that u; = ug + v, (solution of (3.1.4)) satisfies:

u; € LPO(R?) and |luj|l oy < C, YA = o

with a suitable C > 0 (independent of 1). Then

(i) for every ¢ € (0, 1) and 6 > 0 the estimates of (3.2.31) hold with uniform constants
C. and C, ;s independent of 1 > Ay.

(ii) As A — +o0:

il @2y = 0, Vp = 1 (3.2.55)

N
le" (1 — ") — 4z Z dz;, weakly in the sense of the measure in R2.  (3.2.56)

j=1
Furthermore, for any ¢ € (0, 1) there exists a constant A, > Lo, such that V) > A, the
following uniform estimates hold:
(iii)

Vi (2)] < Aco (1 - e'“(z)) < Coel=VAR-ED izl > Ry (3.2.57)
with suitable constants Ry > 0, co > 0, and Co > 0 that are independent of /. and ¢.
(iv)

AS||M)~||C)71(Q&) — O, as . — +o00, (3258)
foreverys,m € Z and § > 0, where Q5 = R? \ U;vzl Bs(zj).

Proof. First of all, observe that by Proposition 3.2.4 and Remark 3.2.5 we know that

u;, — 0as |z| > 400, e* < 1inR? and/l/ e (1 —é")=4nxN. (3.2.59)
R2
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Hence, u, defines a superharmonic function in Rz\{zl ,.-.,2N}. Thus, forevery d > 0
and z € Q5 = R?\ U?’zl Bj(z ), we can use the mean value theorem to get

1
lup(@)| = —u;(z) < —2/ [uz]. (3.2.60)
mo Bs(z)

Consequently,
1

1 \7 C
[z ()L (Qpg) < ) [uzllLro @) < R (3.2.61)
By means of (3.2.24), (3.2.59), and (3.2.61), for any p > 1 we find,

/ luzl? < (1+ ||M/1||LOO(Q5))‘”/ (1 —e"P
Qs Qs

. (&%)
< (1 llualliogay) e 1>@ / (1= o) < op
Qs

(3.2.62)

with a suitable constant ¢5 , > 0 depending on ¢ and p but independent of A. In par-
ticular, using (3.2.62) with p = 1 and (3.2.60), we can improve (3.2.61) and conclude

Nuall g + Hualle s (3.2.63)

Cs

()) =< 77
and consequently obtain

Alle" (1 —e"*)||lL=(qy) < Cs (3.2.64)

with a suitable constant Cs > 0 that is independent of /.
To analyze what happens around the vortex points, we observe that v; admits
Lfooc (R?)-norm uniformly bounded in A. Also since Av; is uniformly bounded in

LY(R?) and Av; < go € L'(R?) N L>®(R?), we can use well-known elliptic esti-
mates to ensure that v, is locally and uniformly bounded from below. In particular, for
Vo > 0 we find a constant ds > 0 and

luz| = —u; < |uol +ds, in Ds := UY_, Bs(z).

On the other hand, by (3.2.63) we know that u; — 0 pointwise a.e., as A — +00. So,
by dominated convergence, for any p > 1 : |lus||Lr(p;) — 0as 4 — o0, and this
together with (3.2.63) yields to (3.2.55).

Furthermore, observe that from (3.2.63) and (3.2.64) we also know that both
v; and Ao, are bounded in L°°(Qs) and uniformly in . Therefore, the well-known el-
liptic and Sobolev’s estimates imply that | Vo, | is also uniformly bounded in L*° (),
and for suitable positive constants c; and r1, the following holds:

8N
lus(2)] < -5 and [Vu,(z)| < B +—=

A V|z| > R, (3.2.65)

R2’
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forevery R > ry.Let Rg := max{ri,~/8N,|z;| j=1,...,N}+1,andfore € (0, 1),
R > Ry consider the function

v (2) = — - —e)VA(R— |Z|)+€u0+1); 1

with C1 choosen (depending only on R) in such a way that,
v, > 0in 0Bg.

Notice that we can always attain the property above by virtue of (3.2.63).
Since w;(z) — 0as |z] — 400, we can apply to y; the arguments given in the
proof of Proposition 3.2.6, and using (3.2.65) conclude that,

— 1nf e > ().
f l2l=

On the basis of (3.2.63) and (3.2.65), the inequality above is certainly violated either
for a fixed 4 > 4¢ and for R = R, > 0 choosen sufficiently large (according to ¢), or
for R = Ry and for /1 sufficiently large (according to ¢). In the first case, we deduce
the uniform estimates as claimed in (7). In the second case, we find 4, > 0 such that
VA > Ze,

0<1=—em@ < 26(1*8)ﬂ(R0*|z|) Y|zl > Ry (3.2.66)
=7 , > Ro. 2.

Consequently, Vz : |z| > Ry we have
lup () + [Aus ()| = luz ()] + e (1 — ") < (1 + (1 — ")
< Coel=eVARo=I2D

with suitable Cyp > 0 that is independent of A and &. Thus, using the well-known
gradient estimates for Poisson’s equation we conclude (3.2.57).
From (3.2.66) we also have

Y e (1 —e') < Co / e 1-oVig
{1z1=2Ro} {Iz1=2Ro}

Ce —(1—&)VIR
< —Ze 0, A=12 (3.2.67)
NG ’
for any given ¢ € (0, 1) and a corresponding suitable constant C, > 0 that depends on
¢ only.
In particular,

/1/ e (1 —e") — 0as A — +00. (3.2.68)
{Iz|>2Ro}

On the other hand, Yo € C Oo(]1%2), we find that

/ (1 —e")p — 4nz¢(z,) = —/ Aujp = —/ u;Agp — 0, (3.2.69)
R2 R2

j=1
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as 1 — 400, and that (3.2.56) follows from (3.2.68) and (3.2.69). In addition, if we
take in (3.2.69) a function ¢ € C3°(B3g,) such thatp = 0in Uj.vleg (zj) whilep =1
in Qs N Byg,, then we obtain

/1/ e (1 —e') < cslluzlliay) (3.2.70)
Q,;ﬂBZRO 2

with ¢s > 0 a suitable constant depending on ¢ > 0 only.
We can use (3.2.67) and (3.2.70) to improve inequalities (3.2.63) and (3.2.64).
Indeed, arguing as in (3.2.62) we find

lluallpi oy < Cro / e (1 —e”")—l—/ (1 — e
QsNBag, {lz|=2Ro}

Ces —(1-e)ViRy 1
> < _C ,
N7 e

where we have used (3.2.63) to derive the last inequality with a suitable constant
Cs > 0.

Iterating the argument above, we see how to estimate the L' (Qs)-norm of u; (and
hence its L>°(£2s)-norm), for any power of % In other words, for 4 sufficiently large,
we have

Ca5
= THMZHLI(Q(;) +
2

) C
luallL g + Hualley) + 114e" (1 — e*)[|Le(y) < T (3.2.71)

for any s > 1, and a suitable positive constant C = C(d, s) independent of 1. Recall

that —Au; = Le"*(1 — e**) in Qs. So by well-known gradient estimates for Poisson’s

equation (cf. [GT]) from (3.2.71), follows an analogous L°>°-estimate for |Vu ;| in Q5.
At this point, by familiar bootstrap arguments, we arrive at the estimate

C
lluzllem g < R A > 0 large; (3.2.72)

for any s > 1 and a suitable constant C = C(d, s, m) > 0 independent of 1. Clearly,
(3.2.58) follows from (3.2.72), as A — +o0. O

The results of Proposition 3.2.7 and 3.2.9 can be summarized as follows:

Corollary 3.2.10 For A > 0, problem (3.1.4) admits a maximal solution u; monoton-
ically increasing in A > 0, such that,
i) Topological behavior:

(a)u; <0inR?, u;(z) = Oas|z| — +oo, andi/ e (1 —ée")=4nN.
RZ

(b) For every A > 0, ¢ € (0, 1), and 6 > 0, there exist contants C; > 0 and Cz 5 > 0
(independent of A) such that for A > Ao we have
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0 < (1 —e') < Coe~ 1=Vl vy ¢ R2, (3.2.73)
and
;)| + [Vuz(2)] < Cpse VAL vz e Q. (3.2.74)
ii) Asymptotic behavior as A — +00:
u,, satisfies properties (3.2.55)—(3.2.58) of Proposition 3.2.9.
Furthermore,

A1 —€")? —> 4z > n3o. and i(1 — ") —> 4z D nj(n; + i, (3.2.75)
jeJ jeJ

weakly in the sense of measure in R>.

In particular,
/1/ (1—¢e")? - 4r Zn? and/l/ (1—-é€") — 4n an(n,' + 1),
R2 : R2 . ’
jelJ jelJ
where J C {1, ..., N} is a set of indices identifying all distinct points in {z1, ..., Zn}

and n; is the multiplicity of z;, for j € J.

Proof. Tt remains only to show (3.2.75), which we shall establish by proving that,
Vo > 0 small,

,1/ (1—¢"“)* — 4xn3, as i — +o0.

Bs(z)

Then, (3.2.75) follows by means of properties (3.2.56)—(3.2.58) and the identity:
1—e" = (1—e“)? + e (1 — ).

For simplicity and without loss of generality, we take z; = 0. Note that, for 6 > 0
small, we have that u; (z) = 2n; log |z| 4+ (smooth function in Bs(0)); and therefore,

- Vuy(z) =2nj + 9i(z2),

with ¢, smooth (around the origin) and ¢, (0) = 0. Hence, we can obtain a Pohozaev-
type identity (see (5.2.14)) by multipling the equation by z - Vu,(z) and integrating
over Bs(0), as follows:

/ —AugVu,l(z)-z:/l/ e 1—e’”)VuA~~z—87m§
|z] <o |z| <o

it/‘ . N2 112 2
—— div (z(1 —€&"*)") + 2 (1 — ") — 8xn*
2 Jjz<o ( ) lz]<o !

A ‘
= ——5/ (1—ée“)’do +/1/ (1 — e“)> — 8z n?.
2 - J
|z|=6

lz| <o

(3.2.76)
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Using the uniform estimates in (3.2.58) we see that,
/1/ (1 —e")>do = o(1), as & — +o0. (3.2.77)
|z|=0

Next, for what concerns the left-hand side of (3.2.76), denote by n = IZ the outward
normal of the ball {z : |z] < ¢}. Taking into account the singularity of Vu s atzj, we
have

—/ Au;Vu,(2) -z
|z|<o
1
- —/ diV(VugVug(z)~z)+—/ div (z|Vu,1|2)
l21<o 2 Jiz=s

1
—/ (Vu,l-z)(Vui-n)da—F—/ |Vu,1|2n~zda—47rn§
l2|=0 2 Jizj=o

1 ou; \*
5/ —|Vu,1|2—(ﬂ) da—47m]—> 47rnj, as A — +oo,
|z|=6 2 on

(3.2.78)

as follows from (3.2.58). Hence passing to the limit as 4 — 400 in (3.2.76), from
(3.2.77) and (3.2.78), we conclude that

/1/ (1 =€) =4zn% +o(1), as & — +oo;
lz] <o

and (3.2.75) follows. O

Remark 3.2.11 Notice that, more generally, property (3.2.75) remains valid for any
family of solutions u, satisfying the assumptions of Proposition 3.2.9.

Proof of Theorem 3.2.3. Let us first establish the desired statement when the symmetry
breaking parameter v = 1. For k > 0, set 1 = ];iz; then it suffices to substitute the
maximal solution u, of Corollary 3.2.10 into (2.1.8), (2.1.9) and (2.1.13) to obtain
¢+ and (Ag)+, o = 0, 1,2 which defines a solution for the Chern—Simons selfdual
equations (1.2.45), with |¢+|> = ¢**. Therefore, using (3.1.12) (with u = u;) we
check the validity of properties (i), (ii) and (iii) directly by means of the properties
of u; as claimed in Corollary 3.2.10 (recall that v = 1 in this case). In particular, from
(3.2.59) we see that,

/ (Fi2)4 = £27 N and / (10) = k/ (Fi2)+ = £27kN.
R2 R2 + R2
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To evaluate the total energy, we observe that for R > 0,

+k A(A
' /{ZISR} (Ao

d
= | / ° (Ap)sdo
{lzI=R}) On

- / V(1 —e") . ~ do
{lzI=R} ||

z
= / " Vu,— do
{lz]=R} |z]

< 27rR|n‘13)I(e|Vu,1| — 0, as R —> +o0;
Z:

as it follows from the gradient estimates of u, in (3.2.57). Therefore, A(Ag)+ €
L!(R?) and fRZ A(Ag)+ = 0. Hence, from (3.1.13) we conclude that,

/ 5=:|:/ Fio, =2z N,
R2 R2

and this completes the proof of Theorem 3.2.3 when v = 1. To treat general values
of the parameter v, we simply take the solution u; of Corollary 3.2.10 with vortex
points located at vZz j»J =1,..., N. The desired vortex configuration is constructed
as above by using the scaled function

ug(vzz) + 2logv,

which satisfies (3.1.1) together with all the desired properties. O

3.3 A uniqueness result

We conclude the analysis of (3.1.4), (3.1.9) by discussing uniqueness of topological
solutions.

We start to mention that uniqueness holds when all vortex points coincide, say
with the origin. If we denote by N € N the vortex multiplicity, then this situation is
described by the problem
— pu u
[—Au_e (1—e*)—4nxNd,—o (33.1)

u(z) - 0as|z| - +oo,

as we can scale out the parameter 4 by the change of variables z — +/Az.

On the basis of a result of Han [Ha3] (see also [CFL]), we know that (3.3.1) admits
a unique solution u radially symmetric about the origin.

Moreover, according to the results established in the previous section, we also
know that u satisfies

ue L’ R¥)Vp>1, u <0inR?and / e'(l—ée")y=4nN, (3.3.2)
RZ
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and Ve € (0, 1), there exists a constant C, > 0 such that
u(2)| + [Vu(z)| + (1 — e"@) < Coe=0=91 vz > 1. (3.33)

Furthermore, we can use Pohozaev’s identity (as in (3.2.76)—(3.2.78)) together with
the estimates above to find:

2(1 —¢")? =4z N? and /2(1 — ey =4z N(1 + N). (3.3.4)
R R

We show that u is non-degenerate in the following sense:

Theorem 3.3.12 Let u be the unique radially symmetric solution for (3.3.1). Then the
(linearized) problem

(3.3.5)

—Ap+e“e" —1p =0
9 € H'(R?),

admits only the trivial solution ¢ = 0.

Proof. Arguing as in Proposition 3.2.7, for &g > 0 sufficiently small we can decompose

u = up+ v in such a way that ug(r) = N log and v € H'(R?) correspond to the

R
(global) minimum for the functional,

1 1 2
I - _ V2 - u0+v_1
0 =3 [ 9ol +5 [ =1+ [

2
4z €

—————. Consequently,
(&5 + |2[%)?

with go(z) = go(lz]) =

/ Vo|? +/ e'(2e" — )p? = (I"(0)p,9) =0, ¢ € H' (]R@). (3.3.6)
R2 R2

So, any possible non-trivial solution for (3.3.5) would correspond to the first eigen-
function relative to the (first) eigenvalue (equal to zero) for the linear operator:
L = —A + ¢“(2¢* — 1) in H'(R?). Since u is radially symmetric, then necessar-
ily also the first eigenfuction ¢ must be radially symmetric. Therefore, if we argue by
contradiction and let ¢ # 0 be a solution for (3.3.5) then ¢ = ¢(r) and without loss
of generality, we can also assume ¢ > 0. Thus, summarizing the properties above, we
have that u = u(r) satisfies

ii(r) + Li(r) = O (") — 1), ¥r>0
u(r) =2Nlogr + O(1), asr — 0t (3.3.7)
0<1—e" < Cge_(l_e)’, Vr >0

with ¢ € (0, 1) and C; > 0 a suitable constant depending on ¢ only (see (3.2.31)).
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While for ¢ = ¢(r) we have:

G+ 16 =e"D2e"D — p(r)
0>0 (3.3.8)
9% + pPrdr < +o0.

We make a convenient change of variables and set,

U(t) = u(e") and y (t) = p(e"). (3.3.9)

Properties (3.3.7) read as
U=e¥eV® (VO —1) inR (3.3.10)
U(t) =2Nt+ O(1) ast — —oo0, (3.3.11)

U@r) <0OinRand (1 —eV®) < Coe (179¢ a5t — oo (3.3.12)

fore € (0, 1) and C; > 0 a suitable constant depending on ¢ only. Hence U < 0inR?
and so U is monotone decreasing in R and as + — 400 we find

. Ut
lim U(r) = lim L =2N, (3.3.13)
t—>—00 t——00 t
as follows from (3.3.11). Moreover,
. Ut
lim U(t) = lim L =0, (3.3.14)
t—+00 t—>+o0o f
as follows from (3.3.12). While from (3.3.8) we have
p(t) = eV (20 — 1) y inR
. 400 /2 2 2 (3.3.15)
w >0, inRand ["7 (y*+ y?e?) di < +oo.

Hence, y < 0 for + — —oo while > 0 for  — +o00. Therefore i is a monotone
function for |¢| large, so it admits a limit for ¢ — 400, which must vanish by the
integrability property in (3.3.15). Namely,

lim () =0= lim &.

t—+o00 t—>+o0 f

(3.3.16)

As a consequence we find that y < 0 as t — =00, so v is strictly monotone decreas-
ing for t — 400, and again by (3.3.15) we derive

lim () =0. (3.3.17)

t——+00

Now, we multiply (3.3.15) by U and find:

- . d
U =y el (2270 — 1) U0 = Py 2" (0 - 1).
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That is:
d .. “IT d 2t U(t) U(t) d 2t U(t) U(t)
dt(WU) VU= (e v(t)e (e B 1)) V7 vn)e (e B 1)

- % (v eV (7O = 1)) =262y ()@ (VO 1)
_p2 UM (eU(t) _ 1) l/’
Therefore, if we use (3.3.10) we obtain:

% [y}(t)t/(t) + 2y (el ® (1 - eU(’))] — 2%y (1)eV (1 - eU(t)) . (3.3.18)

On the other hand, by (3.3.12), (3.3.14), (3.3.16), and (3.3.17) we have:
: . y 2t U(t) R _
lim (z//(t)U(t) T+ y(n)e (1 e )) - 0. (3.3.19)
Similarly, from (3.3.13) and (3.3.16) we obtain:
lim w()U(r) = 0.
t——00
While (3.3.12) and (3.3.16) imply:
Xy (r)e’® (1 - eU(’)) =0 (tez(N“)'@) , ast — —oo.
Thus,
lim (.,}(t)t'](t) + ey ()el® (1 _eY <’>)) -0, (3.3.20)
11— —00

and together with (3.3.18), (3.3.19), and (3.3.20) we conclude

+00
/ 62’w(t)eu(’) (1 — eU(t)) dt =0,

—00

in contradiction with the fact that, %y (1)eV @ (1 — eV®) > 0in R. O

Remark 3.3.13 The non-degeneracy result of Theorem 3.3.12 was pointed out in
[CFL] and also in [T7].

Next, we show how to use Theorem 3.3.12 in order to establish a uniqueness and non-
degeneracy result for topological solution of (3.1.4).

For this purpose, recall that the topological boundary conditions (3.1.9) can be
equivalently ensured by considering solutions of (3.1.4) in L!(R?) (see Proposition
3.2.4 and Remark 3.2.5).

For R > O set,

By = {u eL'(RY): ullp m2) < R}

the ball of radius R in L! (R?). We have:
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Theorem 3.3.14 For every R > 0 there exist Ag > 0 and ur > 0 such that for
A > AR any solution u of (3.1.4) in B}e satisfies:

||V¢||§+A/Rz e"2e" = ¢® = prllplly gy Yo € H' ®).

In particular letting u = ug+v, then v defines a strict local minimum for I in H' (R?).

Observe that Theorem 3.3.14 applies in particular to the maximal solution u, in
Corollary 3.2.8. It turns out that u ; is the only solution of (3.1.4) with bounded L' (R?)-
norm uniformly with respect to 4.

In fact, from Theorem 3.3.14 we deduce the following:

Theorem 3.3.15 Ifu, is a solution for (3.1.4), (3.1.9) and i) # u,, then
izl rey = +00, as 4 — +o0. (3.3.21)

Proof of Theorem 3.3.15. Argue by contradiction, and suppose that besides the maxi-
mal solution u; = ug+wv, in Corollary 3.2.8 there exists a second solution it; = up+0;
of (3.1.4) in B}e for A = A, — +oo and R > O sufficiently large. Observe that
0;,() < 0,,(2)Vz € R2, and v 2, and 0, define two strict local minima for /; in
H'(R?), as we deduce from Theorem 3.3.14.

Therefore, we are in position to use a “mountain-pass” construction for 7, in the
convex set {v € H'(R?) : v,, < v < ,, ae.} and obtain another critical point v,
for 1;, which is not a local minimum and satisfies v,,,(z) < v} (z) < 9,,(z) in R?
(see Theorem 12.8 in Chapter II of [St1]). Thus, ug + vj{n e BL, which is impossible
by virtue of Theorem 3.3.14. O

Remark 3.3.16 Recently K. Choe in [Cho] has used properties of radial Chern—
Simons solutions derived in [CFL] to show that actually (3.3.21) can never occur, and
thus obtained uniqueness for (3.1.4), (3.1.9) provided that 1 > 0 is sufficiently large.

However, the question of uniqueness for problem (3.1.4), (3.1.9) for any fixed
A > 0 remains open.

Proof of Theorem 3.3.14. We argue by contradiction and suppose there exist sequences
{An} € (1, +00) and {u,} c L' (R?) satisfying

N
—Aup = Jpe" (1 — ") — 4z D" 5., inR?, (3.3.22)
j=1
in the sense of distributions,
lim 1, = 400 (3.3.23)
n—+00
nllrfoo unll 2y < 400 (3.3.24)

such that setting,

fin = inf[IIWoII% + n /R2 e (2e" — 1)p> Vo € H'®?) gl gy = 1] (3.3.25)
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we have

—00 < lim u, <0. (3.3.26)

n—oo

We can use the analysis of the previous section for u,, to see in particular that

up, < 0inR? and/ln/
R2

with ¢g > 0 a suitable constant (depending only on the multiplicity and the total
number of the vortex points), and

e (1 — ey + ,1,1/ (1—ée")? <c¢o, (3.3.27)
R2

!l r2y + rr;:ax{lvunl + lupl + An(1 =€)} — 0asn — oo, (3.3.28)
0
for Q5 = R?\ uyle(;(zj) and J > 0.

Claim 1: For a suitable constant ¢ > 0 and Vn € N we have,
Hn = —cC. (3.3.29)

To establish (3.3.29), take ¢ € H'(R?) with el g2y = 1, and by means of (3.3.27)
estimate:

/ eu,l(zeun _ 1)(p2
R2

=2 e+ [ @ —net+ [ o
L) (e
(o( [ l_eun))q(/w(]_eun ) )(/R‘/’) e
(2 o) Lo

By the Sobolev inequality

v

v

1
0*)” <2l IVolle@) < 2l9llg:),
RZ

we deduce
2 n n 2
1901y + 20 [ Qe = 1y (3:3.30)
1 3
>1+(1-— /1,,/ 0’ ) —6./co ,ln/ 0>
/ln R2 R2
9
>1- Col > —c,
1-1

for suitable ¢ > 0, and sufficiently large n. Therefore, (3.3.29) holds.
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As a consequence of (3.3.29), (3.3.26) we set:

fo := lim u, <0. (3.3.31)

n—oo

Furthermore by the given properties of u,, we see that the extremal problem (3.3.25)
attains its infimum at a function ¢, € H'(R?) satisfying:

A _0n
— Ay = et (1 — 2", + —1— g, in R2
12—,Un l—ﬂn

on > 0in R, [lonll ey = 1.

Using (3.3.30) with ¢ = ¢, we find:

= 1Vgal 2, + 2 fiz € e = Dg2 = 1= (1= L) (2 fe 03)

1
—63/c0(An fra 07)*
So, by means of (3.3.31) we deduce that

(3.3.32)

in/ 02 < A, (3.3.33)
RZ
Vn € N and suitable A > 0.

Claim 2: There exist jo € {l,...,N} and ro > O such that, Vp € (0, rg], we
find a constant a, > 0:

A / 02> a,. (3.3.34)
By (zjy)

To obtain (3.3.34), we argue by contradiction and suppose there exists 0 > 0 suffi-
ciently small such that

/1,,/ 9} — 0, asn — oo. (3.3.35)
U_]'=1Br5(zj)

As a consequence of (3.3.35) and (3.3.28) we have:

in/ e (2¢" — 1)gy — /1,,/ on
R2 R2

- ‘2,1,,/ e (e — 1y +'1"/ (e = Doy
R2 R?
<2 [ =i i [(A=engi ez [
Qs Qs Uj'vzl Bs(z)
Up 2 2
<3 (Supln(l_e ))H(ﬂn”Lz +An/ Pn
Qs UL, Bs(z))

<3 supxl,,(l—e””)+/1,,/ 92 )= 0asn — oo.
Qs UM Bs(z))




106 3 Planar Selfdual Chern—Simons Vortices

Therefore, as n — oo,
= 199 sz + 2 /R 02 +o(1) = 1+ o(1),

in contradiction with (3.3.31), and (3.3.35) is established.

By replacing u,(z) with u,(z + zj,), we can always suppose that z;, = 0 and
denote by v € N the corresponding multiplicity. Furthermore, by taking ro > 0 smaller
if necessary, we can assume that the origin is the only vortex point in B, (0). Thus, u,,
satisfies

—Auy = Ape" (1 — e"") — 4w vd,—¢ in By, (3.3.36)

An (1 —e") <coandu, < 0in By, (3.3.37)
By,

for suitable ¢y > 0. In addition, Vp € (0, rg) and from (3.3.28), we know that

max  (Jup| + Aa(1 =€) — 0 (3.3.38)
p=lzl=ro
/1”/ (1 — "% = 4zv? + 0(1), (3.3.39)
By, (0)

as n — o0o. We carry out a blow-up analysis, and consider the scaled function:

iin(2) = un (\/%) zeDy =B, (3.3.40)

Pn(2) = pn (\/%) z € Dy. (3.3.41)
We decompose

Un(z) = 2vlog|z| + 0a(2), z € Dy, (3.3.42)
with 0,, satisfying

—Ab, = |2/’ (1 — |2)*e) in D, (3.3.43)

/D (1= [z1*e™) < co. (3.3.44)

Claim 3: The following holds:

(a) D, is uniformly bounded in C*>*-topology:; (3.3.45)
(b) Vo > 0, thereexistscs > 0: sup || < cs; (3.3.46)
Dn\Bé(O)

(¢) Vp > 1, there exists Cp, > 0 : ||ft,,||Lp(Rz) < Cp. (3.3.47)
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To establish (a), we start by showing that VR > 0 there exists Cr > 0 such that

info,, > —Cg. (3.3.48)
Br

To this purpose, suppose by contradiction that for any R > 0 sufficiently large,

info,, — —o0,
Bg

as n — +oo (possibly along a subsequence). Set f, = en(1—¢fn). Then 0 < fn <1
in R? and,

—Ab, = f, in Bag

OnloB,, < 2vlog ﬁ.

Hence, we can use the Harnack inequality (see Proposition 5.2.8) to obtain constants
y € (0,1) and C > 0 (independent of n) such that

supo, <y infd, + C.
Br Br

Therefore, supg, 0, — —oco and fBR(l - |x|2"e’3") = 7R>+o(l)asn — oo. But
for R sufficiently large this contradicts (3.3.44), and (3.3.48) follows. Hence 0, as
well as Ad, are uniformly bounded in Lfoc (R?), and we can use well-known elliptic

estimates together with a bootstrap argument to obtain a uniform bound for o, in C 1200(’: -
norm as claimed.
To establish (b), again by contradiction, suppose there exists

Zn € Dy \ B5(0) : i1y(z,) — —00.

Hence 9, (z;,) — —o0, and by (3.3.48) we see that necessarily |z,| — 400, asn —
+o00. Therefore for any R > 0,

BZR(Zn) C Dy \ 35(0),

provided that n is sufficiently large. As above, we can use the Harnack inequality for
i, (2) = i1y (zn + ), since it satisfies:

—Aily = fu(zn + x) in Bag(0)
lnloByr <0, ,(0) > —o00, asn — 0.

In this way, we deduce that supg, i, — —o0 and

/ (l—eﬁ”)=/ (1—eﬁ")=7rR2+o(l)asn—>oo,
Bg(zn) Bg(0)

for every R > 0, in contradiction with (3.3.44).
Finally, combining (a) and (b), we see that Vp > 1,

inllLrBr) < Cp,R
) P
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for a suitable constant Cp, g > 0, depending only on p and R. While for every > 0,
we estimate

[ imi=a+ s mn/a—ﬁwsq,
{lz]=6} D, \B;(0) R2

for suitable Cs > 0. By the above estimates (c) easily follows. O

By virtue of (3.3.45), we can use a diagonalization process to obtain a subsequence
of 0, (denoted in the same way) such that

0, — v uniformly in cfoc; (3.3.49)

and for
u(z) = 2vlog|z| +v(2),

we have
—Au = e*(1 — e*) — 4xvd,—g, in R?
u<0,uelP®R?, p>1
Jro(1 — ") < 4o0.

In other words, u coincides with the unique radially symmetric solution of problem
(3.3.1), for which properties (3.3.2), (3.3.3), and (3.3.4) hold as well as Theorem
3.3.12.

Claim 4:

[ty — ull2(p,) + sup |, —u| — 0, asn — +oo. (3.3.50)
Dy

To establish (3.3.50), we observe that ii,, — u = 0, — v, and so
[ty — ulle2ppy — O0asn — +oo, (3.3.51)
for every R > 0.

On the other hand, since i1, — u is uniformly bounded in D;, \ Bs(0) (see (3.3.46)),
from (3.2.24) we deduce the estimate

/ iy —ul®> < (1+ C(;)2||e*2"||Loo(Rz\Bé(0))/ (' —e")?, (3.3.52)
D,\B5(0) D,

with suitable Cs > 0.

But,
[ @inmep= [ o [ eonro2 [ a-eina-en
Dy D, Dy, Dy,

= 47v? + 4mv? — 2/ a1- e’;”)(l —e"Y+o0(1) > 0asn — +oo,
Dy,
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since, by dominated convergence, we have: fD 1 - eﬁ")(l —e') — fRz(l —e")? =
4z v2, asn — o0.
Hence,

|le"" — e“||Lz(Dn) — Q0asn — +oo,

and by (3.3.51) and (3.3.52), we conclude that ||, — ull2p,) = 0,asn — o0.
Furthermore,

e (1 — &™) — (1 — eI 2(p,) < 2lle™ — e[l 2(p,) = 0, as n — +o0.
Thus, we have established that
litn — ull 2p,) + 1A G — Wll2p,) — 0, asn — +o0.

Therefore, by well-known elliptic estimates, for every p € (0,r9) and z € B T WE
see that By(z) C D, (for n large) and

su(p lity — ul < C(|litn — ull 2,y + 1A — W)l 208, (2))
Bi1(2)
< C(||ﬁn - M||L2(Dn) + ”A(ﬁn - u)”LZ(Dn))

with a suitable constant C > 0 independent of z and n. Consequently, V p € (0, rp),
we find: SUP|;|< /7np |ty —u| — 0, as n — +o00. Also, using (3.3.28) and (3.3.3), we
see that

sup ldn —ul < sup ldn| + sup |ul
Vinp=IzlSro/An Vinp=lzl<roN/An [z|=/2np
< sup J|uu,|+ Cge_(l_g)/”’l" -0
p=<lzl<ro

as n — 00, and so (3.3.50) is established.
Observe that, as a consequence of (3.3.51), we also have:

sup e (1 — &) — (1 — e*)| + sup |e™ — e"| — 0, asn — +o0. (3.3.53)
Dy,

n

Next, we turn to analyze the asymptotic behavior of ¢, = ¢, (\/L/T) which we know
to satisfy:

{—A(ﬁn = g, @ (1= 26")gn + %56 in Dy (3.3.54)

on > 0.

Recalling (3.3.33), we derive the following uniform estimate,

IVl + 612, = 10l + A / <

By,

for suitable C > 0.
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Hence, using once more elliptic estimates, we see that ¢, is uniformly bounded
in Clz(’)‘é—topology and, by passing to a subsequence if necessary (denoted in the same
way), we can assume that

On — @ in C120 c

Furthermore, ¢ satisfies:

1+ o

—Ap = —L—e"(1 — 2¢")p in R?
9 € H'(R?), ¢ > 0.

By virtue of (3.3.6), we see that 1y = 0, and so we can use Theorem 3.3.12 to conclude
that ¢ = 0.

On the other hand, using the cut-off function y € C3° (R?) such that y = 1 in By,
x=0inR>\Byand0 < y < I,forp € (0, %0) we define:

Z
(@) =x (p«/E)'

Then we find,

N N 1 1 " N HUn ~2
—A — Un (1 — 2eln 2 7/
/Dn( on)(Xn®n) 1— in /Dn e ( e xn Py + In(l— ftn) D, AnPn

2 . . N 1 . )
- / et (1 — ")y + / (1= e") iy
1 — pn D, 1 — un D,
1

A2
- An®pn +o(1)
1_#n/Dn o

(2 / (1= My pngl + / (1—e“>xn¢,%)— / 2+ o(1).
D, D D

n n

By the exponential decay estimate in (3.3.3), we get

/ (264(1 — ") + (1 — &) 762 <3 / P2+ Coem (IR,
Bgr

n

for every R > 0 and with C, depending on ¢ € (0, 1) only. Since $> — O uniformly
in Clzoc’ from the estimate above we deduce that

/ (2¢"(1 — ")+ (1 — ")) xuf2 — 0, asn — o0.
Dy

On the other hand, observing that

R R R 1 R
/ (A@n) xnPn =/ Xn|V(0n|2 - 5/ Vin - V(Di
D, D, Dy,
R 1 A
=/ Xn|v¢n|2+_/ AXn'C”%
Dy 2 /b,

. [|Ax|lLe o C
> In|Vul* — =5 o> ——
/Dn ! " 2/)22'" B " /111

0
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with a suitable constant C > 0, we can combine the estimates above to deduce that
I Anh2 — 0,asn — +o0.
Consequently,

in/ go,%:/ @55/ X,,gﬁ,%—)O,asn—>+oo,
B, {lz1<pv/7n} D,

and recalling (3.3.34), we arrive at a contradiction and conclude the proof of Theorem
3.3.14. O

We mention that Theorem 3.3.14 and Theorem 3.3.15 are the results of ideas re-
cently introduced by the author in [T7] to establish uniqueness of topological-type
solutions in the periodic case.

3.4 Planar non-topological Chern—-Simons vortices

In this section we treat “non-topological” Chern—Simons vortices, namely, solutions
to (3.1.4), (3.1.5), and (3.1.8) subject to the boundary condition (3.1.10). We present
the perturbative approach of Chae-Imanuvilov [ChIl], successfully used to handle
other Chern—Simons models (cf. [ChI2], [ChI3], and [Ch3]), electroweak vortices and
strings (cf. [ChT1] and [ChT2]), as well as cosmic strings (see [Chl], [Ch4], and
[ChChl]). See also [Ch2] for an application of such an approach in the context of
the Born—Infield theory.

To be more specific, we focus as above (without loss of generality) to the case
v=1.

The approach introduced by Chae—Imanuvilov in [Chll] to obtain ‘“non-
topological” Chern—Simons vortices is based on the observation that if we have a
solution u for (3.1.4), then for every ¢ > 0, the scaled function

u(z) =u (g) + 2log (%)

satisfies

N
—Au, = e — Je*e® — 4z D 6y, in R, (3.4.1)
j=1
Therefore, we may regard the g-scaled problem (3.4.1) as a perturbation of the “sin-

gular” Liouville problem:

N
—Au = Le" —4x Zégzj

P (3.4.2)

Jp2 " < oo.
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This observation already puts an emphasis on the role played by Liouville equations
in the search for non-topological solutions. This fact will be further exploited for the
periodic case and in the electroweak model.

Observe that by Liouville formula (2.2.3), we can exhibit an explicit solution for
(3.4.2). Indeed, let

N Z
f@ =W +1)][]¢-2)and F) =/0 @ e,

j=1
and set

N z

1) =W+ D 6= and Fio) = [ 1)

j=1

By (2.2.3) we know that
0 8| f.(2)I?
“ea() =108 T O T aP)?

satisfies (3.4.2) for any ¢ € R and a € C. Incidentally, notice that all solutions of
(3.4.2) are obtained in this way (cf. [PT] and see [CW], [CL1], [CL2], and [CK1]).
Thus, we can reasonably search for the solution of our problem

(3.4.3)

N
—Au=je"(1 —e") — 4z Dy,

Jj=1 (3.4.4)
u(z) > —ooas |z| > +o©

e"(1 —e*) e LY(R?)

in the form
0 2 2
u(z) = u, ,(e2) +loge” + e w(ez), (3.4.5)
with w a suitable function that identifies the error term and satisfies
2 )
—Aw = JeVia (em—z_l) — )Pt o) (3.4.6)
&

We consider the free parameters ¢ and a as part of our unknowns and concentrate
around the values ¢ = 0 and a = 0 where (3.4.6) reduces to

1
Aw + pw = Ipz (3.4.7)

0
with p = de"+=0..=0_ the radial function, given as follows:

8(N + 1)?r2N
Z SNV (34.8)

pr) (1+r2(1v+1))
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Remark 3.4.17 For later use, notice that the definition of p, as well as (3.4.7), make
good sense also for N = 0.

We can analyze (3.4.7) within the class of radial functions, where we find an explicit
solution wy = wq(r) given by the expression (3.4.30) below.
Thus, using the decomposition

w(z) = wo(|z]) + u1(z), (3.4.9)

we need to solve for u#; in the following equation:

e e Ay 4 gerba (€2 2T
1,a,¢&) = Auy + Le"s 2 pPwo

4 a2ttty _ Lo g (3.4.10)
A
To attain this goal, we aim to apply the Implicit Function Theorem (cf. [Nir]) to the
operator P considered on suitable functional spaces where it extends smoothly ate = 0
to satisfy P (0, 0, 0) = 0. To this purpose, Chae-Imanuvilov in [ChI1] have introduced
the spaces

X, = {u el (RY): (1+ [P’ e Ll(]R2)}, a>0
(3.4.11)
_ 2,2 2N . u 2(m2
Y, = [u € WloC R*): Au € X, —(1+\z|)'+% e L“(R )], a>0
equipped respectively with the scalar product
uv

u,v = 1+ |27 uv and (u,0)y, = (Au, Av)x, + —_—
odx, = [ A1 and o)y, = (B dopy, + [

and relative norms denoted by || - ||x, and || - ||y, , respectively.
For any a > 0, the following continuous embedding properties hold:

X, = LI(R?), ¥g € [1,2);
Yy = Cp . (R?).

Furthermore, we have:

Lemma 3.4.18 Leta € (0,1) andv € Y.
(a) If v is harmonic, then v is a constant.
(b) The following estimates hold:

0@ < Cllvlly, log(1 + Iz]), in R?; (3.4.12)
[IVollLr < Cpllvlly,, for every p > 2. (3.4.13)

where C > 0 and C, > 0 are suitable constants depending on a and (a, p)
respectively.
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Proof. To establish (a), we first observe that by standard elliptic regularity, any har-
monic function v in Y, is smooth. Moreover, if we express v according to its Fourier
decomposition

+00
0@ = D &)™, z=re”,

k=—o00
with & = & (r) € C such that ¢_; = &, and satisfies
. 1., K2 .
$+-p——=¢p=0,VkeZ (3.4.14)
r r

Note that for k > 1, the functions ¢; x = r* and Pk = rlk represent a fundamental
set of solutions to (3.4.14), while for k = 0 we have ¢1,0 = 1 and ¢, o(r) = log(r) as
fundamental solutions. The smoothess of v in R? and the fact that T € L2(R?) for
a € (0, 1) imply that & = O for every k € N, and & = constant, so that (a) follows.
To obtain (b), let v € Y, so that Av := g € X,. Set

B 1
5) = 57 [ toglz ~ nlg(d (4.15)
T JR2
then A5 = Av in R?. We estimate:
- 1 1 [log |z — #]|
5G] < 2—/ 1+ 1) 3 g ()| 22 2=
T JR? (1 + |p|>e)2
1 l
1 2 log |z — 7l )’
< 1 2+0( 2
<5 (/RZ( + 71778 (77)) ( o Ut 117
1
1 log? |z —nl '\’
< — - . 3.4.16
< 2ﬂllvllya( e (Lt ) ( )

In turn, for |z| > 1 the integral above can be estimated as follows:

log? |z — 7]
r2 (1 + |7]?t%)

2 —
s/ 1og2( ! )+/ log”lz —nl 2+'7|
{lz—n|<1} lz —nl (<lz—npl<2iz)y (1 + [n]=+%)
+/ log? |z — 7]
lz=nl>21zy (L4 [7]2+%)
<2/112 ) rar 102l [ ———
0 —\)rdr+1lo
< Zirm A g . g Z R21+|i1|2+a

log2 (|n| (1 + %))
+)
{Inl=1zl}

(1 + |n>**)

1 log? (2|7
510%/ —+/ — = L. 3.4.17
gkl r2 14 [n2te  Jra (14 |g]2t%) ( )
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Thus, by combining (3.4.16) with (3.4.17) we conclude:
[0(2)| = Callvlly, log(lz] +1). (3.4.18)

By differentiating (3.4.15) with respect to z and using well-known potential estimates
(cf. [GT]), we get that, for every g € (1, 2),

VOl 2 = Cl[AD]ILeg2) = CllAv]|x, = Cllolly, (3.4.19)

L2-9 (R?)
for a suitable constant C > 0 depending on a and ¢g. In particular, from (3.4.18) it
follows that, o € Y, and ||0]|ly, < Cqllv]|y, for a suitable constant C, > 0. Sov — 0

defines a harmonic function in Y,, and for a € (0, 1), we can use part (a) to conclude
that

c=0v—10 (3.4.20)
for a suitable constant ¢ € R, with
llelly, < llvlly, + 110y, < Callvlly,- (3.4.21)

Hence, it suffices to combine (3.4.18), (3.4.19), (3.4.20), and (3.4.21) to obtain the
desired conclusion. O

Working with the spaces X, and Y, is particularly advantageous for the linear
operator

L=A+p:Y, — X,, (3.4.22)

as we can characterize explicitly KerL C Y, and ImL C X,,.
To this purpose, consider the family of functions:

Upa(z) = ugzo’a(,uz) +logu?, u >0, anda € C;
satisfying:
—AU = 1eV — 47 No.—. (3.4.23)

Letting u® = U u=1,a=0 = log p and using polar coordinates, we see that the following
functions belong to KerL in Y,, Va > O:

1 P 1 — F2(N+D)
R ———— g = ——————:
%o 2(N +1)ou p.alp=1,a=0 1 4+ r2(N+D)
1o N+l cos((N + 1)8)
¢+:—15Uﬂ’a|#:1’azoz 1+r2(N+1) , (x = Re Cl)7 (3424)
10 rN*tlsin((N + 1)0)
QS— = —ZaUﬂ,aht:],a:O = 1 +r2(N+1) 5 (y =1Im a)'

More interestingly, the following holds.
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Proposition 3.4.19 For a € (0, 1), the operator L in (3.4.22) satisfies:
(a) KerL = span{go, ¢, -} C Yu;
(b)ImL =(f € Xy : [po fp+ =0}

To derive Proposition 3.4.19, we start by describing the behavior of the operator L
over radial functions. Hence, denote by L" : Y/ — X the operator

d? 1d
L'¢ = - —¢+ ——¢+p¢ peY, (3.4.25)

where Y, and X/, denote the subspaces in Y, and X, respectively restricted to radial
functions.

Lemma 3.4.20 Leta € (0, 1) and n € Z*. Then:
(a) ¢ € Y] satisfies L"¢p = 0 if and only if ¢ € span{go}.
(b)L" : Y — X! is onto. More precisely, for f € X/, let

2 1 r
w(r)=(¢o(r>logr+ N1 +r2(N+l))) /0 $o(0) (1)t di

1
N+ 1 (1+20+D

- ¢>o(r)/0 (¢>o(t) logr + ))f(t)tdt. (3.4.26)

Then w € Y] and satisfies: L"w = f.

Observe that w(r) and w(r) extend with continuity at r = 0 where we find: w(0) =
0 = w(0). Furthermore, setting

+00
cf= A ¢o(1) f () dt, (3.4.27)

we have:

Corollary 3.4.21 The function w in (3.4.26) admits the following asymptotic behav-
ior:

w(r) = —cf logr + O(1), asr — +o0 (3.4.28)
w(r)=—— + o(l), asr — +oo. (3.4.29)

In particular, by taking f(r) = % p? in (3.4.26) we obtain
- ! J2N+D)
wo(r) = m |:((1 )logr + N——i-l ¢0(l)tp (r)dt

r 2
- (1 - rz(NH))/O (Wt) log! + v 1) (i+ t2(N+1)))p2(t)tdt:|'

(3.4.30)
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The function in (3.4.30) defines a solution for problem (3.4.7) in Y/, such that:

wo(r) = —a—ologr +0(1), asr— +oo; (3.4.31)

. 1L co
wo(r) = T + 0(), asr — +00, (3.4.32)

r

with
+o00 S2N
co = 16(N + 1)3/ ———ds > 0. (3.4.33)
0 (1 —|—SN+1)

Indeed, according to Corollary 3.4.21, we see that

+00
¢ = /0 S0 (0t di

5 oo (1—2V+D
_ (8(N+ ])2) / gtwﬂdt
Joo (14 20D

+o00 1—SN+1
=32N+14/ R — P
( ) 0 (1+SN+1)5

+00 SZN +00 YN
= 32(N + D* / 7—2/ B E———
( ) ( 0 (1 _|_SN+1)4 0 (1 _|_SN+1)5

+00 2N 1 +oo 4 1
WD (/0 (I + sV Ty +2(N+1)/0 ds ((1+SN+1)4)S *

+o00 2N N 1 +o00 2N
= 32N + 1) ( / S d + d )
0

o
(1 4 sN+1H4 2N+ 1) Jo (14Nt

400 SZN
= 16(N + 1)3/
0

and (3.4.33) is established.

From now on we shall substitute such a solution wy into the definition of the oper-
ator P given in (3.4.10).
Proof of Lemma 3.4.20. To obtain (a), notice that if ¢ € Y satisfies

1+ SN+1)4 ds,

. 1.
b+-d+pp=0.

then by standard (elliptic) regularity theory, we know that ¢ extends with continuity at
r = 0. Consequently r¢ € C'[0, +00), and we obtain

¢ € C%(0, +00) N C'0, +00), and ¢(0) = 0.

Now write

¢(r) = go()y (r),
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so that y € C2((0, 1) U (1, +00)) N C([0, 1) U (1, +00)) satisfies:

. . 1 ¢0) i

~4+222) =0
{‘_” tv (r * 2% (3.4.34)

Consequently % (r¢§ (r)z/}(r)) = 0, that gives

w(r)y=Cfor0<r <1,
while for r > 1, we find
) A ,
w(r) = — for a suitable constant A € R. (3.4.35)
r¢() (r)
That is

2
(N +1) (1 — r2v+D)

w(ir)=A (logr + )+ B, forr > 1 (3.4.36)

for suitable constants A, B, C € R.
In other words:

C¢0(r)a 0§r<1

¢(r) = {A(,bo(r) logr + W + Bgo(r), r> 1.

On the other hand, the continuity of ¢ at » = 1 requires that A = 0, while the continu-
ity of ¢ at r = 1 implies that B = C, and so ¢ € span{¢g} as claimed.
To demonstrate that the formula (3.4.26) gives a solution w in Y/ for the non-
homogeneous equation L"w = f, we proceed as above and set
w = goy.

Therefore L"w = f, if and only if,

d UK

— (réd@)ir) = g1 £ O

Recalling (3.4.35) and (3.4.36), we may integrate the equation above for 0 < r < 1
and using integration by parts to obtain a particular solution of the form:

r 1 s
w(r) 2/0 % (/0 do(t) f(2)t dt) ds
2 r
- (logr TWEn(- rzwm))/o o) (1)1 di

" 2
_/O (¢0(t) log + RS +t2(N+l)))f(t)tdt,
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where the integrals above are well-defined since f € X|,. Consequently,

(N + 1) (1 + 20D)

r 2
_¢0(r)/0 (¢0(t) logt + T +t2(N+1)))f(t)tdt.

Here w(r) extends with continuity past the point » = 1 to define a solution for the
equation L"w = f, for every r > 0. And since w(r) admits logarithmic growth as
r — +oo and f € X,, we can ensure that it belongs to Y. |

2 r
w(r) = do()y(r) = (¢o(r) logr + ) /0 o) f (1)1 di

Proof of Proposition 3.4.19. We start to establish (a). Letting v € Y, such that Lv =0,
then by standard elliptic regularity theory we see that v € C?(R?). We write v accord-
ing to its Fourier decomposition

() = > k()™ 2 =re, (3.4.37)
keZ

with complex valued functions vy = vg(r) such that v_; = v} and whose real and
imaginary part satisfy

k2
L'($) ~ ¢ =0. (3.4.38)

If k = 0, then for the real valued radial function vo(r) € Y/, we can use Lemma
3.4.20 to see that actually vo(r) € span{¢p}. For k € N, we are going to determine a
fundamental set of solutions to (3.4.38) by using a family of solutions for the (singular)
Liouville equations. More precisely, fora € C and k € N, let

8I(N + 1)z + (k + N + DazVtk)?

(14 N+ +aZN+k+1|2)2

Wa,x(2) = log

>

so that y,—0,x = log p. According to (2.2.3), y, x satisfies
. 2
—A =Yk —4gx NJ,—o — 4r 0,a, in R
Va,k 2=0 ]Zl 24> 5
where z‘;, Jj =1,..., k correspond to the k-distinct non-zero roots of the polynomial
(N + DzV + (k + N + 1)azVN**. Notice in particular that |24] — +ooasa — 0,
Vj = 1,..., k. Therefore, for each test function ¢ € Cgo(Rz), and |a| sufficiently

small, we have:

—Ayarp = e 9 —4x No(0).
So we can differentiate this expression at a = 0 with respectto x = Re a and y =
Im a, and obtain that

P 2
A - e () sin k6,
oy l_y N+1

0 Va,k
a=0 =

k0; =
o Nt 1¢k(”) cos P2k

Pk =
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with

k+N+1+4(k—N—Dr2W+D
i (r) = ey rk, (3.4.39)

satisfy
Lo1x =0=Lpyk, Yk € N.

As a consequence, we obtain that ¢ (r) satisfies (3.4.38). In addition, by replacing k
with —k in (3.4.39) we still obtain a solution ¢ for (3.4.38) and we check that ¢ (r) =
Dk (%) Thus, ¢ (r) and ¢ (r) define a fundamental set of solutions for (3.4.38). On

the other hand, the real and imaginary part of v cannot include the component ¢ (r),

which admits a & singularity at the origin, Vk € N. Furthermore, for a € (0, 1)
T

and k # N + 1, the function ¢, ¢ Y/ since it behaves as rk asr — +o00. So we
conclude that vy = 0, Yk # N + 1. Finally, for k = N + 1 we see that Re (0g=n+1)

and Zm (vg=n+1) belong to span{oy41(r)} = span{ % } We conclude that v €

span{¢o, ¢+, ¢_} as claimed.
To establish (b), we start by observing the following fact:

Claim: The range of L is closed in X,,.
Let 9, € (KerL)* C Y, be such that Lp, = f, € X, and f, — f in X,.
We claim that ¢, is uniformly bounded in Y,. This is equivalent to saying that

2
fRZ W < C, Vn € N, for suitable C > 0. Arguing by contradiction, assume
that (along a subsequence)

1
2 2
(2 Pn
= —r — 400, and set ¢, = —.
! ( we (1+ |z|a+2)) iy

So that,

2
/]RZ (1++|“+2) =1, ¢y € (KerL): C Y,, and Ly — Oin X,. (3.4.40)

As a consequence of (3.4.40), we see that ¢, is uniformly bounded in Y,. Hence, we
find ¢ € Y, such that along a subsequence, we have

¢n — ¢ weakly in Y,

and we can assume further that the convergence above also holds in Lfoc R?).
Since

| (2) — $ (2] < c(lIPnlly, + lIPlly,)log(1 + |z]) < Clog(1 + |z)),
we see that

(@0 — ¢)° log(1 + |z[)

—~rt 7 2 _ 2
R2 (1 + |Z|1+a)2 = ||¢’1_¢||L2(BR)+C/Z|>R m_”géﬂ_(ﬁ“LZ(BR)—}_o(l),
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as R — 4-o0. Thus, fR2 |1+)u)2 — 0 as n — oo, and we conclude that

|12

Rr2 (14 |z|'F%)?

Similarly we see that, fRZ pPhn — fRZ pp asn — oo. Hence, L¢p = 0 and ¢ €

(K erL)J‘, that is, ¢ = 0 in contradiction to (3.4.41). In conclusion, the sequence

¢n € (KerL)™ is uniformly bounded in Y,,, and we can argue exactly as above to find

@ € Y, such that ¢, — ¢ weakly in Y,, with Lgp = f, and the Claim is proved.
Consequently, we may decompose

(1+|z

— 1. (3.4.41)

X, =ImL® (ImL)*,

according to the scalar product in X, .
Thus, for & € (ImL)J- we have

0= (Lu,&)x, = (Lu, (1 + [2)***E), Yu € Y.
The density of C§° in Y, implies that
=14z €Y, and Ly = 0.

Therefore by part (a), we may write: v = agpg + a+¢d+ + a_¢_ for suitable con-
stants ag, a4 and a_. Furthermore, by Lemma 3.4.20, we know that the radial function
fr) = ¢0(r)m € ImL and satisfies (f, ¢+);2 = 0. Consequently,

0=(f.x, =, ¥)2 = ao (2”/0 (lqﬁi(rr)z) d’)’

that is, ap = 0, and part (b) of our statement follows. O

At this point we can complete our perturbation analysis. By virtue of (3.4.30) and
(3.4.33), we see that
P:Y, xCxR— X,

in (3.4.10) is a well-defined smooth operator that can be extended with continuity at
& = 0, where we have P (0, 0, 0) = 0. Moreover, the linearized operator

oP
: 0,0,0): Y, xC— X, (3.4.42)
o(uy,a)
takes the form
A(p,b) = Lo + M (D), (3.4.43)

withg € Y,,b = b1 +iby € Cand

A

So on the basis of Proposition 3.4.19, we expect also to characterize Ker A C Y, and
ImA C X,. To this purpose, we observe:

M) = (pwo S22 )¢+b1 4 (pwo -2 )¢ by (3444)
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Lemma 3.4.22

2 ) ) +0o0 2 5 F2(N+1)
- = = - = ——rdr <0.
/RZ (Pwo 7P )¢ﬂE n/o (P(r)wo(r) 4 (r)) T -|—r2(N+1))2r r

Proof. We start by observing that

o 1 (N4 1A
16 (1 4+ r20+D)2 ) (1 4 204Dy

Therefore, in view of the decay estimates (3.4.31) and (3.4.32) of wq, we can use
integration by parts to obtain

2
/IRZ (pwo - Ep2> ¢

+00 (N 4 1)2r4N+2 ) PN+
= n'/ —4u)0(r) — —pz—2 rdr
0 (1 +r2(1v+1)) A (1 +r2(1v+1))

oo /1 , 1 2 5 F2WN+1)
=7 —L VI wo(r) — —p YN rdr
0 2 (1 4 r2N+D) A (1 + r2V+D)
+oo /1 , 1 2 ) r2(N+l)
= —L wy——— 5 — P rdr
0 2 (14 r2V+D) A (1 4 r20v+D)

1 +o0 1 2r2(N+1)
Y - ) rar.
A Jo 2 (1 + r20+D) (1 + r20V+D)

where, in the last identity, we have used the fact that wy satisfies (3.4.7). To estimate
the last integral above, we use the change of variable r = r? to find

“+o00 ’ 1 _4r2(N+1)
/ r —zrdr
0 2 (1 + r2(N+D)
00 —4tN+1

+
=16(N 14/ —_—
(N+1) 0 (]+tN+1)6

4 +o00 ZZN —+o00 t3N+1
=16(N + 1 / 7—5/ — it
( ) 0 (1+[N+1)5 0 (1+,N+1)6
too 2N 1 [t d 1
=16(N + 1)* / + / 12N+1—(7)d1
( ) ( 0 (l—i—lN'H)S N+1Jy dt (1+1N+1)5

+o00 ZZN N 1 +o00 ZZN
=16(N + 1)* / _ Nt / dt
0 (1 4 ¢N+DS N+1 Jo (1 4 N+DS

2N

2N ay

+00
= —16(N+1)3N/ <0,
0

(5 s 4

and the desired conclusion follows. O
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We are now ready to conlcude:
Proposition 3.4.23 Foro € (0, 1), the operator A : Y, — X, in(3.4.42) and (3.4.43)
is onto and Ker A = KerL = span{¢g, ¢+, ¢_}.

Proof. Let f € X,, weneed to find ¢ € Y, and b = b| + iby € C such that
A(p,b) = Lo + M(b) = f, with M () in (3.4.44). (3.4.45)

To this purpose, multiply (3.4.45) by ¢, and integrate over R to find

/sz¢+=/RzL¢¢+—4b1/R (pwo—%p)qﬁi—ztbz/R (pwo—_p)¢+¢_

400 2, F2(N+1)
_47rb1/0 (p(r)wo(r) - ZP (V)) Wdr’
as follows by Proposition 3.4.19 (b), and the well-known orthogonality properties of
trigonometric functions.

On the basis of Lemma 3.4.22, we may solve for b and derive:

1 +oo 2 F2AN+D) -1
b= iy f¢+(/ (p(r)u)o(r) - zpz(”)) Wdr) . (3.4.46)

Analogously, multiplying (3.4.45) by ¢_ and integrating over R? we derive:

| oo 2, PN+ B
by=—-— - fo- (/o (p(r)wo(r) — 3P (V)) m dr) - (3.4.47)

Set g = f — M(b), with M(b) in (3.4.44) and b; and b, specified, respectively,
in (3.4.46) and (3.4.47). We easily check that, [p» g+ = 0. Our problem is now
reduced to finding ¢ € X, : Lg = g, and this we have by Proposition 3.4.19 (b).
Thus, we have deduced that ImA = X,,. To characterize Ker A, just take f = 0 in the
argument above to find that b; = 0 = by, and so Ap = 0, if and only if, Lp = 0; that
is Ker A = KerL = span{¢g, ¢+, p_}. O

Setting
Uy = span{go, 1, -},
we obtain the following existence result for (3.4.4):

Proposition 3.4.24 For every 1 > 0 and a € (0, 1), there exist gy > 0 sufficiently
small and smooth functions

ag . (_80, 80) - (C9 ul,é) : (_8()’ 80) g UOH
with a;—o = 0 and uy z—o = 0, such that the function

uy(z) = ug,ag (e2) + log e + 2w (e|z]) + &%u1.+(e2) (3.4.48)



124 3 Planar Selfdual Chern—Simons Vortices

defines a solution for (3.4.4), with wq defined in (3.4.30) and satisfying (3.4.31)-
(3.4.33). Furthermore as ¢ — 0, the following estimates hold:

lu1,0(2)| < o(1)log(1 + [z]), |Vur.(2)] = 254, ¥z € R?;

+z|°

(3.4.49)
A Jgae's (1 —et) =8 (N + 1) + o(1).
Proof. A straightforword application of the Implicit Function Theorem (cf. [Nir])
yields to u, in (3.4.48). So it remains to check the validity of (3.4.49). To this pur-
pose, from (3.4.12), we have
lur,(2) < Cillurelly, log(1 + |z]), Vz € R?,

and ||u1¢|ly, = 0, as & — 0. Furthermore, from (3.4.10) we see that,

_Aul,s = fl,Sa

with f1, — 0in X,. We can check also that (1 + |z|2)|f1’g| < ¢j¢ in R?, with a
suitable constant ¢; depending on A but independent of ¢. Since u;, € Y,, we can
write

1
Vi@ = 5 [ D= feay,

and for |z| > 2 derive the following estimate:

121 f1,6 ()] 1zl f1, ()]
|| Vuy ¢ (2)] < LA ST e
[2l|Vuy ¢ ()] </ /{Iy k)

{ly—zl<Ely [y =2 ly —z|

- 2/‘ Y11/, DI
y-z1<h Iy —zl

()
56/15+2||f1,s||L1(R2)—>0, ase — 0.

=3 e+ izl [ max AL ) + 201l e
{ly—zl< } Lzl

The first estimate in (3.4.49) then follows.
Finally, notice that

x/ @ (1 — D)) = /1/ (D)1 = (D)) L
R2 R2 82
3 / plteas Qe (wobur ) _ 52 / o200y 4262wkt o)
R2 R2

Therefore, we can use the available estimates and (by dominated converge) pass to the
limit into the integral sign and conclude:

0 400
lim A / @1 — @) = ) / e'e=0.a=0 = 167 (N + 1) /
e—0 R2 R2 0

r2N+l

—d
(1_|_r2(1v+1))2 g

+00 d
— 87(N + 1)/0 m — 87 (N + 1).
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By virtue of Proposition 3.4.24, we conclude the following existence result con-
cerning non-topological Chern—Simons vortices:

Theorem 3.4.25 For a given set of (vortex) points Z = {z1,...,2N} (repeated ac-
cording to their multiplicity) and k > 0, there exist €9 > 0 such that, for every
e € (0, &), we have a planar vortex configuration (A%, ¢¥)+ solution to the self-
dual equations (1.2.45) in R? (with the %+ sign choosen accordingly) such that
i) ¢ vanishes exactly in the set Z, and if nj € N is the multiplicity of 7, then

¢4 (2) andae_(z) =0W(z—z))"),asz—zj;, j=1,...,N. (3.4.50)

ii) @4 satisfies property (3.2.1), and ¢5.(z) — 0 as |z| — +00. More precisely, there
exist constants C, > 0, R, > 0 and B — 0% as ¢ — 0 such that

|F& |+ 122 IVIGL % + 151 < Celz| 2NVHF2H5) vz > R, (3.4.51)

iii) Magnetic flux:
L= /]Rz (F)+ = £4n (N + 1) + o(1); (3.4.52)
Electric charge:
0% = /R (02 = HATKN + 1) + o(1); (3.4.53)
Total energy:
E; = /R2 Ex =4mvi(N + 1)+ o(1); (3.4.54)

as ¢ — O.

Observe that in comparison to Theorem 3.2.3, the construction above yields to
a vortex configuration that verifies the “concentration” property (3.2.8) only when all
the vortex points coincide. Indeed, to fix the ideas, letz; =z, =---=zy =0, v =1
and A = 1, then by Lemma 3.4.20 we can argue as above to obtain a radial solution
(about the origin) for the equation

—Au =e*(1 —e") —4nr Nd,—g, inR?, (3.4.55)
in the form

8(N+ ])232(N+1)1"ZN
ug(r) = log

2 2
i 62(N+1)r2(N+1))2) +e“woler) + &e7uy g(er), (3.4.56)

with wg defined in (3.4.30) and u . satistying the estimates in (3.4.49). Consequently,
for k > 0, the function

ug(r) = ug (%r) (3.4.57)
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defines a (radial) solution to the problem:
[—Au = 4e"(1 — ") — 4n No.—g in R? (34.58)

u(z) — 0as |z] - +o0.

Thus, if we choose ¢ = ¢ : % — 0,as k — 0, and set uy = ug, x, then

4
k—ze”k — 87 (N + 1)d,—0, weakly in the sense of measure in R2, ask — 07T

and the corresponding non-topological Chern—Simons radial vortex configuration sat-
isfies (3.2.8) withzy =z = --- = zy = 0.

We recall that a class of radial “non-topological” vortices was constructed for the
first time by Spruck and Yang in [SY1] by using a “shooting” method for the corre-
sponding O.D.E. problem. In particular, in [SY1] it was shown that (for v = 1) the
energy £ of radial non-topological solutions satisfies the lower bound £ > 4z (N + 1),
which we can now assert to be sharp.

However to have non-topological vortices enhanced with property (3.2.8), (as it
would be desirable for the physical applications) seems to require a bigger amount
of energy, i.e., £ > 8z N. This fact was observed by Chan—Fu-Lin in [CFL], who
introduced an alternative construction of non-topological vortices related to a new class
of radial solutions for (3.4.55). To this purpose, we observe that the radial solution u,
in (3.4.56) satisfies:

+oo
/ eug(r)(l _ eug(r))r dr =4(N+1)+o0(1)ase — 0.
0

In [CFL] the authors show that, in fact, for any prescribed £ > 4(N + 1), there exists
a unique radial solution u = u(r) for the equation (3.4.55) satisfying:

+00
/ MO0 =" Dyrdr =B
0

(see Theorem 2.1 in [CFL]).

Hence, Chan-Fu-Lin in [CFL] search for the solution of (3.1.4), whose profile
(after suitable scaling and translation) around a vortex point looks like one such “new”
radial solution.

However, to attain such “concentration” property, the authors need to require a
specific location for the vortex points {z1, ..., zny}, which must be placed around a
circle to form an equilateral polygon with Zy-symmetry. Thus, if zq is the center of
the circle, then the angle between the segment zoz; and zoz; 1 must be equal to ZW”,
Vj=1,...,N and zy+1 = z1. The solution constructed in this way keeps the same
Zn-symmetry.

More precisely, under such assumptions on the location of the vortex points and
the normalization v = 1, the following holds:
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Theorem 3.4.26 [CFL]: Given a number ® > 8 N, there exists kg > 0 such that,
for every k € (0, ko), we have a planar selfdual vortex configuration (A, ¢)+ solution
to (1.2.45) in R? (with + sign chosen accordingly and v = 1) with the following
properties:
i) ¢+ vanishes exactly at the Zy-symmetrically located (distinct) points z1, ..., ZN
and

¢+ (@), p_(21)=0@—2z;)asz—>zj, j=1,...,N.

Furthermore |¢+| < 1in R? and |¢p+| — 0 as |z| — +o0.
ii) The following estimate holds:

_2 Q—N
|(Fi2)<| + 1212 VIgwl® + 1+1* = O (|z| (= )), as |z| — +oo.

iti) The corresponding magnetic flux, electric charge and total energy are given re-
spectively as follows:
Magnetic flux: [p2(Fi2)+ = £®; Electric charge: [:(J%)+ = £k®;
Total energy: [p, E+ = @.
In fact, for the local flux around z;, j =1, ..., N, we have

1
/ (F))+ =+—® +o0(1), ask — 07,
By (z)) N

for sufficiently small 6y > O.
iv) As k — 0%, we have:

(a) (F1p)+ > £ (% (D) Z;v:l J;;, weakly in the sense of measure;

(b) log |¢|? is locally radially symmetric around zj, j =1,..., N, and after suitable
scaling,

N

®

log|$|* — (2——27”\]) E log|z — z;I* + C,
j=1

for some C € R.

We refer to [CFL] for details.

3.5 Final remarks and open problems

In concluding our discussion about planar Chern—Simons vortices, we wish to return
and emphasize the main problems which remain open for the planar 6th-order Chern—
Simons model discussed above.

Firstly, concerning planar topological solutions, their unique and possibly smooth
dependence on the vortex points remains to be clarified. This question can be formu-
lated more precisely in terms of the elliptic problem
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N
—Au=e"(1—e") —4x > 5, inR?

o (3.5.1)
u(x) > 0 as|x| - 4o0
as follows:
Open problem: For any assigned set of (vortex) points {z1, ..., zy} C R? (not nec-
essarily distinct), does problem (3.5.1) admit a unique solution? Can it be smoothly
parametrized by the given points {z1, ..., zn}?
We know the answer to be affirmative for the case z; = --- = zy, namely, when

all the vortex points are superimposed with multiplicity N € N. In fact, in this case one
can provide uniqueness for problem (3.3.1) for any N € [0, 400), and in particular,
for N = 0, where Dirac measures are not included in (3.5.1).

Such uniqueness property persists under small “perturbations,” in the sense that,
uniqueness continues to hold for (3.5.1) when all vortex points are located sufficiently
close to the origin (“perturbation” from the single vortex situation) or to infinity (“per-
turbation” from the zero vortex situation) (see [Cho]).

Concerning planar non-topological vortices, it is important to understand if the
limit, kK — 0, produces a “concentration” effect on the vortex configuration, as it
always occurs for topological vortices.

In other words, we are now interested in exploring the possibility of constructing a
solution u, for the problem

N
—Au=je"(1 —e") —4x D 5.,

j=1
u(x) - —oo as |x| > 400

such that

N
L (1= €'y — > o, ash — +oo, (3.5.2)
j=1

weakly in the sense of measure (possibly along a sequence 4 = 4, — +00), for
suitable #; > 0, j =1,..., N.
Again, a partial answer can be furnished when all the vortex points coincide, i.e.,

71 =---=zyand f = 8z (N + 1) (see (3.4.56) and (3.4.57)), or when they are all
distinct and placed to form a Zy—symmetric polygon in RZ. In this case, (3.5.2) is
satisfied for any choice of f = ) = --- = fiy > 16x.

Finally, all our analysis has not yet clarified whether a propriety analogous to that
stated in Theorem 3.2.2 for the Maxwell-Higgs vortices remains valid for Chern—
Simons vortices.

Namely,

Open problem: Does any finite energy (static) solution of the Chern—Simons field
equations (1.2.33) and (1.2.34) in R? reduce to a solution of the selfdual equation
(1.2.45)?
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An affirmative answer to this question would show that no mixed vortex-antivortex
configurations occur for the selfdual Chern—Simons model discussed above, in a man-
ner similar to what happens for the Maxwell-Higgs model.

It would be very interesting to provide an answer to such a question, were it limited
to Chern—Simons solutions subject to topological boundary condition at infinity, or
periodic ones (as discussed in the following chapter).

Concerning other Chern—Simons models, we mention that the existence of selfdual
Maxwell-Chern—Simons—Higgs vortex configurations (A, ¢, N) satisfying (1.2.63)
under fopological-type boundary conditions has been established by Chae—Kim in
[ChK1]. Since the topological boundary conditions require a non-vanishing property
for the magnitude of the Higgs field at infinity, we see that (by taking into account
(1.2.59), (1.2.61), and (1.2.62)) for the Maxwell-Chern—Simons—Higgs model, this
amounts to satisfy

2
1> — vZand N — %, as |z| = 4o0; (3.5.3)

while non-topological boundary conditions are expressed as
|p|> > 0and N — 0, as |z| — +oo. (3.5.4)

In [ChK1], the authors succeded in showing that under (3.5.3) the corresponding el-
liptic problem (2.1.14) can be formulated variationally over the space H>(R?). Thus,
in analogy to the 6th-order Chern—Simons model, they obtain a topological solution
by a minimization procedure. For this solution, the rate of convergence in (3.5.3) is
exponentially fast. In addition, the authors also use an iteration scheme to obtain an
alternative existence result yielding to a solution having the advantage to pass to the
limit in strong norm in the abelian—Higgs limit (i.e., 0 — 0 and ¢ fixed), and in weak
norm in the Chern—Simons limit (i.e., 0 — 0 and ¢ — 400 and k = 5 fixed).

It is interesting to note that an analogous variational approach works equaly well
to treat planar topological vortices for the non-abelian Chern—Simons model (1.3.99),
(1.3.100), and (1.3.101). In this case, under the ansatz (1.3.116), (1.3.117), the finite
energy condition imposes that the component ¢¢ of the Higgs field satisfies

/Rz 16912 (% — 18812 Kpa) < 400, (3.5.5)

Ya = 1,...,r, where r is the rank of the (semisimple) gauge group with associated
Cartan matrix K = (Kp,).
Hence in this situation, fopological vortices are require to satisfy

,
1“1 — 161> := 0> D (K™ ap, as |z > Foo, (35.6)
b=1

fora=1,...,r.
In [Y6], Y. Yang introduced a variational principle (in the Sobolev space
H'(R%, R") of vector-valued functions) corresponding to the elliptic system (2.1.21),
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subject to the boundary condition (3.5.6). Again, by a minimization principle, the
author in [Y6] derives a topological non-abelian Chern—Simon vortex in R?, charac-
terized by properties analogous to those established above for the topological vortex
solution of the 6th-order Chern—Simons model (describing the case for rank r = 1).
We refer to [Y6] or [Y 1] for details.

Observe that the element ¢g = ¢ Eq, with |</5g|2 in (3.5.6), defines a zero for
the (non-abelian) selfdual potential V in (1.3.101). Hence, it defines a vacuum state
for the system, known as the principal embedding vacuum. However, V admits other
vacua states ¢o = ¢ Ej, where the component ¢5 may vanish (i.e., ¢5 = 0) for
some a € {1,...,r}. It is an interesting problem, completely open to investigation,
to determine vortex configurations asymptotically gauge-equivalent to those vacua, as
|z] = +oo. In this respect, even the extreme case where ¢g =0,VYa=1,...,r,
(known as the unbroken vacuum state) describing the “non-topological” situation, has
not been handled yet.

On the contrary, for the Maxwell-Chern—Simons—Higgs model, non-topological
vortex solutions satisfying the boundary condition (3.5.4) are available. They have
been constructed by Chae—Imanuvilov in [ChI3] by extending to the elliptic system
(2.1.14) the perturbation approach in [ChI1] discussed above.

However, nothing is known on whether they admit a “concentration” behavior
around the vortex points (as the Chern—Simons parameter tends to zero), an impor-
tant information for meaningful physical applications.

Finally, about the planar topological vortex configurations discussed above (as for
the 6th-order Chern—Simons model), it is reasonable to expect their unique (and pos-
sibly smooth) dependence on the vortex points. But for both the Maxwell-Chern—
Simons—Higgs model and the non-abelian Chern—Simons model, such a uniqueness
issue is still unresolved.
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Periodic Selfdual Chern—-Simons Vortices

4.1 Preliminaries

We devote this Chapter to the study of periodic Chern—Simons vortices. Again, we con-
centrate mainly on the 6th-order Chern—Simons model (1.2.45), where we can carry
out a rather complete analysis. We shall give indications of a possible generalization
to other models.

Let Q C R? be the periodic cell domain in (2.1.27), and {z1,...,zn} C Q be
the assigned vortex points (repeated according to their multiplicity). By considering
the normalization v2 = 1 (always possible via (3.1.2)), we are lead to investigate the
following elliptic problem

N
—Au=Jje"(1—e") — 4z D 4., inQ,
j=1
u doubly periodic on 0€2,

(4.1.1)

with 4 > 0 given in (3.1.3).
Again, it is convenient to work with v, the regular part of u, defined via the decom-
position

u=uo+v, 4.1.2)
with uq the unique solution (see [Au]) of the problem
N
4z N
Aug = 4n 0,, — —— inQ,
0 ; RAERTS] 4.1.3)

Jouo =0, ug doubly periodic on 8L,

with |Q] = Lebesgue measure on €.
Thus, in terms of v, the problem is reduced to solving:

[—Av = Ae" 0tV (1 — gtotv) — 4l in @

- (4.1.4)
v doubly periodic on 0€2.
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Notice that the weight function ¢"° is smooth, doubly periodic on 6, and vanishes

exactly at zy, ..., zy according to their multiplicity. More precisely,
e”O(Z)z 0(|Z_Zj|2nj), as z —> zj, 4.1.5)
for n; the multiplicity of z; and j = 1, ..., N. We start by pointing out some elemen-

tary properties valid for a solution v of (4.1.4).
First of all, as an immediate consequence of the maximum principle, we have

up+o <0in Q; (4.1.6)
while, after integration over Q, we find

; / 10 (1 — g 0H0) = 4z N, 4.1.7)
Q

From (4.1.7) we see that

1\>
,1/ et — — ) =Z|Q| -4z N.
o 2 4

And so we deduce the following necessary condition for the solvability of (4.1.4):

2> 167N (4.1.8)
=z Tar 1.
In addition, if we write
v=w+d, with/w:Oandd:][U; 4.1.9)
Q Q
then by (4.1.6) and (4.1.7), we find
4 N - | Q| 41.10
4dr N
NAw||L>@) = [lAvllL=@) < 4+ ar

Therefore, well-known elliptic estimates imply that w is bounded in Q, and uniformly

so, for every A in a bounded subset of the interval [% , +00). Since Jensen’s inequal-

ity (see (2.5.8)) implies that f—g et > 1 we see that the same uniform boundedness
property holds for v. In fact, after a bootstrap argument, such a property can be ex-
tended to hold in C" (Q)-norm, for any given m € Z*.

In other words the following holds:

Lemma 4.1.1 (a) If problem (4.1.4) admits a solution, then 1 > 167 N

Qr
(b) For a given 1y > 1‘66(\], the set of solutions of (4.1.4) with 1 € [0, Lo] is compact

in C>*(Q) a € (0, 1), and in any other relevant space.



4.1 Preliminaries 133

In the following we shall be interested in describing the asymptotic behavior of the
solution for (4.1.4) as A — +o0. For this reason, we point out also the following
estimate (uniform in 1) in the weaker norm.

Lemma 4.1.2 Let . > 0 and v be a solution for (4.1.4). For any q € (1, 2) there exists
a constant C, > 0 (independent of ) such that

[IVollLe) < Cq.

Remark 4.1.3 As a consequence of Lemma 4.1.2 and Sobolev’s embedding theorem,
we know that, for any sequence A, — +oo, if v,, solves (4.1.4) with A = 4,, then
(along a subsequence) w, = v;, — fh v,, converges in L? (Q), Vp > 1 and pointwise
almost everywhere.

Proof of Lemma 4.1.2. Set w = v — fg, v, and for g € (1,2) let p = qul be its dual
exponent. We consider the Sobolev space

Hy(Q) = {v € Wll(;lc’ (R?) : v doubly periodic, with periodic cell domain Q ]
4.1.11)

= WP (R’ /a1Z x ayZ) ;
and recall that

[IVollLe@) = lIVwl|Le@)
= sup [/QVwV¢ D¢ € Hp(Q)|IVPlLr) = 1 and /ng = 0] .

Since for p > 2, we have the continuous Sobolev embedding: H,(Q) — L*(Q),
then for ¢ € Hp, ng’) = 0 and ||[V@||Lr@) = 1, we find [|¢]|Leo@) < C for a
suitable constant C > 0.

So, by means of (4.1.6) and (4.1.7), we can estimate

Vo -Vé=— | Aw-g=—| Av-¢p=2 [ eoto(1 =m0ty
A fyaueo==fyroo=4

< Il / (N1 = ) < 47 NC,
Q
and the desired estimate follows. O

Concerning the structure of the solution-set of (4.1.4) (for 4 > 0 large), we see that
by the condition (4.1.7), we are still lead to expect two classes of solutions. Namely,
those satisfying

e 5 lae.in Q, as 1 — 400, 4.1.12)
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which, in analogy to the planar case, we shall call of the “topological-type”’; and those
satisfying

€0’ 5 0ae.in Q, as 1 — 400, (4.1.13)

which we call of the “non-topological-type.”
We devote the rest of this chapter to constructing solutions to (4.1.4) for each such

type.

4.2 Construction of periodic ‘‘topological-type” solutions

We take p = 2 in (4.1.11), then H ,—» () reduces to the Sobolev space H(£2) defined
in (2.4.23), and furnishes the natural space in which to seek solutions for (4.1.4).
A first contribution towards the existence of solutions for (4.1.4) (for 4 > 0 large)
was provided by Caffarelli-Yang in [CY] by means of a sub/supersolution method.
To this purpose, recall that a function v € H(Q) is called a (weak) subsolution
(respectively supersolution) for (4.1.4) if Vo € H(Q), with ¢ > 0 in Q we have:

/ Vo - Vo — /1/ 0t (1 — "0ty <0 (resp. > 0). 4.2.1)
Q Q

Lemma 4.2.4 There exists A, > 0 and a smooth function v_ € H(Q) such that v_
defines a subsolution for (4.1.4), VA > .

Proof. We shall construct v_ as a smooth doubly periodic function on 0Q satisfying

4 N
€2

—Av < Ae"0tV(1 — Moty — in Q, 4.2.2)

for large values of 1.

To this purpose, let & > 0 be sufficiently small so that By.(z;) CQ, j=1,...,N
and for z; # z, B2:(z;) N Bo:(zx) = ¥. Consider a smooth cut-off function f; €
CP(Q) such that 0 < f; < 1, f; = lin U?’leg(zj) while f.(z) = 0, Vz ¢

Uj=leg(Zj). Set
8t N
o= (fg ][f)

Let v be the unique solution (depending on ¢) for the problem:

AVY =g, inQ,
v e H(Q)and [0 =

Set

o =02 —d, (4.2.3)
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with d > O sufficiently large to guarantee
uo+ov- <0in Q. 4.2.4)

Note that f—Q f: = O(&?), and therefore Vz € U?’zl B (z;), we have:

8t N 47 N
=—(1+0(&)) = —, f 0 sufficientl . (425
8:(2) Q ( + (8 )) = q or ¢ > 0 sufficiently sma ( )

On the other hand, by (4.2.2) it follows that
uy = max{e"0 - (e“O'H"(Z) - l) , V2 e Q\ Uj-vlea(Zj)} <0,

and we find
4z N 4z N
1€ ’

< —Alugl + Ql

Jel0@+o-(2) (euo(Z)-H)—(Z) _ 1) + (4.2.6)

VzeQ)\ U?’leg (zj). Thus, if we combine (4.2.5) and (4.2.6), we see that if we fix
¢ > 0 sufficiently small, then we find 4, > 0 such that
4z N

Jetoto- (guo+vf — 1) + W < g, inQ, VA > 4,,

and (4.2.2) follows with v_ in (4.2.3). O

Remark 4.2.5 By a closer look at the arguments above, we see that the parameter A,
depends on the value: n;in |zj — zk|, (beside obviously N and €2) but not on the actual
2jF%k

position of the vortex points.

To obtain a solution for (4.1.4), we can proceed either by an iteration scheme (see
[CY] and [Y1]), or variationally by means of a minimization problem over H ().
We shall present the variational approach to remain in the same spirit of the planar
topological vortex problem (discussed in Section 3.1). Also, the variational approach
will be useful in identifying the second class of “non-topological-type” solutions.

To this purpose, let

1 y! 2 4N
Jz(u):E/Q|Vz)|2+§/g(e”0+”—1) +W v v e H(Q). (4.2.7)

By virtue of (2.4.24), we see that J; is well-defined, continuosly Fréchet differentiable,
and weakly lower semicontinuous in H (). Furthermore, its critical points correspond
to (weak) solutions to (4.1.4).

Lemma 4.2.6 Let v_ € H(Q) be a subsolution for (4.1.4) and set
A={v e HQ): v >v_a.e inQ}.

Then J), is bounded from below in A where its infimum is attained at a critical point.
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Proof. Clearly,
inf J; > 47rN][ v_. (4.2.8)
A Q

To obtain that the infimum in (4.2.8) is achieved, we consider a minimizing sequence

v, € A; thatis

1 A » 4zN .
Jz(vn)=E/QIanlz—i-E/Q(e”O”"—1) +W Qu,,—anJ;,

Therefore,

||an||L2§Cand/u_§/vn§c,
Q Q

for a suitable constant C > 0. In other words, v, is uniformly bounded in H (L), and
so we can find a subsequence (denoted in some way):

v, — v weak in H(Q) and pointwise a.e. in Q.
Consequently, v € A and by the weakly lower semicontinuity of J;, we find

J,(v) = iI)lfJ),.

So v gives the desired minimum of J; in A. The fact that v defines a critical point for
J; in H(Q) is a consequence of a well-known property of a subsolution (supersolution)
in a variational guise (see e.g., Theorem 1.24 in [St1] or the appendix of [T1] or Lemma
5.6.31in [Y1]). O

So, after Lemma 4.2.4 and Lemma 4.2.6, we conclude the existence of a solution
for problem (4.1.4), provided that 1 > 0 is sufficiently large. In other words, setting

I' ={1 > 0: problem (4.1.4) admits a solution}, 4.2.9)

we then know that I contains an infinite interval, and (recalling (4.1.8)), that it is a
well-defined value:
167 N
||

Je = inf{A, LeT}> (4.2.10)

Lemma 4.2.7 We have
I =[4, +00), (4.2.11)
and so, problem (4.1.4) admits a solution if and only if 1 > A..

Proof. Let 11 € T, so that problem (4.1.4) with 1 = 4| admits a solution v;. By virtue
of (4.1.6), v defines a subsolution for (4.1.4) for every 1 > A;. Thus, we can apply
Lemma 4.2.6 (with v_ repaced by v1) to obtain a solution of (4.1.4) for every 4 > 1;.
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In other words, A; € I' implies that the whole interval [A1], +00) C T'. This allow us
to conclude that (1., +00) C T'. Finally, we can also derive a solution for 1 = 1. by a
limiting argument on the basis of Lemma 4.1.1 (b). O

It is useful to observe that for any fixed 1 € [A., +00), by Lemma 4.2.6, we can
construct a maximal solution v, for (4.1.4) just by setting:

01,2(2) = sup{o(z) : v € H(Q) is a subsolution for (4.1.4)}
= max{o(z) : v is a solution for (4.1.4)} < —up(z).

In particular, v, is monotone increasing in A; that is, if x4 < A, then vy ,(z) <
01,,(2), Yz € Q. Hence, we can take the pointwise limit as 1 — lj‘, and conclude
that

v1,4.(2) = inf 01;(2) = lim 01 ;(2).
’ A>de it

In conclusion, we have proven the following result:

Theorem 4.2.8 There exist 1. > % such that

(i) for every . > A, problem (4.1.4) admits a maximal solution v1; which is
monotonically increasing in A. That is,

ifle <A <, thenvy ;(x) < vy ,(x), Vx € Q,

and satisfies
up +01,,(x) <0, Vx € Q.
In particular,
01,5, (x) = inf 01 31(x), Vx € Q.
A>2e
(ii) For A < A¢, problem (4.1.4) admits no solutions.

Remark 4.2.9 Concerning the dependence of 1. on the position of vortex points
Z1, ..., 2N, wWe can take into account Remark 4.2.5 to see that besides Q and N, its
value depends only on (the reciprocal of) the minimal distance between distinct vortex
points and not on their actual locations. So a “discontinuity” for A.(zy, ..., zn) can
occur only when different vortices collapse together.

Setting
S, ={v € H(Q) : v is a solution for (4.1.4)}, 4.2.12)

we have then shown that the set S; # ¢ if and only if 2 > 1., in which case it always
admits a maximal element.

Remark 4.2.10 For 4 > 4., it is also possible to construct a minimal solution w,
among all possible solutions of (4.1.4) bigger than the subsolution v ;. To this pur-
pose, it suffices to consider the supersolution,

vf(z) = min {v(z) :veS;ando >0y, in Q} ,
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and as in Lemma 4.2.6, obtain w; as the minimizer of J, on the set {v € H(Q) :
01,5, <0< v/'f a.e. in Q}. As a matter of fact, setting

Xy =1{veHE): v <0 =<w,ae inQ}, (4.2.13)
we see that the minimal solution w; is characterized by the following properties:

Jiwy) = i%lf Jis (4.2.14)
A

and
S$pNZ; ={w;}, (4.2.15)
YA > Ac.

By a recent result of the author (see [T7]), we actually know that the maximal and
minimal solution is one and the same for sufficiently large 4 > 0.

Next, we exploit further the variational formulation above in order to show that for
every 4 > A, problem (4.1.4) admits a solution other than the maximal one.

To this purpose, we first need to derive an improvement to the statement of Lemma
4.2.6 based on the observation of Brezis—Nirenberg [BN], asserting that, for general
variational principles of elliptic nature, minimization in C'-norm is equivalent to min-
imization in H'-norm.

Let v, = 01,5, be the maximal solution for (4.1.4) at 4 = A.. Since it defines a
strict subsolution for (4.1.4) for every 1 > 4., we can use it in Lemma 4.2.6 to obtain
a solution v, to (4.1.4) satisfying:

Jy(vy) =inf{J;(v) : v € H(Q) and v > vy, a.e.in Q}. (4.2.16)
Note that, by the strong maximum principle, we have the strict pointwise inequality:
0;(x) —vy(x) > 0, Vx € Q. 4.2.17)

Therefore, v; defines a local minimum for J; in C°(Q)-topology.
The following stronger result holds:
Lemma 4.2.11 v, defines a local minimum for J, in H(Q).
Proof. We argue by contradiction and assume that for every p > 0 there exists v €

H(Q):
[lo —vall < pand J)(v) < J3(v2).

As in the proof of Lemma 4.2.6, we see that J; attains its infimum in B, (v;) = {v €

H(Q) : |lo —v,]| < p}. Hence, for a sequence p, — 0, let v, represent the corre-
sponding minimum of J; in B, (v;). Therefore Vn € N,
Jy(vn) < Jy(vy), (4.2.18)

and as n — 00,

v, — v, strongly in H(Q). (4.2.19)
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In particular,
elotn s o0t in LP(Q), Vp > 1. (4.2.20)
Furthermore, we can use the Lagrange multiplier rule to see that v, satisfies

AN
—Avy + A0t (eM0tn — 1) 4 (rT' = tn (=A(vp —v)) + 05 —07),

for a suitable Lagrange multiplier u, < 0. Therefore, if we use (4.1.4) for v;, we find
that

A
—A(Dn _ Ui) — n Ilu | (euo+v,, (1 _ eu0+u,,) _ eu0+v,1 (1 _ euo+v;))
n
| tnl
— " (0p —0y). (4.2.21)
L+l "

By virtue of (4.2.19) and (4.2.20), we see that the right-hand side of (4.2.21) con-
verges to zero in L? (Q), Vp > 1. Consequently, by standard elliptic estimates, we see
that v, — v; uniformly in Q. Thus, we can use (4.2.17) to conclude that v,, > v in Q,
for n sufficiently large. But this is clearly impossible since (4.2.18) would contradict
(4.2.16). O

If we combine Lemma 4.2.11 with the fact that the functional J) is unbounded
from below in H(£2), we see that J; admits a “mountain-pass” geometry in the sense
of (2.3.3) (cf. [AR]) and we can draw the following conclusion:

Proposition 4.2.12 For every 1 > A, the functional J, admits at least two critical
points in H(Q).

As a first step towards the proof of Proposition 4.2.12, we need to establish the
following.

Lemma 4.2.13 The functional J, satisfies the (PS)-condition at any level ¢ € R.
Proof. Actually, we check the following stronger property: if {v,} C H(Q) satisfies

J,(vp) = 0in H*(Q) (= H(Q)), then v, admits a strongly convergent subsequence.
To this purpose, write

Op = Wy + 1ty tnz][vnand/wnzo.
Q Q

We have

o) = o)1) = [ et (@~ 1) 4 ax,
“ (4.2.22)
olllwall) = T} a)wy) = [ Vo3 + 4 /Q P (0t 1)



140 4 Periodic Selfdual Chern—Simons Vortices

Using Holder’s inequality, from the first property in (4.2.22), we derive

1
/ e2oton) _ |Q|% (/ ez(“°+v”))2 + —47[N <o(l),
Q Q A

yielding to the uniform estimate
/ Poton) < (4.2.23)
Q

for a suitable constant C > 0. On the other hand, by means of Jensen’s inequality

(2.5.8),
][ eloTn > exp (][ uo + u)n) =1,
Q Q

we can use (4.2.23) to obtain the upper bound:

1
e < el 7[ eHo+wn =][ etoton < (][ 62(uo+vn))2 <C. (4.2.24)
Q Q Q

At this point, by the second property in (4.2.22), we deduce the estimate:

olonl) = 1Vl gy +2 [ %@ = 1y,
— ||an||i2(g) +j./ eu()+l)n (eu()+w,,+l,, _ eu()—i-tn)wn (4225)
Q

+A / et 00, > ||V, |12, — Cllwnlli2) Yn € N,
Q

Consequently,
IVwnlli2q) = C, (4.2.26)

for a suitable constant C > 0. In particular, by means of Moser-Trudinger inequality
(2.4.24), for every p > 1, we have

‘ / e“O'HUn
Q

Vn € N, with a suitable constant C;, > 0 (depending only on p). Observing that the
first identity in (4.2.22) also implies

<C,, (4.2.27)
L7 (Q)

4z N
e’"/ eoten > T4 o(1),
o 7

we can use (4.2.27) (with p = 1) to deduce the lower bound

4
tn > log " _log Cy + o(1).



4.2 Construction of periodic “topological-type” solutions 141
Combining the estimates above with (4.2.24), we conclude that
| = C, (4.2.28)

Vrn € N and for a suitable C > 0. Since (4.2.26) and (4.2.28) imply that v,, is uni-
formly bounded in H (L), we can find a subsequence (denoted in the same way) to
assert that

vn — v weakly in H(Q) and strongly in L>(Q),

for a suitable v € H(Q).
Furthermore,

11 0n — 0112 = T} (0n) (o — v) — /Q 0 (0 _ 1), — 1)

—47rN][(vn —v)+/ Vo - V(v, —v)
Q Q

4z N
< o(1)||on — oll + A(nez“’ﬁ“")ny + |leorom || + — ) o = vll12(q

1|2
+o(1) = Cllon — vl 2q) + o(1),
as follows from (4.2.26), (4.2.27), and (4.2.28). Consequently, ||v, — v|| — 0, and

the desired conclusion follows. O

We are now ready to give:

Proof of Proposition 4.2.12. Let pg > 0 be such that

Jy() = inf  Jy(v),

[lo—v;11=2po

with v, as givenin Lemma 4.2.11.If J; (v3) = infjjy—y,||=p, J2(v), then we would find
a local minimum for J; in 8B, (v,) to provide us with a second critical point. Hence
suppose that

L) < it ). (4.2.29)

[v—vzll=po

We easily check that J, (v), —t) — —ooast — 400. So we can find 7y > 0 sufficiently
large to satisfy

to > po and J;(v) — tg) < Jy(v;). (4.2.30)

Therefore, by properties (4.2.29) and (4.2.30), we see that J, verifies the “mountain-
pass” property (2.3.3) with I' = 8B, (v,), v1 = v, and v = v, — fo . Thus, letting

P ={y : [0, 1] - H(Q) continuous, y (0) = v, and y (1) = vy, — 1o},
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and by means of Lemma 4.2.13 and Remark 2.3.6,

c) = inf max Jy(y () > Jy(vy)

yeP te€l0,
defines a critical value for J; (see [AR] and [St1] Theorem I1.6.1). Since c; > J,(v,),
¢, yields to a critical point different from v . O

As a consequence of Proposition 4.2.12 we have:

Theorem 4.2.14 For 1 > A, problem (4.1.4) admits a second solution (distinct from
the maximal solution).

Our next goal is to obtain more precise information about the asymptotic behavior of
those different solutions, as 4 — +o0o. More precisely, we wish to know whether,
respectively, they satisfy the “topological-type” condition of (4.1.12) and the “non-
topological-type” condition of (4.1.13). A criterion that distinguishes between these
two classes of solutions is given as follows:

Lemma 4.2.15 Let v; be a solution to (4.1.4), and set

di:][ 0.
Q

(1) Iflimsup,_, , o, e < 400, as . — +oo, then
"0t 5 0, in LP(Q) Yp > 1 and pointwise a.e. in Q. (4.2.31)

(2) If re¥ — 400, as . — 400 (or possibly along a sequence 1, — +0o0), then as
A — +00 (or along the given sequence):

@) up+v, > 0inLP(Q)N Cloc(g \{z1,...,2N)), (4.2.32)

forevery p>1, andm € Z%;

(ii) Ae"0tVi(1 — "0tV s g 252 =4z > n;d;;, (4.2.33)
jeJ
Al —e")? — 4x znjazj, (4.2.34)
jeJ
M1 —e") > 4z D nj(l+n))d;,, (4.2.35)
jeJ

weakly in the sense of measure in Q. Where J C {1, ..., N} is a set of indices iden-
tifying all distinct vortices in {z1, ..., zn}, and nj € N is the multiplicity of z; for

jed.
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Proof. To establish (4.2.31), notice that by the given assumption, necessarily d;, —
—o0 as A — +00. As a consequence, we claim that

"0t 5 (0 pointwise a.e. in Q. (4.2.36)

Indeed, on the basis of Remark 4.1.3 we know that, for any sequence 4, — +0o0,
wp =v,, —d;, =0y, _][UA,, — wy, in L?(Q) and pointwise a.e. in Q

(by taking a subsequence if necessary). Consequently, e“0t0in = egdnetottn 5 ()
pointwise a.e. in Q, for any sequence 1, — 4o00. Thus we deduce (4.2.36). At this
point by (4.1.6), we can use dominated convergence to conclude that e+ — 0 in
LP(Q),Vp > 1 as claimed.

To establish (4.2.32) and (4.2.36), we start by observing that the given assumption
implies that,

d;, — 0and ug +v, - 0in L?(Q), p > 1; (4.2.37)

as 4 — +oo (or along the given sequence A, — +00). To this purpose, notice that by
(4.1.6) we have e? € (0, 1), YA > 0. Assume that

liminfe? := A € [0, 1]. (4.2.38)

A——+00
Then along a sequence Ay — +00, we find
e — A and wy = Oy —][0,1,( — wp in L?(Q) Vp > 1, and pointwise a.e. in Q.
Notice, in particular, that
/ wo = 0. (4.2.39)
Q

On the other hand, if we use (4.1.7), then

/ eu0+wk (1 _ eug-‘:—ruk) — 4r N
Q

d

— — 0, ask — +o0.
Arek

So we can use Fatou’s lemma to conclude that Ae“0t®0 = 1. Hence A > 0, and since
+ 1 !

u wo = log —

0 0 g 1
we can use (4.2.39) to find
1

log — =][ ug +wo =0, thatis A = 1.

A Jo

Consequently d; — 0, as A — +o0 (or along the given sequence), and ug + v; — 0
inL”(Q),Vp > 1.
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With this information, we can proceed exactly as in the proof of Proposition 3.2.9,
to obtain the estimates

N

/1/ MOV (] — 0TV 4 Zq)(zj) < lAgllLe@lluo +villL1q) (4.2.40)
Q .
Jj=1

Yo € H(Q) N C™, and for Qs = Q \ uj.Vle(;(z,-), >0,

Cs(p)

lluo + vz llLoe@y) + 11404 (1 — “0F4)| | o) < (4.2.41)

for any given p > 1, with Cs(p) > 0 a suitable constant independent of A.

Thus, from (4.2.40) we readily get (4.2.33); while we can complete the proof of
(4.2.32), by virtue of (4.2.41) and a bootstrap argument. Finally, by arguing as in the
proof of Corollary 3.2.10, we can use a Pohozaev-type identity around each vortex
pointzj, j =1,..., N to deduce (4.2.34) and (4.2.35). O

By Lemma 4.2.15 we can immediately classify the maximal solution vy ;, as being
of the “topological-type.” Indeed,

for 4 = Ao, dis, = ][ o1 s][ o1 = di s
Q Q

and therefore, le?l> — +00. Thus we conclude:

Corollary 4.2.16 The maximal solution of (4.1.4) (as given by Theorem 4.2.8) satis-
fies the “topological-type” condition (4.1.12), where the convergence holds in LP (Q)
Vp > 1 and pointwise a.e. in Q. In addition, it satisfies the convergence properties
(4.2.32), (4.2.33), (4.2.34), and (4.2.35).

4.3 Construction of periodic ‘“non-topological-type” solutions

At this point, it is natural to ask whether the “mountain-pass” solution constructed
above is of the “non-topological-type.” A first answer to this question has been pro-
vided by Ding—Jost-Li—Pi—-Wang in [DJLPW] with an approach that works equally
well in a higher dimension and allows us to treat vortex-type solutions for the Sieberg—
Witten functional (cf. [Jo]). In our context their result completes Theorem 4.2.14 as
follows:

Theorem 4.3.17 [DJLPW] For 4 > O sufficiently large, problem (4.1.4) admits a
“non-topological-type” solution v, in the sense that (4.2.31) holds.

Before going into the details of the proof of Theorem 4.3.17, we mention that previ-
ous results relative to “non-topological type” solutions are contained in [T1], [DJLW2],
[DJLW3], and [NT3]. Those results concern mainly the single or double vortex case
(i.e., N = 1, 2), and have the advantage to yield solutions that verify the convergence
property in (4.2.31) with respect to C°(Q)—norm. We shall return to discuss this as-
pect in Section 4.4.
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As already mentioned, the proof of Theorem 4.3.17 relies in a “mountain-pass”
construction. However to attain the desired non-topological information, we need to
replace the local minimum v, of Lemma 4.2.11 with the minimal solution w;, as char-
acterized by (4.2.14) and (4.2.15). But we can check that w, defines a local minimum
only with respect to the stronger W22 (Rz J a1z x azZ) -topology. Therefore, we also
need to modify the pseudogradient deformation flow in (2.3.6), (2.3.7) (cf. [St1], [R])
with the more regular heat flow:

vy = Av + Aetotv (1 — etotvy — ‘TTT]\V inQ x RT,
v(-, 0) = go, (4.3.1)
v (-, t) doubly periodic on 8Q, Vt > 0,

where the initial data g is suitably chosen.
To be more precise, let

X; = {1) e w22 (Rz/alZ x a2Z) . b <@ in Q} c H(Q).

Then X, is a closed convex subset of W22 (R2 Ja1Z x azZ), with induced norm
denoted by || - [|x;.

Since w is a solution for (4.1.4), we know that X, is invariant under the heat flow
(4.3.1), and the following holds:

Lemma 4.3.18 For every go € X, problem (4.3.1) admits a unique smooth solution
v in Q x (0, +00), such that v(-,t) € X,, which depends continuously on the initial
data go, Vt € (0, +00). Furthermore:

(i) The map: t — (|loC,Dllx;, o:C,Dlli2q)) is continuous in [0, +00) and
llo(-, 1) — gollx, = 0,ast — 0.
(ii) If
sup [lo(, f)||L2(Q) + [los (-, t)||L2(Q) < 400, 4.3.2)

>0

then as t — +00, v(-, t) converges in X, to a solution for (4.1.4).

Proof. By general local existence results for nonlinear parabolic equations (cf. [LSU]
and [Fre]), we know that for gg € X, there exists 7 > 0 such that (4.3.1) admits
a solution v € L2(0, T; X;) N L*®(0, T; H(Q)) and v, € L?(0, T; L?(Q)). Since
v(-, 1) € X;, then up(z) + v(z, 1) <0, Yz € Qand Vr € [0, T]. Therefore, setting

dn N

f(Z l) — ieuO(Z)+U(Z’I) (1 _ euo(z)Jrv(z,t)) o (4.3.3)
b |Q| 2
we find
4m N 0 .
[1f L @xo,7) < 4+ W and ‘a—{ < 3o in Q x [0, T]. 4.3.4)
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By familiar arguments, we derive the estimates:

1d s 1 4z N
531G DI gy < 112 (x + W) 106 Dl (4.3.5)
5 210G DIy = 310D V1 € 10,71, (4.3.6)

Thus, by means of a Gronwall type inequality, from (4.3.5) and (4.3.6), we deduce:

l1or (5 D12y + 10 ¢ D12y < € (1 + e“’) lgollx,, ¥t € [0, T], (4.3.7)

with ¢, > 0 a constant independent of ¢. In turn, by elliptic estimates, we find

1V, DIy + 10 Dllx, < C; (1 +e3“) llgollx,, ¥z € [0, T], (4.3.8)

with C, a suitable constant depending on 4 only.

In particular, v, € L?(0, T'; H(Q)) and we deduce (i) by means of well-known re-
sults (see e.g., [Ev] and [LSU]). Furthermore, we can use a bootstrap argument together
with standard parabolic estimates to derive estimates in Holder spaces analogous to
(4.3.8). In this way, we can check for smoothness of the solution and use a continu-
ation argument to conclude that necessarily 7 = 400. So v is globally defined and
smooth in Q x (0, 400) as claimed. Moreover if (4.3.2) holds, then we can replace
the right-hand side of (4.3.7) with a constant independent of ¢, and in turn obtain cor-
responding estimates for v and v, in Holder spaces to hold uniformly, V¢ > 0. This
fact allows us to show convergence of v (-, ) in X, as t — +o00, towards a limiting
function that must satisfy (4.1.4).

Similarly, we can estimate the difference between two solutions v and v, satisfy-
ing (4.3.1) in terms of their initial data g; and g» € X}, respectively. Thus, we find
that

016,0) = 026, Dllx, < €2 (¥ 4 1) llgr = gallx, V>0, 43.9)
for suitable C,; > 0 depending on A only.

This proves uniqueness and continuous dependence of the solution on the initial
data. O

On the basis of the information in Lemma 4.3.18 we obtain:

Lemma 4.3.19 The minimal solution w, defines a strict local minimum for J; in X .

Proof. First of all observe that, if v = v(z, t) is a solution of (4.1.4), then the functional
J; (v (-, 1)) is monotone decreasing in ¢, and we have

d
TG n) = —/Q Jor (e, D dx = —[or (-, Dl1E - (4.3.10)
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We argue by contradiction and suppose that for every 6 > 0 small, we have
ws € X; oy — wsl|x, = 0 and J;(ws) < J;(w,). (4.3.11)

Recall that w; — vy, > Oin Q.Soford >0 sufficiently small, we can use Lemma
4.3.18, to find Ts > 0 small, such that, if v is the solution of (4.3.1) with v (-, 0) = wy,
then
01,2, < U('at) < w, in ﬁ and ||D('9t) - w/lHXA = 59
for any ¢ € [0, Ts].
In view of (4.2.12), (4.2.13), and (4.2.15), we find that v (-,¢) € X;, butv(-, 1) ¢
S, Vt € [0, Ts]. Consequently,

. 2
go:= min ||os(-, ¢t >0
0 1€[0.75] || t( > )||L2(Q) )

and by (4.3.10) and (4.3.11) we obtain

Ts
Ji (-, 1)) < Ji(ws) —/ ||vl(':t)||i2(g) < Jilwy) — &0Ts < Ji(wy),
0
in contradiction to (4.2.14). O

Proof of Theorem 4.3.17. As a consequence of Lemma 4.3.19, we find pg > 0 and
&o > 0 such that

Vo € X @ ||lo —wyllx, = po then J;(v) > J;(w;) + €p. (4.3.12)
Since J; (w; —s) — —oo0 as s — +00, we can fix sg > 0 sufficiently large so that

Ji(wy —s9) < min J,—1. 4.3.13)
[lo—w;llx,; <po
For any s € [0, so] and + > 0, we consider the two-parameter family of functions
v(z,t,s) such that v (-, -, s) is the unique solution for (4.3.1) with v (-, 0, s) = w) — s.
Observe that
v(-,t,0) =w;, Yt >0,

and by (4.3.10),
Ji(v('a z, SO)) < J,{(l)(‘, 09 SO)) = J)v(w)v - SO)°

Therefore, by (4.3.13), the function v (-, ¢, s9) must lie outside the ball in X; with
center w; and radius pg. Hence, by a continuity argument, V¢ > 0 there must exist
s; € (0, sp) such that

oo, 5) — wllx, = po,

and so,
Ji((,t,8)) = Ji(wr) + eo.
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Now, along a sequence f, — 400 we may suppose that s, — s, and by the
monotonicity property (4.3.10), we find

T, t,8)) = L0, ta, 51,)) = Ji(w;) + €o,

for any t € (0, +00) and n sufficiently large. Passing to the limit as n — 400, we
conclude:

Jy(0(,t,84) > Jy(w)y) + &9, YVt € [0, +00). 4.3.14)

This implies that s, > 0 and

t
/0 ||Df('s T, s*)”iZ(Q) dt = Jﬂ(wi _S*) - Jl(l)(',t, s*)) = Cly vt > O» (4315)

with a suitable constant C; > 0 independent of . Consequently, we can use (4.3.6) to
deduce

t
IMQMM@@SWm—Mm+AHMﬂwm@@M
<Cy, Vt>0, (4.3.16)

with a suitable constant C> > 0 independent of ¢ € [0, +00). At this point, by means
of the equation (4.3.1), we find

Vo (-, 1, )1 =/ 2e"0T (1 — gttty (v—][v)
Mgy = [ (™ (1= ) —0) 0 —f

1
sMMLHmm—ﬁmm@,
and by Poincare’s inequality we derive the uniform estimate
Vo (., 1, s:)ll 2y < C3, V1> 0 (4.3.17)

with a suitable constant C3 > 0, independent of 7.
Moreover,

1 1 ’ A )
]{21)(-, 1,55) = o (J,l(l)(-, 1,5%)) — §||Vv(-, tosllizq) — E/Q (1 — etotvr)
1 1 , A
> —(/J — =C5 — =1Q));
_47TN(Z(CU2)+8() 5€3 2I )
and recalling that v (-, ¢, s4) < w, in Q, we obtain

ﬁﬂﬂw)

with a suitable constant C independent of ¢. So, by combining (4.3.16), (4.3.17), and
(4.3.18), we check the validity of assumption (4.3.2) for v (-, ¢, s+). Therefore, by let-
ting t — 400, we conclude that

<C, Vt > 0; (4.3.18)

v(-,1,54) — v2,2in X,



4.3 Construction of periodic “non-topological-type” solutions 149
(and in any other relevant norm) with 02 ; a solution for (4.1.4) which satisfies
02,2 < w,; in Q. 4.3.19)

Since
Ji(2;) = lim J(v(,t,s4) = Ji(w;) + o,
t—400

we see that necessarily v 3 # w;, and so (4.3.19) holds with a strict inequality. Fur-
thermore, property (4.2.15) implies that

2 ¢ 2,  (defined in (4.2.13)). (4.3.20)

Next, we use (4.3.20) to show that

da,; :=][1)2,;, satisfies lim sup Je®i < 400, (4.3.21)

A—>—+00

and so by Lemma 4.2.15, we can assert that v, ; admits the “non-topological-type”
behavior (4.2.31) as claimed.

To establish (4.3.21), we argue by contradiction and assume that along a sequence
Jn = 00, Aye®in — 400, as n — +oo. Therefore, we can apply part (2) of

Lemma4.2.15to v, = vz, tosee that, ug+v, — Oin Ci)oc Q\{z1,...,2zn}). Since

uo+ 01,5, <0in Q, fore >0 sufficiently small we find n, € N: Vn > n, we have:

vn > 01, i Q\UY_ B:(z)). (4.3.22)
Setting
m;‘-n= min v, j=1,...,N,
’ [lz—zjll=¢

for n > n., we can further assume that

mi-,nz—( max uo+1).

llz—zjll=¢

So, if n; € N is the multiplicity of the vortex z;, j = 1,..., N; then
. 1
mjn = 2njlog=—C, (4.3.23)

for every n > n,, with C > 0 a suitable constant independent of ¢ > 0, n € N and
je{l,..., N}. We observe that
{_Mvn —mE, = a Nz = zj[?) = Ae“0Hn(1 — e“0+on) > 0, in By (z;),

(u,, —m§, —aN|z— Zj|2) loB.(z)) = —nNe?,

and by the maximum principle we get

o > mb —aNe? inﬁg(zj), Vi=1,...,N.

J.n
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Thus by virtue of (4.3.23), for ¢ > 0 sufficiently small and n € N sufficiently large,
we can also check that

vn > 015, in Be(z;)Vj=1,...,N. (4.3.24)

Putting together (4.3.22) and (4.3.24), we see thatv,, > vy, inQ,andsovy ;, € Z;,,
in contradiction with (4.3.20). O

Final Remarks: There has been a recent development about the “topological-type”
and the “non-topological-type” solutions for (4.1.4). In [T7], the author has proved
that for 4 > O sufficiently large, the maximal solution v1,, is the only solution of
(4.1.4) satisfying:

Jef? = 400 as i — +o0.

In other words, if v, is a solution for (4.1.4) with A = 1,, - +o00, and
/lnefﬂ bn 5 400,

as n — oo, then v, = vy ,, for large n € N. This result follows from arguments
similar to those presented in the proof of Theorem 3.3.14 and Theorem 3.3.15, and we
refer to [T7] for details.

As a consequence, we can use Lemma 4.2.15 to conclude that for 4 > 0 large, the
maximal solution v is the only “topological-type” solution for (4.1.4) (in the sense
of (4.1.12)). On this basis, we no longer need the (however interesting) construction
above in order to obtain a “non-topological-type” solution, as we now can claim such
existence directly from Theorem 4.2.14, as given by the “mountain-pass” solutions.

Recently, Choe in [Chol] has obtained a very detailed description of the asymptotic
behavior (as 4 — +00), of such “mountain-pass” solution. See also [ChoK] for other
multiplicity results.

4.4 An alternative approach

Our next goal is to illustrate a different construction of “non-topological-type” solu-
tions which enables us to check the convergence property in (4.2.31) with respect to
the uniform topology.

This alternative approach was proposed in [T1] and subsequently pursued in [NT1]
and [NT3]. The procedure presented below was first introduced in [CY] to handle the
simpler situation of “topological-type” solutions (see also [Y1]).

To be more precise, for v € H(Q), we use the decomposition:

v=w+d, withd:][vand/wzo.
Q Q

Observe that, if v is a solution for (4.1.4), then d satisfies the equation

€2d/ 62(u0+w) _ed/ euo-‘rw + 47T_N =0,
Q Q /.
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whose solvability imposes the condition

2
/ kw2 ( / e““w) ; (44.1)
Q 167 N Q

from which we can also re-establish the necessary condition of (4.1.8). Furthermore,
when (4.4.1) holds, we can express d in terms of w as follows:

ed B fg elotw \/(IQ eu0+w)2 _ 16%/\/ fQ e2(uo+w)

2 fQ e2uotw)

(4.4.2)

The two possible choice of a “plus” or “minus” sign in (4.4.2) is yet another indica-
tion of multiple existence for (4.1.4). In addition, for a solution v of (4.1.4), it is not
difficult to check that

if le¢ — 400 as A — +oo, then d verifies (4.4.2) with the

“plus” sign (for large A). 4.4.3)

Thus, by virtue of Lemma 4.4.20, to obtain a “non-topological-type” solution, it seems
reasonable to impose that (4.4.2) holds with the “minus” sign.
To this end, in the space

E = [w e H(Q) : / w = 0} , 4.4.4)
Q
we consider the subset

A, :={w € E : w satisfies (4.4.1) }. (4.4.5)

For 4 > 0 sufficiently large, we see that 0 € A, and so A, is not empty. Furthermore,
for every w € A, we may define d+(w) by the property

o) _ Jaer £ \/(fg e"°+w)2 — 162N [ e2(uotw)

> fg ot , (4.4.6)
and then consider the reduced functionals
Ff(w) = Ji(w + de(w)), w € A;. (4.4.7)

Notice that ij is continuous in A; and continuously Fréchet differentiable in A, the
interior of the set A, whose elements satisfy (4.4.1) with the strict inequality. Clearly,
if w e Aj is a critical point for F/{t then v = w + d4(w) is a critical point for J; and
hence a solution for (4.1.4). So we may search for critical points of F j or F; in A;,
in order to get solutions for (4.1.4), satisfying (4.4.2) respectively with the assigned
+ or — sign.

Towards this goal, we start to point out the following interesting property (estab-
lished in [NT2]) valid for the elements of A.
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Lemma 4.4.20 Ifw € A, and t € (0, 1], then

1-z 1
/ gotw < (_2_) T / erotw) )" (4.4.8)
Q 16z N Q

Proof. For t € (0,1],leta = ﬁ € (0,1)sothat ta +2(1 —a) = 1. Forw € A,
we have

1—
/€M0+w§(/ er(uo+w))a (/ eZ(qurw)) ¢
Q Q Q
a 1 2 1—a
< /er(uo+w) /equrw
Q 167 N Q

From the inequality above and (4.4.1), the inequality (4.4.8) can be easily derived. O

On the basis of (4.4.8), we obtain the following result:

Proposition 4.4.21 The functionals Ff are bounded from below and coercive in A,
where they attain their infimum at some element wf € A,. Namely,

Ff(wf) = inf Fi (4.4.9)
Proof. As a direct consequence of (4.4.2) we see that

-1
) ) 5 “’TTN (/ eu0+w) V€ A
Q

Therefore,
1 4n N
F/li(w) = Jy(w+d+(w)) > EIIVwIIiz +47z N log (”T) —47 N log (/ e”o+w) ,
Q
and we can use (4.4.8) to deduce the estimate:

1 4z N 2\ 4z N
Ff(w) > §||Vw||iz - Tlog((mnN) /gzef(“°+“)))+47erog -

1 4z N
IVwl)?, - = log/e“”—c;.,f
Q

\

v

2 T

for any 7 € [0, 1) and c; ; a suitable constant (depending only on A and 7). At this
point we can apply the Moser-Trudinger inequality as stated in (2.4.24), and for 0 <
v <min{l, #}ando = 1 (1 — §7) > 0 derive

Ff >ol|Voll2, —cie, Yw € A
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Therefore, th is bounded from below and coercive in A ;. Hence, if w;—L is a mini-
mizing sequence for F ;—L in A,, then w,ﬂf is uniformly bounded in H(€2), and we can

extract a subsequence (denoted in the same way) such that
wE - wt weakly in H(Q uo+wit uo+w; iy LP(Q 1
- A y in H(Q) and e — e L in LP(Q), Vp > 1.

In particular, w € A, and
di(wf) — di(wii).

Consequently,

. + . +, + +, + . +
glfFi anl)n;oFg (wy;) = F; (wg)ikfthg,

and (4.4.9) is establish. O

Actually we can check that, for large A, the minimizer wjr belongs to A, just by
comparing the minimal value that F f attains in the boundary of A:

i 2
0A; = 1w € H(Q) : / w = 0 and / e2uotw) — / erotw (4.4.10)
Q Q 16z N Q

with its value in 0 € A (see [CY] and [Y1] for details). This furnishes an alternative

proof to the existence of “topological-type” solutions for (4.1.4), when 4 is sufficiently

large. On the contrary, it is not as easy to determine whether or not w ) belongs to A;.

So far, this has been verified in [T1] and [NT3], respectively, when N = 1 and N = 2.
To illustrate the difficulty one encounters at this point, let

i =A4zN. 4.4.11)

For w € A, evaluate:

1 A
F;(w) = Jy(w +d—(w)) = EHVU)Hiz + 3 / (eMotwrd-) _ 12 4 d (w)
Q
1 P p dp [y eXnto)
= Vol +5 (1-2) —u [ 14+ 1=
2 L 2 A y (fg e“0+“’)2
2 4 e2(up+w)
+u —log/ e”°+‘“+10g—’u —log |1+ |1— —’ufg—z
e 4 4 (Joetote)
A ou 2u
= Z_£ log 22
fz(w)Jr2 5 tulog—,
with

. 4_# fQ e2(uo+w)

1 2
) =2V —ul uotw _ 1 JQr
fiw)=31IVoll, - p Og/ge py |1+ 7 (o)’

(4.4.12)



154 4 Periodic Selfdual Chern—Simons Vortices

and

w(&) == +logé, &> 0. (4.4.13)

1
¢
Since the functional F,” and f; differ only by a constant, we also see that f; is bounded
from below in A, and

fi(w)) = igffz =Y (4.4.14)

As a consequence of the fact that w in (4.4.13) is strictly monotone increasing for
& > 1, we find:

Lemma 4.4.22 The function
A—> y, =inf f;
A
is strictly monotone decreasing.

Proof. For 0 < A1 < A2, observe that A;;, C A,,. Therefore, for w; = w;j, j=12,
we have

1 4u e2(uo+wr)
Vi =le(w1)=fIIlel\iz—ﬂlog/ MO — iy (14 1—*f972
2 Q A (fQ eu0+m1)

2(uo+
> 1||Vw1|\2 —,ulog/ et _ 14+ 1_4iw
2 L2 1 2
Q 2 (Jgeotur)

= fi,(w1) = fr,(w2) = y4,. ]

Expression (4.4.12) brings our attention to the functional

1
L, (w) = E/Q|Vw|2 — ulog (/Q e“°+“’) ,wekE (4.4.15)

which we have already discussed (over a general surface) in Section 2.5 of Chapter 2.

In fact, the functional /,, has emerged naturally from our approach, and we see that
it is bounded from below, coercive in A, and controls the functional f; from above
and below as follows:

Ii(w) — py(2) < fi(w) < Iu(w) — py (1), Yw € A
More importantly, the following holds:
Lemma 4.4.23 [f

fi(wy) = inf f; <infl) — uy (1), (4.4.16)
A A

then w; € A;.
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Proof. Just observe that if w; € 0A,, then

F5) = ;) = py (1) = inf 1, — (1), 4.4.17)

and the desired conclusion follows. O
There is a situation where (4.4.17) can be easily checked. It concernes the case
u € (0,8n], where the Moser-Trudinger inequality (2.4.24) implies that iréf 1, >

—o0. Hence, for every ¢ > 0, let w, € E be such that

iII}fI'u < I(w) < irg_flﬂ + e.

Actually, for u € (0, 87), we can simply take w, to coincide with the minimizer of /,,
in E, as it is always attained in this case.
For A > 0 sufficiently large, we see that w, € A, and we have

4u fQ e2wotwe)

A (fQ equrwg)z

inf 1, — py(2) < fi(w7) = inf fz < L(we) = py 14
A
< irblflﬂ +é&—uw2)+o(l)as A — +oo.
In other words,
ijlffx —irgflﬂ - —uw(2) < —uw(l), as A - 4o0.
A

Hence, for A large (4.4.16) holds, and we conclude the following:

Corollary 4.4.24 For every u € (0, 87 ] there exists 1, > O such that Vi > 4, the
extremal function w; satisfying (4.4.14) belongs in A; and satisfies:

I(w)) — irblfl , (4.4.18)
1 e2Wo+w;)
5= _IQ—Z — 0, as 1 — +o0. 4.4.19)
A (fg eu()—i-w;)
m}
Thus, setting
w, =w,; andd;, =d (w)),
we see that the function,
v2) =w; +d;, (4.4.20)
satisfies
—Av =, uop+o 1— up+o __/l_,
[u el;m)e Aot E 44.21)
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In particular, if 4 =4z N and N = 1, 2, (i.e., the single and double vortex case) then
02,7 in (4.4.20) solves (4.1.4).

Since
1ot — 2p — (4.4.22)
4 . e MO U)A
Jo etotw (1 + /1 - %W)
by (2.5.9) we see that
-2
redi < |—g‘2‘| (4.4.23)

Hence by Lemma 4.2.15 (i), we know that the solution vy ; in (4.4.20) admits the
“non-topological-type” behavior (4.2.31).

As a matter of fact, we shall see that our construction allows us to strenghten
(4.2.31) as follows:

eM0F20 = ot Wi+ s )as 1 — o0, in C(Q) N C™(Qy),  (4.4.24)

for any m € Nand Qs = Q\ U?’:] Bs(zj), 0 > 0 small.

To obtain (4.4.24), we need to establish some preliminary convergence properties
for w;. We start by observing that the property, uo + v2 ) = up + w; +d; <0in €,
and (4.4.22) imply that

uo + w, — log (/ e“““”) <logl —logu. (4.4.25)
Q

In addition, by straightforward calculations we check that

_ equrm;L . L
—Aw; =u (fgeu0+w,1 ‘Ql) +fl,,us (4.4.26)
w, € H(Q) : fQ w); =0
with
elotw; 92('10"!‘10/1)

Foou = ai(p) et~ Tt ) (4.427)

and
4ﬂ2 EZ(MO-HD)“)
a;(p) = Jo (4.4.28)

(1+1- EL)Q 7 (J, 2Goron)?

A (fg eu0+wi)2

By (4.4.19), we have that a;(u) = 2u%b; (1 + o(1)) — 0, and so N fapullLi@ — 0
as A — +oo.
We also derive

2w log | fopullliq) < Cubilog, (4.4.29)

with C,, > 0 a suitable constant independent of 4. The estimate above motivates the
following:
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Lemma 4.4.25 For b) in (4.4.19), we have:

liminfb, log A = 0. (4.4.30)

A—>—+00

Proof. We know that there exists a large 1, > 0, such that for A > A, the function y;
in (4.4.14) is monotone decreasing in [4,, +00), and therefore differentiable for a.e.
A > A4. Furthermore,

A
—/ yids =y, —y.—> 7, —igflﬂ +uw):=C, as 1 - +o00. (4.4.31)
L
On the other hand, for 6 > 0 we have

1 1 1
5(%1 — Vitd) = S(fﬂ(wi) — firs(wits)) = g(fz(wz) — faro(wy))

o 4# fQ e2(uo+w;)
= —g wil+ [1-— 7—2
(fg eu(ﬁ—uu)
4 eZ(ug-i—uu)
w1+ H fQ )

Ci40 TR

and passing to the limit as 6 — 0t, fora.e. 1 > 1, we find:

=y (14 (122 I ! Jo ettt
A U‘Q euo-i-w,z)z A2 \/1 au Jg o2(ugtw,) (fQ euo+uu)2
A (fgetotri)?
1
= 5 -

Therefore, by the intergrability property of —y/ in [A*, +-00) (see (4.4.31)), we deduce
that

liminfa; log i = 0.

fiminfa; og

Since a; (1) = 2u’b; (1 + o(1)) as A — 400, we conclude (4.4.30). O

By means of the blow-up analysis of the following chapter, we shall be able to
replace the “liminf” with “lim” in (4.4.30) (see Proposition 6.4.14).

We start to analyze the easier case, 4 € (0, 87), where the following stronger
statement holds:

Proposition 4.4.26 If u € (0,87) and m € Z™, then there exists a constant C > 0
(depending on m and p only) such that for vy ; = w; +d; , we have

||€u0+wi||cm(§) + /1||euo+vz,/;||cm(§) <C, (4.4.32)
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for A > 0 sufficiently large. In particular,

le“0F22 |emqy = 1€+ | emgy = 0, as 2 — 400, (44.33)

Proof. Since for u € (0, 8x) the functional I, is coercive in E and (4.4.18) holds, then
it follows that w; is bounded in E uniformly in A. Consequently, the Moser—Trudinger
inequality (2.4.24), applied together with Jensen’s inequality (2.5.8), implies that

"

with a constant C > 0 independent of 4. Hence, the right-hand side of the equation
in (4.4.26) is uniformly bounded with respect to A in L?(Q)-norm, Vp > 1. Thus,
by elliptic estimates and a bootstrap argument, we get that w; is bounded in C"(Q),
uniformly in A, Vm € AR Consequently , for a suitable constant C > 0, we find

e2o+w;)

fQ e2(u0+w1)

euo+w4

W <C, foreverypzl,
Q

L7(Q)

L7 (Q)

||euo+w,1+dl (wi)Hcm(ﬁ) < Ce ,

and (4.4.32) and (4.4.33) readily follow from (4.4.23). O

From the argument above, we see that when u € (0, 87 ), then along a sequence
An = +00, wy, — w in C™(Q), with w a minimizer for 1, in E. Hence, w satisfies
the “limiting” mean field equation of the Liouville-type:

euo+w 1
Jaewtr Q| (4.4.34)

we’H(Q)and/w:O,
Q

for u € (0, 87).

At this point, it would be particularly useful to know if uniqueness holds for the
solution of (4.4.34) or even for the minimizer of /,. In fact, this information would
imply convergence for the whole family w; to such solution (or minimizer) as A —
+o00. However, as discussed in Section 2.5 of Chapter 2, the question of uniqueness
for (4.4.34) poses a quite delicate problem, yet not resolved, in spite of the recent
contributions contained in [CLS], [LiL], [LiL1], [LiW], and [LiW1]. For instance, it
is natural to expect that the explicit solution of Olesen in [Ol] (obtained by a suitable
use of the Weierstrass P—function in the Liouville formula of (2.2.3)) should be the
unique solution for (4.4.34) when y = 4.

When y = 8, it is much harder to carry out a detailed asymptotic analysis of w;
as A — +o0. Such analysis relates to the extremal property of the (no longer coercive)
functional /,,—g; as follows:

Lemma 4.4.27 Let u = 8n, then w;(= w) ) in (4.4.14) is bounded in E, and uni-
Sformly so in A, if and only if 1,—g, attains its infimum in E.
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Proof. Clearly, if w, is uniformly bounded in E, then as above, we find that along a
subsequence 4, — 400, w,, converges in E (and in any other stronger C™ (£2)-norm)
to a minimizer for /,,—g; . Vice versa, suppose that there exists wo € E, such that

1/1:871' (wO) = I%f I,u:Sn' .

Then for 1 > 0 sufficiently large, we have wg € A, and

327 [ e?wotwo)
e (Ji, etouo)?
327 fQ e2wo+w;)
B T (fg eu0+u>1)2

37 fQ e2uotw;)

A (fgeroten)?

1y=8z (wo) — 8y | 1+ = f(wo)

> fr(wy) =Ty—gz (w;) = 8my [ 1+

> Iy=sz(wo) = 8wy | 1+ |1

Consequently,

37 J,, eton)
B T (fg 6”04‘101)2

327 fQ 62(uo+w0)

1
v + A (fQ eLl0+11)0)2

zy |1+

and using the fact that y is monotone decreasing in [1, +00), we conclude that

f 62(u0+u),1) f eZ(uo-i-u)o)
Q < 20 for A > 0 sufficienlty large. (4.4.35)

(Jo eu°+w")2 (Jo eu°+w°)2 ’

Hence, recalling (4.4.26), we decompose

w, = w1+ w2, (4.4.36)

with w; ; the unique solution for the problem

eHotw; 1 )
_AU)LA =8x (W — @) , 1n Q,

(4.4.37)
w1, € H(Q) and / wy,, =0,
Q
and w> ; the unique solution for the problem
_sz,ﬂ = fl in Q>
(4.4.38)

wy,; € H(Q) and / wy ) =0,
Q

where f; is defined by (4.4.27)—(4.4.28) with u = 8.
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From (4.4.35), we see that the right-hand side of the equation (4.4.37) is uniformly
bounded in L2 ()-norm, and hence

llw1,3llcogy = C1, (4.4.39)

VA > 0, with a suitable constant C1 > 0.
While, by Green’s representation formula (cf. [Au]), we have

1 1
w021(2) = — / log (—) FO)dy + / ) — ) fi(y) dy, (4440)
21 Jo |z =yl Q

with y a smooth doubly periodic function.
Hence, by means of Jensen’s inequality (2.5.6), we find

27 ‘“’2, al

[ eans [ [ 2O gy,
Q aoJa lx = ylIfillLi)

1
By A T
o llfalli@) \Jix—yi<t 1x =yl

for suitable positive constants C;, Cp, and C. Since, by (4.4.35) we know that

fillLi @) = O (%) , we can use the estimates above in combination with (4.4.39) to
assert that

Vp > 131, > 0and C, > 0 such that ||e“0T"*||Lrq) < Cp, Y1 > 4.

In other words, the right-hand side of the equation in (4.4.26) is uniformly bounded
in LP(Q) for every p>1, and this implies that w, is uniformly bounded in E as
claimed. O

Lemma 4.4.27 brings to our attention the existence of a minimizer for the extremal
problem:

igf e (4.4.41)

In fact, when the infimum in (4.4.41) is attained, then the conclusion of Proposition
4.4.26 holds also when we let u = 8x.

Remark 4.4.28 We wish to emphasize that for u = 8z, the family w; constructed
above provides us with a particularly “nice” minimizing sequence for the functional
I,=8z.

Moreover, the construction presented above works equally well for the functional
in (2.5.1), where we consider a more general closed surface M and assume that (2.5.3)
holds.

In Section 6.3 of Chapter 6 we shall take advantage of properties (4.4.26)—(4.4.30)
in order to prove that, for M = R? /a7 x ibZ and a, b > 0, the infimum of / =87
is attained in E provided that there exists p € M : up(p) = maxy ug > 0, and
Aug(p) + H > 0.
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Unfortunately such a condition is just missed if we take ug defined by (4.1.3) and
N = 2. Interestingly in this case, Chen-Lin—Wang in [ChLW] have proved that the
infimum in (4.4.41) is never attained, when in (4.1.3), we take z; = z (i.e., a single
vortex with double multiplicity). Even more strongly, recently in [LiW] it has been
proven that the corresponding Euler—Lagrange equation (4.4.34) (with 4 = 8z) ad-
mits no solutions. See also [LiW1] for more recent developments in this direction.

Thus, returning to our double vortex problem, we must be ready to analyze w,
under the circumstance that, as A — +o00,

[IVw;llp2q) = +oo or equivalently (max w) — log/ e“”+"’*) — +00. (4.4.42)
o) Q

To this end, we shall need more sophisticated analytical tools involving blow-up tech-
niques, that we will develop in the following chapter in order to conclude the following
result:

Theorem 4.4.29 Let Q := {7z = at + isb} for some a,b > 0. For u = 8z, the func-
tionvy ) = w; +d; (w; =w; andd;, =d (w))) defines a solution of (4.1.4) with
ug given in (4.1.3) and N = 2. It satisfies

||eMO+UZ,A||CO(§) — 0, as /’{ — 4-00. (4.443)

Furthermore:
(i) Either (4.4.41) is attained at some wo € E, and along a sequence A, — +00, we
have

g“0+w0

AoeM0T02,0, (1 — pH0+0200 ) s R —
n ( ) fQ eto+wo

in L1(Q); (4.4.44)

(ii) or (4.4.41) is not attained, and along a sequence A, — 400, we have
A€ 002 (1 — eH0t020n) — 878, weakly in the sense of measure in Q, (4.4.45)

and uop(po) = max ug.
Q

Remark 4.4.30 Observe that by the non-existence of extremals for /,—g, derived in
[ChLW], we know that alternative (ii) always holds when we consider a single vortex
with double multiplicity (i.e., z; = z2 in (4.1.3)).

To complete the proof of Theorem 4.4.29, we need to show that when (4.4.42)
holds, then (4.4.43) and (4.4.45) are satisfied. This will be the goal of Section 6.4 in
Chapter 6. For the moment, we wish to point out that by means of (4.4.29), we can
use (4.4.40) to provide the following estimate for w,_; in (4.4.38):

||Vw2,/1||iz(g) —l—mﬁax lwa ;| = O(b, logl), as A — +o00.
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Therefore, along a sequence 4, — +oo such that b, log 4, — 0 (always available by
Lemma 4.4.25), for
Wp = Wy, — W23,,

we find
. hnewn 1 .
—Aw, =8 (fg e @) in &, (4.4.46)
wy € H(Q), [qwn =0,
with
hn — e”0+w2’"
and
1 .
EHan“iZ(Q) — 8 log (/Q hnew") — ul}fIﬂ:g,T. (4.4.47)

Notice in particular that for /,, we have

N
h(z) = H |z — zj*Va(z) and V,, = V > O uniformly in Q. (4.4.48)
j=1

We shall devote the next chapter to the asymptotic analysis of sequences for which
(4.4.46) and (4.4.48) hold.

4.5 Multiple periodic Chern-Simons vortices

We can summarize the results established above in the following statement concerning
periodic Chern—Simons vortices:

Theorem 4.5.31 For a given N € N and a set of points Z :={z1,...,zn} C Q (not

necessarily distinct), there exists a constant 0 < ko < % such that the selfdual
equations in (1.2.45), subject to the periodic boundary conditions of (2.1.28), admit a
solution (A, ¢)+ (the % sign chosen according to (1.2.45)) with ¢ vanishing exactly
at Z (according to the given multiplicity), if and only if k € (0, ko).

For the solution, we have

(i) lp=l <vinQ, ¢4 (z) and ¢_(z) = O((z — zj)") for z — z;.
(ii) The magnetic flux, electric charge and total energy are given as follows:
Oy = [ F5 =+2aN; Q4 = [, J§ = £22kN; Ey = [, Ex = 270N,
Furthermore, for k € (0, ko), there exists two classes of periodic vortex-
configurations, (A1, $0) 1 and (AP, $®) . solutions of (1.2.45), such that:
(iii) |¢(1)| is maximal among all vortex solutions whose Higgs field vanishes exactly
at Z (with the given multiplicity) and, as k — 07, it satisfies
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o] > v in cn @\ 2), Vm € L%,
N

(FY))e — £2 > 0.,
j=1

1 4.5.1)
(A(i))2 -7 Zn%&zj,
jeJ
1
%(A;)) — *+x an (nj + 1) dz; 5
jeJ
weakly in the sense of measure in Q. Here J C {1,..., N} is a set of indices

identifying all distinct vortex points in Z and n; is the multiplicity of z;, j € J.
(iv) Ask — 0T,

|¢§:2)| — 0in LP(Q), p > 1 and pointwise a.e. in Q, 4.5.2)

and for N = 1,2, the convergence in (4.5.2) holds uniformly in Q.

The “maximal” periodic Chern—Simons vortex derived above, should be viewed as
the equivalent (in the periodic setting) of the planar topological Chern—Simons vortex
constructed in Chapter 3. It shares many features with the periodic Maxwell-Higgs
vortex obtained in [WY], including the uniqueness property (see [T7]). However, it
should be noted that the last two properties in (4.5.1) indicate that the behavior of the
“maximal” Chern—Simons vortex around the vortex points is quite different from that
of the Maxwell-Higgs vortex. This fact shows an important effect produced by the
Chern—Simons “triple-well” potential on the corresponding vortex configurations.

To continue with our parallel to the planar case, it is natural to ask whether or not
periodic vortices of the “non-topological-type” may be constructed in order to satisfy
the “concentration” and the strong “localization” property (4.5.1).

Unfortunately, this is not the case for the single or double vortex solutions con-
structed above, which either do not concentrate at all (see (4.4.32) and (4.4.44)) or
“concentrate” such that the phenomenon occurs at points different than the vortex
points (see (4.4.45)).

Theorem 4.5.31 gives a rather complete description of periodic Chern—Simons
vortices for the model (1.2.41) in terms of their convergence properties (for k — 0T)
towards the broken asymmetric vacua states, |¢| = v, or towards the symmetric vac-
uum state ¢ = 0. In the latter case, it would be desirable to have more accurate infor-
mation about the asymptotics.

The situation is not as clear for other Chern—Simons models, for example those
discussed in Chapter 1.

Concerning selfdual periodic Maxwell-Chern—Simons—Higgs vortices satisfying
(1.2.63) and (2.1.28), we mention that the corresponding elliptic problem (2.1.14)
subject to periodic boundary conditions on 0€2, may be reduced to a single fourth-
order equation which admits a variational structure. Those properties have been estab-
lished by Ricciardi-Tarantello in [RT1] and imply a multiplicity result analogous to
that stated in Proposition 4.2.12. Furthermore, in [RT1] the authors have investigated
the behavior of the MCSH-vortices in the Maxwell-Higgs limit (i.e., 0 — 0, g fixed)



164 4 Periodic Selfdual Chern—Simons Vortices

and in the Chern—Simons limit (i.e., ¢ — 400, but % = k fixed) and have proved
that convergence holds for any reasonable norm. See also [Ril], [Ri2], [Ri3], [ChNa],
[ChN], and [ChiR] for stronger convergence results and further progress in connection
with the analogous CP(1)-model.

However, results concerning the asymptotic behavior of periodic MCSH-vortices,
or the validity of “concentration” properties analogous to (4.5.1) are not yet available.

Next, we discuss briefly how the approach above can be extended to treat periodic
non-abelian SU (n+ 1)-Chern—Simons vortices, solutions of (1.3.95) (under the ansatz
(1.3.116)—(1.3.117)). The corresponding system of selfdual equations (2.1.14) involve
the Cartan matrix K in (2.5.17) relative to the gauge group SU (n + 1).

To give an idea of the type of problems one encounters in this case, while avoid-
ing tedious technicalities, we focus on the most simple situation of physical interest,
namely, that described by the gauge group SU(3) (i.e., n = 2). Recall that the case
n = 1 reduces to the abelian Chern—Simons model (1.2.41).

Therefore, we need to consider the 2 x 2 system of elliptic equations:

Ny
Auj = A (462'“ _ 262142 — DMl 2 eu1+u2) +4r zazlv,
j

s
~ (4.5.3)

Aupy = 1 (462”2 _ 282u1 —2eM2 4 oMl — eu1+uz) +4r z&zz,
J
Jj=1

where A = lz and the points z? j=1,..., N, are the assigned zeroes (not necessarily
distinct) of the complex field ¢?, a = 1,2, involved in the decomposition (1.3.117).

Also recall that: |q5“|2 = e", with a zero set denoted by Z, = {z?, .. .Z?\,a},
a=1,2.

The SU(3) potential V (restricted according to (1.3.102)) takes the following
form:

1

2 2
V= (0P (20 =122 1) 101 (2 - R 1)) sy

The zeroes of V give the vacua states of the system and are specified as follows:

(i) broken principal embedding vacua states, |¢'| = |¢?| = 1;
(ii) symmetric unbroken vacuum state, ¢! = > = 0;
(iii) “mixed” vacua states (absent in the abelian situation), |¢'|?> = %, ¢* = 0or

1
¢l =0.1971 = 3.
Therefore in this case, the nature of the corresponding vortex configurations should be
characterized according to three different asymptotic behaviors, as k — 07, namely:

type I (topological type): a = 1,2
¢ — 1; (4.5.5)
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type II (non-topological type): a = 1, 2
¢ — 0; (4.5.6)

type III (mixed topological / non-topological type):

81 = 5. 19° = Oorlg!] = 0, 142 — . 45.7)

Clearly, the presence of the symmetric and the principal embedding vacua states
persist for the more general SU (n + 1)-Chern—Simons model, while the mixed vacua
states are going to vary with n € N, and give rise to various other types of possible
asymptotic behaviors. For the planar case, the existence of a topological SU (n + 1)-
vortex (where (4.5.5) holds as |z| — +oo foreverya = 1, ..., n) has been established
by Yang in [Y6] by means of an iteration scheme, in the same spirit of the abelian case
(see [Y1]). Concerning the non-topological case (where (4.5.6) holds as |z] — 400
anda = 1,...,n,), as well as, the other “mixed” cases, the question of existence is
completely open (even for the case n = 2), except for an attempt in [WZ] by Wang
and Yang, whose proof, however, presents a gap.

For the periodic case, the existence of Chern—Simons SU (3)-vortices has been
handled by Nolasco—-Tarantello in [NT1], where the authors are able to treat all three
types of asymptotic behaviors of (4.5.5), (4.5.6), and (4.5.7) by introducing constraint
variational problems inspired by those discussed above for the abelian setting. More
precisely, for @ = 1,2, we introduce the function ug as the unique solution for the
problem

N,
a 47N,
Auf =4z > 60— T ing,
<% Tal (4.5.8)

ug, doubly periodic on 9Q,

(see [Au]) and set

Ug = Uy + Vg, 4.5.9)
hy = €0, (4.5.10)

Then, to obtain periodic SU (3)-Chern—Simons vortices, we need to find pairs (v, v2)
that solve the problem:

Avy = A(4h3eP1 — 21322 — 2hyelt + hpet? — hyhyet1H02) + L in Q,

Avy = i(4h%e21’2 _ 2/,1%6201 —2hoe¥2 + hye’l — hlh2eu1+vz) + 4?91\(2 , inQ, 4.5.11)
01, vy doubly periodic on 6Q.
As for the abelian case, the solution of (4.5.11) satisfies:

el = late < 1inQia=1,2. (4.5.12)
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Indeed, notice that u, attains its maximum value in Q at a point z¢ € Q \ Z, where
Auy(z*) < 0. Set u,(z*) = maxu, = u,. By symmetry we can assume (without loss
Q

of generality) that | > u3. Therefore, from (4.5.3) we find
0> AM](ZI) = (462ﬁ1 _ 262142(11) _ zeﬁl +eu2(zl) _ eﬁ1+u2(11))

> (Zeﬁ1 — 26" 4 ) eE'J”‘Z(ZI)) = (26" — £2)) (eﬁl — l) ,

and conclude that necessarily ¢“! < 1in Q and (4.5.12) follows.
In addition, it is easy to check that (weak) solutions for (4.5.11) correspond to
critical points in H(Q) x H(Q) of the functional

1
Ji(1,02) = 3 (/ Vo1 l? + Voo * + Vvaz) + /1/ W(vr,v2)
Q Q
4z 4z
+ o+ N2>7[ o1+ Ny + Nl)][ v, @4513)
3 Q 3 Q
where
W (v1,02) = hie®! + h3e®? — h1e®t — hae® — hihye®' ™2 + 1 (4.5.14)
1 3
= 7 (2hie" —hae” —1)° 4 7 (he” — 1) (4.5.15)
1 3
= (2hae” e — 1)+ 7 (e’ = 1)’>0.  (45.16)

On the other hand, if for a solution pair (v1, v3), we use the decomposition
vy = wg +d,, withd, :][ v, and / w, =0, a=1,2;
Q Q

then, by integrating the equations in (4.5.11) over €, we obtain the following quadratic
equations for e?! and e“2:

4
262"1/ he?v — o (/ hye®! —|—ed2/ h1h2ew‘+w2) + %(21\71 +Ny) =0,
Q Q Q i 4.5.17)
T
2e2d2/ h3e?v2 — o / hye2 + ¢l / hlhzew1+w2) + — 2Ny + Np) =0.
Q Q Q 31

The constraints (4.5.17) show that necessarily:

(foy hae®™ + e [ hghpeatvs)? _ 327 (2Na + Np)
fg hgeZwH - 3]

,a#be(l,2).

By (4.4.45) we also know that hpe®vtd < 1 in Q, and we derive the estimate:

32w (2Na + Np) _ 4 (fo haewa)z

3 = T 2etw <4|Ql, a #b € (1,2}.
Q"%a
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Hence, for the solvability of (4.5.11), it is necessary that:

8
2> Tgl max {2N| + Na, 2N> + N1} . (4.5.18)
More importantly, in [NT1] it is shown that for a pair (w{, wy) € E x E satisfying
Jq h2e*va 32

b 1,2 4.5.19
(o hae)? ~ 322@Na + M) © Abeil2) @19

it is possible to obtain four pairs of solutions for (4.5.17), that depend on w; and wy

and that are specified according to the possible choices of the “+” or “—” sign in the
following equivalent formulation of the system (4.5.17):

4 fQ haewg —I—edb J’thhzew1+w2

e
4 [ hZe?va

\/(IQ hae®e + edb fQ h1h29w1+11)2)2 _ 332_5(21\,“ + Nh) fg hge%)a
4 [ h2e?wa ’
(4.5.20)

+

where a # b € {1, 2}.

Thus, we denote with (d;", d2Jr ) and (d; , d;) the solutions for (4.5.20) where we
pick the “+” sign or the “—" sign, respectively, in both equations in (4.5.20). Here
(di, df) (respectively (dfF, d;F )) denotes the solution for which we pick: the “+” sign
(respectively, the “—" sign), in the equation corresponding to @ = 1 in (4.5.20); and
the “—" sign (respectively, the “4” sign), in the equation corresponding to a = 2 in
(4.5.20). We refer to [NT1] for the detailed proof on the existence of such solutions.
Therefore, as for the abelian case, on the set

A, ={(w1,w2) € Ex E:(45.18)holds} CE x E, (4.5.21)
we define four constraint functionals:

Fi (w1, w2) = Jy (w1 + df, wy + d3) with x = 4 or — (4.5.22)
and

Fi(wy, wp) = Jy(wy +df, wy + df) with# =+ or F. (4.5.23)

Since (4.5.18) has the same structure as (4.4.1) (in fact, reduces to it when N1 = N;),
it is not difficult to check that a result similar to Lemma 4.4.20 remains valid for

etata — poea g = 1,2. Furthermore, in terms of the K~ = (K');, j=1,2, the
. . 2 -1
inverse of the Cartan 2 x 2 matrix, K = |:_1 2:|, we have

2
1 ..
Ji(wy +di,wy+dy) = 3 Z K'Vw; - Vuw; +/1/ W(w; +dy, wy + dy)
= Q
i,j=1

4
+ ?ﬂ((le + No)di + 2Nz + N)da), (4.5.24)
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with W given in (4.5.14). As in Proposition 4.4.21 the functionals in (4.5.22) and
(4.5.23) are bounded from below and coercive in A;, where they attain their infimum.
See [NT1] for details.

Hence, we let (w’f’i, w%‘l) €A
F} (wi 3 w3,) =inf F}, (4.5.25)

with *x = + or —;
# #
and for (wu, wm) €Ay,

Ff (wf,08,) = inf £, (4.5.26)

with # = &+ or F.
We need to check that these extremal functions belong to the interior of Aj, in
order to yield a solution for (4.5.11) as given by:

va,=wy; +dy, a=1,2, (4.5.27)
with * = + or —; and
of ;= wh, +di, a=1.2, (4.5.28)
with # = &+ or F.
For x = 4, we expect (4.5.27) to satisfy the topological asymptotic behavior
¢t 5 1, a=1,2; as L — +oo. (4.5.29)
While for x = —, we expect (4.5.28) to satisfy the non-topological asymptotic
behavior
¢4t0ai 0, a=1,2; asl — +oo, (4.5.30)

Similarly, for # = + or # = F, we expect (4.5.28) to satisfy respectively one of the
following mixed topological/non-topological condition

S % and 27721 > 0, (4.531)
or

T 5 0 and €200 s %; (4.5.32)
as A — +oo.

As for the abelian case, this task can be carried out more easily for the topological
case, corresponding to the choice x = 4, and leads to the following result:
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Theorem 4.5.32 [NT1] For sufficiently large A, we have:
inf Ff > minF;' = Ff (wfi, w;l) ;
0A, A > ’

and therefore (1);:/1 = w;:)~ + d)a=12 defines a solution for (4.5.11) and satisfies
(4.5.29) in LP(Q), p > 1, and pointwise a.e. in Q. Actually, (DD, DZA) defines a
local minimum for the functional J; in (4.5.13).

Furthermore J, admits also another critical pointin E x E.

Thus, as for the abelian case, we can always ensure multiple solutions for (4.5.11),
and also guarantee that one such solution always admits a fopological behavior, in the
sense that (4.5.29) holds, as 1 — +o00. We refer to [NT1] for details.

On the contrary, the other cases are more delicate to handle and require further
restrictions on the vortex numbers N,, a = 1, 2.

Concerning the choice of * = —, which we expect to yield the non-topological
behavior (4.5.29), the condition,

inf £ > min £ = F; (0755 03,) (4.5.33)
was checked to hold by Nolasco—Tarantello in [NT1] under the assumption that Ny +
N3 = 1. In this situation, the minimizer (w ,, w; ,) also satisfies a strong convergence
property (along a sequence A, — +400) towards a minimizer of the Toda functional:

2 2
1 ..
Iﬂl,m(wl,wz) = E/Q z KUVU)I‘ . ij — Zuilog (/the")f) , W1, W72 € E,
i,j=1 j=1
(4.5.34)

with
4z 4m
= 2Ny + N) and up = ?(2N2 + N1). (4.5.35)

This can be explained by recalling expression (4.5.24) for J; and that according
to Jost—-Wang’s result in [JoW1] (see Theorem 1.2.13), the functional in (4.5.34) is
bounded from below if and only if u; < 4. Moreover, the infimum is always at-
tained when the strict inequality holds, i.e., when u; < 4z, Vj = 1,2. Clearly if
N1+ Ny =1, then u1 and us in (4.5.35) are both less then 47 ; this justifies the need
for such restriction on the vortex numbers N and N>. On the other hand, the functional
in (4.5.34) remains bounded from below also when x1 and u, are given by (4.5.35)
with Ny = Ny = 1. In this case, 1 = p» = 4x and we are at a borderline situation,
analogous to that encountered for the double vortex case (i.e., N = 2) in the abelian
Chern—Simons 6th-order model.

Indeed, one can proceed in an analogous way (see [NT1]) to arrive at the following
conclusion:
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Theorem 4.5.33 ([NT1]) If N, € {0,1}, a = 1,2 and A > 0 is sufficiently large,

then the minimizer (wl_/l’ w;l) of F; belongs to the interior of the set A, in (4.5.21).

Hencev, ; = = (w, ;+d; )a=1,2 defines a solution for (4.5.11) that admits the following
“non- topologzcal type asymptotic behavior,

¢atas 5 0 uniformly in Q as . — 400, a=1,2. (4.5.36)
For details we refer to [NT1] for the case N1 + Ny = 1 jor which the convergence in
(4.5.36) is actually shown to hold with respect to C™(Q)-norm. In addition, along a
sequence 4, — 400, it is shown that w ai, — Wain Ewitha =1,2, and (w1, wr) a
solution of the 2 x 2 Toda system in mean "field form (recall (2.5.25)):

4z hpe'? 4z Ny .
—Aw) = (2N +N2)f h pre -2 N2+Nl)f Iy — Q. inQ,
4z hye® hie?! 4777N2
—Awy = — ((2N2 + Nl)f Iye2 — (N1 + Nyp) fghlewl ) i nQ, (4.5.37)

wl,wzeH(Q),/un:O:/wz.
Q Q

More precisely, we know that (wp, w;) defines a minimum for the functional in
(4.5.34) and in (4.5.35).

The more delicate case, N| = Ny = 1, follows by arguments similar to those given
above for the abelian Chern—Simons 2-vortex problem, in combination with the results
in [JoW1] and [JoW2]. Analogously, in this situation, one can no longer guarantee
strong convergence towards a solution of the system (4.5.37). In fact, for Ny = N, = 1,
the existence of a solution for (4.5.37) becomes a delicate issue that in general cannot
be dealt by using a simple minimization procedure.

A possibility would be to suppose that i1 and & satisfy conditions analogous to
(2.5.4) (as shown in [JoLW] to which we refer for details); however this assumption,
does not allow us to treat our choice of %, in (4.5.8) and (4.5.10) fora =1, 2.

Finally, concerning the minimization problem in (4.5.26), the condition Nj+N, =1
is still sufficient to guarantee that either one of the minimizers, (wf 1 w2i i ) for F ii or
(wf,/l, wzqc’)_) for F}7, belongs to the interior of the set A; (in (4.5.21)), when 4 is
sufficiently large. More precisely the following holds:

Theorem 4.5.34 ([NT1]) If N1 = 0 and Ny = 1, then for 1 > O sufficiently large the
minimizer (wlii, wzii) of Ff belongs to the interior of Aj, so that (Dil) = (wai’/1 +
d;ti)a=1,2 defines a solution for (4.5.11). Furthermore,

wli,g — 0, as L —> +o0, and wii is uniformly bounded in E;
1
dljE — logz amddzfE — —ooas A — +0o

In particular,

+ 1 0, *
0
e'li — 3 and €212 — 0, as A — +o0.

(Notice that if Ny = 0, thenu; = 0.)
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If Nt = 1 and Ny = 0, then the conclusion above holds for the minimizer
(WY, w;F’Z) of F;7, with the role of the index a = 1 and a = 2 exchanged.
If Ny =0and Ny = 1, (orif N = 1 and N, = 0), then u)gtl1 (or w, /1) is uniformly
bounded in E, and along a sequence 1, — 400, we find w2 A (or w2 i, ) converges
(weakly) in E to a solution of the mean field equation (4.4. 34) with u= ar.

In terms of periodic Chern—Simons SU (3)-vortices, the results above can be sum-
marize as follows:
Theorem 4.5.35 For a = 1,2, let Ny € Z* and Zy = {#,....24,} < Qbea

given set of points repeated according to their multiplicity. There exists 0 < k, <

\/87[ max{ZNlefing,ZN2+N1}’ such that for every k € (0, k™), we have two distinct peri-
odic Chern—Simons SU (3)-vortices solutions for (1.3.115) under the ansatz (1.4.26),

(1.4.27) and the boundary conditions (2.1.34). Furthermore,

(i) The component ¢* of the Higgs field satisfies |¢p?| < 1 in Q, and ¢* vanishes
exactly at each point of Z, with the given multiplicity, fora = 1, 2.
The component ®, of the magnetic field and the component Q, of the electric
charge, respectively, verify
1

2
g = Q0 = ?”(21\/“ LN, a#£befl,2);

and for the energy E, we have
E =2x(N; + N»).

(ii) One of the given solutions is always of the “topological-type”, in the sense that
(4.5.2) holds in LP(Q) p > 1 and pointwise a.e. in Q, as k — 0.

(iii) If N, € {0, 1} a = 1, 2, then there exists a solution of the “non-topological-type”
which satisfies (4.5.6) uniformly in Q, as k — 07.

(iv) If N1 + Ny = 1, then there also exists a solution of the “mixed” topological-
/non-topological-type for which one of the asymptotic behaviors in (4.5.7) holds
in H(Q), as k — 0.

31Q] . .
(v) Fork > \/8” XN, TN AN TN NO such solutions exists.

As for the abelian case, it is reasonable to expect that conclusions (iii) and (iv)
of Theorem 4.5.35 should hold without any restriction on the vortex numbers N,
a=1,2.

4.6 Final remarks and open problems

Again we conclude our discussion of periodic Chern—Simons vortices by pointing out
some of the related open problems.

Firstly, the discussion above explains and re-enforces our interest in the existence
or non-existence of extremals for the Moser—Trudinger inequality, a question to which
we provide a partial answer in the following chapter.
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This question now holds even more relevance in the context of systems, and more
specifically, for the SU (3)-Toda functional (4.5.34), where we ask:

Open question: Does the functional (4.5.34) with N, = 1 and h, defined in (4.5.8)
and (4.5.10) with a = 1, 2, attain its infimum in E x E?

Furthermore, how does the answer to this question depend on the shape of the
periodic cell domain Q (i.e., rectangular, thombus, etc.)?

Also, for a rectangular domain €, does the condition that the points z‘f, a=1,2
(in 4.5.8), coincide or not affect the answer?

In this respect, recall the results in [LiW] for the single equation.

Clearly, the existence of extremals can be more generally asked for the SU (n + 1)-
Toda functional over a closed surface. As usual, we expect the case of the standard
sphere M = S? to contain many elements of interest. We mention that the only avail-
able result in this context is contained in [JoLW].

An answer to the above questions would permit us to construct non-abelian Chern—
Simons vortices satisfying appropriate “concentration” and strong “localization” prop-
erties around some points, in a manner consistent with what is observed in the physical
applications.

As a matter of fact, even in the abelian case and for any vortex number N > 2,
it is not known whether periodic Chern—Simons vortices exist which asymptotically
satisfy the “non-topological-type” condition (4.5.2), and at the same time, admit a
“concentration” behavior similar to that in (4.5.1).

Any progress in this direction would certainly give indications on how to carry
out similar constructions also for SU (3)-vortices, possibly with respect to both “non-
topological,” and “mixed-type” asymptotic behaviors, as given in (4.5.6) and (4.5.7),
respectively.

In any event, removing the restriction on the vortex numbers N,, a = 1, 2, from
Theorem 4.3.35 would serve as an important, step toward the understanding of SU (3)-
vortices. This amounts to provide an affirmative answer to the following:

Open question: Consider any given N, € N and A, satisfying (4.5.8), (4.5.10), a =
1, 2. Does problem (4.5.11) admit a solution (v, v2); for large 4 > 0 such that for
A — 400,

hee’® -0 ae.inQ,a=1,2

(non-topological-type); and a second solution (01, 03);,, for 2 > 0 large, such that as
A — +00,

o1 » v v |
h1el—>§andh2e2—>0 or hle‘—>021ndh2€2—>§

a.e in  (mixed-type)?
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The Analysis of Liouville-Type Equations
With Singular Sources

5.1 Introduction

The construction of periodic “non-topological-type” Chern—Simons vortices devel-
oped in Section 4.4 of Chapter 4 has lead us to consider sequences wy defined over
the (periodic cell) domain € satisfying

A hpe®x 1 O
— Dk — —-—— — —— | 1n
Wk Hk fQ hkewk |Q| >

(5.1.1)
wy € H(Q) : / wy =0,
Q

where u; > 0is a given bounded sequence and the weight function Ay takes the form

m
(@) =[] 1z = pj?* Vi(z) and 0 < by < Vi < by in Q, (5.1.2)
j=1
with p1,..., pm € Q the distinct zeroes of hy (corresponding to the distinct set of
vortex points) and relative multiplicity a1, . .., a, € RT (see (4.4.46) and (4.4.47)).

More precisely, we are interested in analyzing the asymptotic behavior of wy, in the
situation where

max wi — log/ hre™ — 400, ask — 400 (see (4.4.42)). (5.1.3)
Q Q

By the interpretation of such solutions as vortex configurations, we expect them to
“concentrate” at certain points that are likely to coincide with the vortex points. For
this reason, we start by localizing our analysis around a vortex point and by denoting
a > 0 as the corresponding multiplicity. After a translation, we can always take the
vortex point to coincide with the origin. Moreover, if we work with the new sequence

up = wy — log (/ hke“”‘) ,
Q
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then we are lead to study the following “local” problem:

—Aug = |z1** Vi (z)e"* in Bs5(0) = {|z| < J},

/ 21 Vi(2)e" < C, (5.1.4)
B;(0)

where 0 > 0 small, C > 0 is a suitable constant, and 0 < b; < Vi < by in B;(0).
To give an unified discussion, we shall take o > 0, with the understanding that o = 0
describes the situation where we “localize” our analysis away from the vortex points.

Our first task will be to establish a “concentration-compactness” alternative for
(a subsequence of) the sequence |z|2"‘ ek (cf. [Lns]). In the case of concentration, (i.e.,
when (5.1.3) holds), we shall use blow-up techniques in order to describe rather accu-
rately the “bubbling” behavior of uy.

For instance, we shall see that, if u; admits uniformly bounded oscillations on
0Bs(0), namely,

sup uy — inf uy <C, (5.1.5)
3Bs(0) 0B5(0)

for a suitable constant C > 0, then the formation of “multiple bubbles” is not possible,
while such phenomenon is known to occur when (5.1.5) is violated (see examples in
Section 5.5.5).

Notice that condition (5.1.5) can always be checked for our original sequence wy
in (5.1.1).

In the “single-bubble” situation, we shall be able to provide pointwise estimates on
the profile of the sequence uy around its “bubbling point”. This analysis is based upon
an appropriate “inf+sup” estimate for solutions of the equation

—Au = |21V (z2)e" in B1(0), (5.1.6)

which holds independent interest. More precisely, it can be shown that, if & > 0 and
V e Co’l(Bl) satisfies 0 < by < V < by, |[VV| < A in By, then every solution of
(5.1.6) satisfies

u(O)—i—iIrglfu <C, (5.1.7)
1

with a universal constant C > 0 depending only a, by, by, and A.

After our “local” analysis is completed, we shall patch together all such “local”
information to obtain a “global” concentration/compactness principle for a solution-
sequence satisfying (5.1.1), (5.1.2) (see Theorem 5.4.34 and Theorem 5.7.61 below).
By such results in Chapter 6, we shall be able to complete the proof of Theorem 4.4.29
and also obtain an existence result for a generalization of the mean field equation
(2.5.2) which is useful in the study of periodic electroweak vortices. The material of
this chapter follows closely [T4] and collects work of [BM], [BLS], [LS], [L2], [BT1],
[BT2], [BCLT], [T5], and [T6].
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5.2 Background material

In this section we collect some basic properties concerning solutions of the Liouville-
type equation

—Au=We"inQ, (5.2.1)

where Q C R? is a bounded open regular domain and W a given function.
Most of the results here are stated, keeping in mind the following model weight
function:

W) =1z1*V(@), a e RY, V € C(Q) and 0 € Q. (5.2.2)

We start by deriving an inequality of the John—Nirenberg type and we use it to show
thatif u € Ll1 oc (Q) satisfies (in sense of distributions)

—Au= finQ, (5.2.3)
and f € L| . (Q), then
el (Q),p=1 (5.2.4)

Notice that by means of elliptic regularity theory, we get easily that u € Wllo’g (Q) for
1 < g < 2. Since the power g = 2 is just missed, (5.2.4) cannot be deduced simply by
(localizing) the Moser—Trudinger inequality.

Lemma 5.2.1 Let f € L'(Q) andu € W4 (Q), 1 < g < 2 satisfy

—Au=f inQ, (5.2.5)
u<0 in 0Q. o
Then for every 6 € (0, 4x), we have
4n—0 16 2
/ Mg < 5” (diam Q)2 (5.2.6)
Q

Proof. Let R = diam Q be the diameter of Q. So, for some ball Bg of radius R, we
have Q C Bpr. Extend f = 0 outside Q and let

1 2R
1) = 5 [ woe () ironay,

—Au =|f]inR?and @ > 0 in Bag.

By the (weak) maximum principle, # < u in Q, and so it suffices to show that (5.2.6)
holds for u. To this purpose, we use Jensen’s inequality (2.5.10) to get

T 22—
ewf/ ( 2R ) V)|
Bg \|z— Yl 1L

which satisfies
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Consequently, integrating both sides of (5.2.6) over B we have

dr—9 —
T — 1
/ Mo ax < (ZR)Z_%/ / i FASY] dxdy
Br Br J Br |x—y2_ﬁ ||f||L](Q)

|
s dx [f(»)]

2R2 2 d

() /B(/B |x_y|z—£,)||f||L1(g) !

<
4r? 1672
< 2R = 27 (diamQ)?,
0 1)
Thus, (5.2.6) holds for u, and hence for u. O

Remark 5.2.2 As a consequence of Lemma 5.2.1, we see thatif u e Wh9(Q), 1 <g <
2 satisfies the Dirichlet problem

(5.2.7)
u=20 on 0Q),

[—Au —f inQ,
then (5.2.5) holds for |u|, and we get the formulation of (5.2.5) as given in [BM].

Lemma 5.2.3 Let f € L' (Q) and u € W (Q), 1 < g < 2 satisfy (5.2.7), then
el e LP(Q), Vp > 1.

Proof: For p > 1, decompose [ = fi + f2 with || fillL1(q) =< 4”17_1 and f» € L>®(Q).
Accordingly, decompose u = uj + up with u;, j = 1, 2, the unique solution for the
Dirichlet problem

—Auj = fj inQ, uj; = 01in 0Q.

Clearly up € L°°(Q), while we can apply Remark 5.2.2 to 1 (with § = 1), to see that
el“tl ¢ LP(Q). Consequently,

el < elurltlual < ||e‘”2|||Loo(g)e|”1| eLP(Q),
and the desired conclusion follows. O

The “local” version of Lemma 5.2.3 also holds as follows:

Corollary 5.2.4 Let f € Llloc (Q) and u € Llloc (Q) satisfy (5.2.3) in the sense of
distributions. Then (5.2.4) holds.

Proof. By elliptic regularity thoery, u € W14(Q) for 1 < g < 2. Thus, it suffices to
apply Lemma 5.2.3 to qu, Vi € C3°(Q). O

In other words, we see that if u and Au € LllOC (Q), then (5.2.4) holds.
Next, we apply the results above to deduce some regularity results for solutions of
(5.2.1).
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Lemma 5.2.5 Let W € L) (Q) with p > 1 and u € L} (Q) be such that & €

Lfolc (Q) with % + % = 1. If u satisfies (5.2.1) (in the sense of distributions), then

u € Wl (Q). If in addition, W € Cl (Q) f € (0,1], then u € C;;l (Q) and it
defines a classical solution for (5.2.1).

Proof. Let f = We". By the given assumptions f € LllOC (Q) and therefore we can

use Corollary 5.2.4 to see that el“! € Lfoc (), Vp > 1. Consequently, f € L‘l‘OC (Q)
for some s > 1, and therefore we can use elliptic regularity theory to find that u €

leo’z (Q) for some s > 1. In particular, u € LS (€) and therefore f € L{ (). In

turn, u € WIZO’(’; (Q) as claimed. If we also have that W € Clﬁoc (Q), then f € Clﬁoc (Q)
and the desired conclusion follows by Schauder’s estimates (cf. [GT]). ]

Corollary 5.2.6 Let u € W;>> (Q) satisfy (5.2.1). We have:
ifwW e Lfoc (Q) for some p > 1, thenu € leo’g (Q);
ifWe c’ (Q) for some p € (0, 1], thenu € Ci)f (Q) and u defines a classical

loc

solution for (5.2.1).

Proof. Simply observe that in this case by (localizing) the Moser—Trudinger inequality
(2.4.9), we know that el“! € Lf’oc (), Vp > 1. Therefore, Lemma 5.2.5 applies to u
and yields to the desired conclusion. O

Remark 5.2.7 Corollary 5.2.6 can be used to justify the regularity of the various weak
solutions constructed in Chapters 3, 4, and 7 for the elliptic problems arising in Chern—
Simons and electroweak vortex theory. Similarly, this allows us to solve the mean field
equation weakly in the Sobolev space H'! by means of variational methods.

Next, we wish to point out a Harnack-type inequality, valid for solutions of (5.2.1)
when W satisfies (5.2.2). To this purpose, we start with the following:

Proposition 5.2.8 Let f € LP(Q) for some 1 < p < 0o and u satisfy (5.2.5). For any
subdomain Q' CC € there exists a constant € (0, 1), depending on Q and Q' only,
and a constant y > 0, depending on |Q| and p only, such that

supu < finfu + (1 + By fllLr@- (5.2.8)
Q/

Proof. Inequality (5.2.8) is just a direct consequence of Harnack’s inequality. To this
purpose, let w be the unique solution for the Dirichlet problem:

—Aw=f inQ,
w=0 in 0Q).

Since f € LP(Q) and p > 1, standard elliptic estimates (see [GT]) imply that
mgx lw] <yl fllLr), (5.2.9)
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with y > 0 a suitable constant depending on |Q| and p only. Moreover, we see that
the function w — u defines an harmonic function in Q which is nonnegative in 6Q2. So
w — u is nonnegative in Q, and we can apply Harnack’s inequality to obtain a constant
B € (0, 1), depending on Q and Q' only, such that

sgp(w —u) < % igrzl/f(w —u) (5.2.10)

From (5.2.9) and (5.2.10), we derive

supu < Binfu + (1 + g)ymax|w| < B infu + (1 + B)y I fllLr (),
o Q Q Q
as claimed. O

For later use, we present the following consequence of Proposition 5.2.8.

Corollary 5.2.9 There exists a (universal) constant f§ € (0, 1) such that, if & satisfies

—Al =g in Bag,
i<cC in 0Bag,

with g € LP(BaR) for some 1 < p < 400, then

supé < finfé + (1+ By, RV gl p  + (1= pC,
Br Br Byr
for a suitable constant y, > 0 depending on p only.

Proof. Let u(z) = é(Rz) — C. It satisfies (5.2.5) in Q = B, with f(z) = R?>g(Rz) €
LP(By). So, we can apply Proposition 5.2.8 to u with Q" = Bj to obtain a universal
constant # € (0, 1) and y, > 0 depending on p only, such that

SEPM < ,b’igfu + A+ B ypl fllLrs,)-
1 1

From the above inequality, we easily derive the desired conclusion. (]

Proposition 5.2.10 There exists a (universal) constant € (0, 1) such that for a given
b>0,a>0,and C > 0, every solution u of (5.2.1) in Q := {% <zl < ZR}, with

W(z) = z1**V (), IVl < b

and
sup{u(z) + 2(a + D log|z|} < C, (5.2.11)
Q
satisfies
sup u < f§ |ilnf u+2(a+ DB —-1)logp +c, (5.2.12)
lzl=p <=p

for every p € (r, R) and a suitable constant ¢ > 0 depending only on o, b, and C.
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Remark 5.2.11 We wish to stress once more that neither § or ¢ depend on r and R.
Furthermore, property (5.2.11) will appear as a natural condition in the sequel.

Proof of Proposition 5.2.10. For a given p € (r, R), let
v(z) =u(pz) +2(a + 1) logp, (5.2.13)
satisfying: .
—Av = [z]**V(pz)e” in D := [5 <zl < 2] :

Thus, setting f(z) = |z|**V (pz)e” and recalling (5.2.11) we see that
supv < C +2(a + 1)log2 :=Cy
D

and

I £ lloo(py < 4beC.
Therefore, we can apply Proposition 5.2.8tov — C;in Q' = {z: |zl =1} C D to
obtain (universal) constants f € (0, 1) and y > 0, such that

sup v < f8 |zi|n:flv + A+ Pyl fllLem) + A = B)Cy.

lz|=1

From the inequality above and by means of (5.2.13) we immediately derive (5.2.12).

O

We conclude this section with a useful Pohozaev-type identity valid for (smooth)
solutions of (5.2.1):

Pohozaev’s identity: Let W € W1®(Q) and u € C?(Q) satisfy (5.2.1). The fol-
lowing identity holds for every regular subdomain D C Q :

|Vul? ‘
/ zZ-v > — (- Vu)(z-Vu) daz/z-vWeda
oD oD (5.2.14)
—/(2W+z-VW)e“
D

where v is the outward normal vector to 0D.

Proof. As usual in deriving Pohozaev-type identities, we multiply equation (5.2.1) by
z - Vu an integrate over D to obtain

—/(z -Vu)Au = / We'z - Vu. (5.2.15)
D
D

We shall expand each side of (5.2.15). In fact, by direct inspection, it is not difficult to
verify the identity

2
Au(z - Vu) = div (Vu(z - Vu)) — div (z |V2u| ),
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and (via the Green—Gauss theorem) obtain the left-hand side of (5.2.14).
Concerning the right-hand side of (5.2.14), we find

/We”z~Vu =/ Wz-Ve" =/ div (zWe”)—Z/ We”—/(z-VW)e”
D D D D D

=/ (z-v)We"da—Z/ We“—/(z-VW)e”,
oD D D

and (5.2.14) is established. O

In the special case where W is given by (5.2.2), we can further expand (5.2.14) and
conclude:

Corollary 5.2.12 Let u € C%(By) satisfy (5.2.1) in By where (5.2.2) holds with V €
W1F%°(By). Then, for every r € (0, 1), we have

1
r / (§|Vu|2 —(v- Vu)z) do — 2+l / Ve'do

{lz|=r} {lz|=r} (5.2.16)
=—2(+1) / |z Ve" — / 1z|%*(z - VV)e".

{lzl=r} {lzl=r}

5.3 Basic analytical facts

Here, we aim to derive some preliminary facts concerning a sequence uy satisfying
—Aup = Wre'  in Q, (5.3.1)

where W; is a family of weight functions and Q C R? is a bounded open regular
domain.
An important starting point for our discussion is given by the following:

Proposition 5.3.13 Let uy satisfy (5.3.1) and assume that
(i) Wil + llug |21y < C. for suitable C > 0,
(ii) lim sup/ |Wile"* < 4r.

Q

k— 00

Then u,": is uniformly bounded in L%’C (Q).

This result has been obtained by Brezis—Merle in [BM], and holds within a more gen-
eral LP-framework, where assumptions (i) and (ii) are replaced by

. 4z
WillLr ) + ||u,':||L1(Q) < C and 11msup/ |W|e'* < 7,
k Q

—+00

withl<p§+ooand%+#=l.
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Proof. In any regular subdomain D CC €, decompose
Up = Ul k + Uk,

where u1 ; and uy  are uniquely defined as satisfying the following Dirichlet prob-
lems:
—Au1 =0 inD,
Iulak = ug onoD,
and
—Auyp = Wiet  in D,
iulk =0 on 0D.

For some ¢y > 0 and kg € N, we have fD Wire't < 4m — gg, Vk > kg. Therefore, we
can apply Lemma 5.2.1 and Remark 5.2.2 to u x to conclude

le 24| Loepy < C,

for suitable p > 1 and C > 0.

In particular, from the estimate above, it follows that u; x is uniformly bounded in
L'(D). Since ”T,k < u,‘f + |uz |, we also get a uniform bound for ”T,k in L'(D). The
mean value theorem then implies that u;“ « 18 actually uniformly bounded in Lfgc (D).

Moreover, we conclude that Wie"* is uniformly bounded in Lf oc (D), for suitable
p > 1. Consequently, us  is uniformly bounded in L{S . (D) and the desired conclu-
sion follows. O

Following [BM] we give the following:

Definition 5.3.14 A point zg € Q is called a blow-up point for the sequence uy in €,
if there exists a sequence {7z} C Q such that

2 — 20, and  lim  ug(zx) = +o0.
k— 400
In the sequel, we shall denote by S the set of blow-up points, and refer to it as the
blow-up set.
As a consequence of Proposition 5.3.13, we find:

Corollary 5.3.15 Suppose that uy satisfies (5.3.1) with Wy such that

1
WillLe (@) +/ < C, forsomeq > 0. (5.3.2)
Q |Wil?

() 1If

lim sup/ |Wile"* < 4r, then u,‘: is uniformly bounded in L;’gc (Q). (5.3.3)
Q

k—+00
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(ii) If zo € Q is a blow-up point for uy, then

lim inf / |Wile" > dx, (5.3.4)

k——+o00
Bs(z0)

for every 6 > 0 sufficiently small.
Furthermore, if, for a suitable constant C > 0, we have

/ |Wile* < C, (5.3.5)
Q
then uy can admit only a finite number of blow-up points in Q.

Proof. In proving (i) and (ii) we can always assume that (5.3.5) holds, as otherwise
the conclusion in (ii) is obvious. Let t = qqﬁ € (0, 1), and observe that

+ tug uk[ 1 -
Lot o= () "=

Hence, we can use Proposition 5.3.13 to yield (5.3.3). To establish (ii), we use the
estimate (5.3.6), with the integrals taken over Bs(zg), 0 > 0. In this way, we can
check the validity of the assumption (i) of Proposition 5.3.13 in Bs(zp), and conclude
that if zo € € is a blow-up point for uy, (hence it is a blow-up point for any of its
subsequences), then necessarily

liminf/ | Wi (x)|e" > 4x.
k— 400
Bs(z0)

Therefore, when (5.3.5) holds, only a finite number of such blow-up points are
allowed. O

Remark 5.3.16 To justify the nature of assumptions (5.3.2), note that when
0<by <|Wi| <byinQ, (5.3.7)

then (5.3.2) certainly holds and condition (5.3.5) can be replaced by the equivalent
condition

/ el < C. (5.3.8)
Q

In fact, the results stated here are available in [BM] under the assumptions (5.3.7)
and (5.3.8). On the other hand, since we are motivated by problem (5.1.1), (5.1.2),
we actually wish to cover the case where Wy vanishes at a finite number of points
with finite order. In this situation, (5.3.2) and (5.3.5) furnish the natural replacement
of (5.3.7) and (5.3.8).



5.3 Basic analytical facts 183

As a consequence of Proposition 5.4.19 we have:

Proposition 5.3.17 Let uy satisfy (5.3.1) in Q and assume (5.3.2) and (5.3.5). There
exists a subsequence {uy,,} of {ux} such that u,‘:'k is uniformly bounded in L;’;’C (Q\S),
where S C Q is the blow-up set relative to uy,.

Proof. Along a subsequence, (denoted the same way) we can assume that | Wy |e"* — v,
weakly in the sense of measure in 2, where v is a finite measure in Q.
Set

Y ={z0 € Q:v({z0}) = 4n}, (5.3.9)

and observe that necessarily X is a finite set. By (i) in Corollary 5.3.15, we know that

u,‘: is uniformly bounded in Li’gc (Q\ ). So, the blow-up set S; of uy in Q is contained

in X. We claim that X coincides with the blow-up set of a possible subsequence u,, ,

for which the desired conclusion holds. Indeed, if there exists zg € X\ S;, weletd > 0

sufficiently small, so that Bs(zo) N S} is empty and zq is the only point of £ in Bs(zo).
Note that

max u/‘: — 400, ask — +o0.
B;(z0)

In fact, if on the contrary, (along a subsequence) we suppose ||u,j|| L®(Bs(zo)) = C,
then for every ¢ € (0, J), we have

[Wile" = 0(e?) = 0, ase — 0,
BS(ZO)

in contradiction to the fact that zp € X.

Thus, taking a subsequence, we can let z;x € Bs(zg) : ux(zx) = max uy — 400,
Bs(z0)

and zx — z1 € Bs(20).

Since, u,:r is uniformly bounded in L1°§C (Q\ X), then z; = z¢ necessarily, and
so zp is a blow-up point for such a new subsequence, whose blow-up set S> contains
the set S U {z9}. We are finished when ¥ = §,. Otherwise, we iterate the argument
above to obtain a new subsequence whose blow-up set contains an additional point of
X. Since the number of elements of X is finite, this procedure must stop after a finite
number of steps, for which we arrive at the desired subsequence {u,, }, having X as

blow-up set. O

Our next task is to investigate the nature of the limiting measure v of the sequence
Wy, " in relation to the blow-up set S. In this direction, a rather complete analysis is
available for the non-vanishing case (namely, when (5.3.7) and (5.3.8) hold) through
the work of Brezis—Merle [BM], Li—Shafrir [LS], Brezis—-Li—Shafrir [BLS], Li [L2],
and Chen-Lin [ChL1] and [ChL2]. But for our applications to the vortex problem, we
need to consider the situation where W actually vanishes at a blow-up point, in other
words, when a blow-up point and a vortex point coincide, with say the origin. With this
in mind, for given a; > 0, we take the function Wy of the form, Wy (z) = |z|** Vi (2),
and devote the next section to the corresponding “local” analysis around the origin.
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5.4 A concentration-compactness principle

In this section we wish to investigate the behavior of a sequence uj satisfying
—Aug = |z*™ Ve in B;(0), (5.4.1)
for the case when it admits a blow-up point at the origin. We assume that

0 <b; < Vi <byin B1(0) 54.2)
or > 0and oy — o as k — +o0. (5.4.3)

Since under the assumptions of (5.4.2) and (5.4.3), the function Wy, = |z|2* V; satisfies
(5.3.2) (with sufficiently small g > 0), we know already by the results of the previous
section that the following holds:

Corollary 5.4.18 Let uy satisfy (5.4.1) and suppose that (5.4.2) and (5.4.3) hold.
(i) If lim sup 12|2* Vi (2)e"* < 4, then u,j is uniformly bounded in Lloooc (B1(0)).

k— 400 B
(ii) If zero is a blow-up point for ug, then

liminf / 1212 Vi (z)e"* > 4z, (5.4.4)
k—+o00 Bs
forany 6 € (0, 1].
In addition, if
/ 2|2 Vet < C, for some & € (0, 1], (5.4.5)
By, (0)

with a suitable constant C > 0, then zero is the only blow-up point for uy in Bs(0),
for suitable, sufficiently small 6 € (0, dp).

Observe that problem (5.4.1) enjoys a nice scale-invariance property as follows:

if uy satisfies (5.4.1), then for any A > 0, the function
V4 1
uei (@) = w (3) +2(@ + Dlog 5
satisfies problem (5.4.1) in B, = {z : |z| < 4}, with V} replaced by
Vi,a(2) == Vi (E) and || 2% Vi e =/ |22V ethr
A By B

(5.4.6)

By means of such invariance, we will be able to use a blow-up technique to improve
and complete the result above in various directions.

5.4.1 The blow-up technique
We start by showing how to improve (5.4.4) under the additional condition:

Vi — V uniformly in C}. . . (5.4.7)
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Proposition 5.4.19 Let uy satisfy (5.4.1) and assume that (5.4.2), (5.4.3), and (5.4.7)
hold. If zero is a blow-up point for uy, then

liminf / 12)2%* Vi (2)e"* > 8z, Vo € (0, 1]. (5.4.8)
k=+00./B;(0)

Proposition 5.4.19 should be compared with an equivalent result established by

Li—Shafrir in [LS] for solution-sequences {u} of (5.3.1) and satisfying:

Wi — W uniformly in Cjq. () and / et < C. (5.4.9)
Q
Proposition 5.4.20 ([LS]). Let uy satisfy (5.3.1) and assume (5.4.9). If zo € Q is a
blow-up point for uy, then

liminf/ Wye't > 8z, V& > 0 small. (5.4.10)
k—+o00 Bs(z0)

Note that the second condition in (5.4.9) permits us to verify assumption (i) of Propo-
sition 5.3.13; and this implies that (5.3.4) holds for u;. Hence, Propositions 5.4.19
and 5.4.20 aim to improve the lower bound in (5.4.4) and (5.3.4), respectively, when
the sequence of weight functions admits a uniform limit. Clearly, Proposition 5.4.20
covers as a particular case Proposition 5.4.19, when the limiting function W in (5.4.9)
satisfies 0 < b1 < |W| < by in Q. The lower bound 87 is sharp for both (5.4.8) and
(5.4.10), as one sees from the examples given in Section 5.5.5 below.

To derive Proposition 5.4.19, we shall need the following preliminary result:

Lemma 5.4.21 Let Ry — +00, yx — zo and C > 0. Assume that & satisfies

— A& = Ug(z)e* in Dy = {|z] < Ry},

&) =0,
sup& + [ |Ukle* < C,
Dy, Dy,

where
Ux — u|z)*® uniformly in C?OC (R?), with u > 0 and a > 0.

Then the following holds:
(a) & is uniformly bounded in Llogc (Q);
(b) along a subsequence,

& — & uniformly in C;0 (R?), p € (0,1) (5.4.11)
and & satisfies
—AE = ulz|*% in R?,
/ 26 < 400 (5.4.12)
R2 ’

with £(zo) = 0.
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Remark 5.4.22 1) Obviously the condition & (yx) = 0 is a “normalization” condi-
tion, and in fact, the conclusion above follows under the more general requirement:
lim sup [k ()| < +o00.

k——+o00

2) We can apply the classification result in Corollary 2.2.2, i.e., (2.2.17) with o = a,
to see that & in (5.4.12) takes the form:

20 1
z2)=1lo , = — 5.4.13
0 =108 (g = gy G4
with
ﬂ/ 121%%e€ = 87 (1 + a); (5.4.14)
R2

in addition,

ifa € (0, 400) \ N, then yg = 0 necessarily. (5.4.15)

Moreover, in (5.4.13) the parameters yo € C and A9 € R* are constrained by the
condition &(zg) = 0. This implies:

1 1
0= yaplzg™ = ol = g and o = — (1 —2s0£4/1 —4s0) > 1.(5.4.16)
0

At times, it is known that &£(zg) = ma2xf = 0. For such cases, (5.4.13) holds with
R
Yo = zg+1 and 1 = 1.

Proof of Lemma 5.4.21. Let f; = Uye, so that according to our assumptions, fi is
uniformly bounded in Li’(‘)’c (Rz). Furthermore, for every R > 0, we can use Corol-
lary 5.2.4, to obtain f € (0, 1), independent of R, such that

sup&y < pinfé + Cp, (5.4.17)
BR BR

for suitable Cg > 0.
Since for R sufficiently large, sup & > & (yx) = 0, we can use (5.4.17) to ensure
B

R
that & is also bounded from below in Bg, and uniformly so in k. In other words, & is
uniformly bounded in Li’gc (R?). We can then use standard elliptic regularity theory to

extend such uniform bounds to hold in C12 Oz (R?), for some y € (0, 1).
Hence, by a diagonal process, we obtain a subsequence (denoted in the same way)
such that

& — &, uniformly in Cp2% (R?), (5.4.18)
with ¢ satisfying (5.4.12) and £(zg) = 0 as claimed. O

To simplify notation and without loss of generality, from now on we suppose that
(5.4.7) is satisfied with

V() =1. (5.4.19)
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Proof of Proposition 5.4.19. To establish (5.4.8), we only need to consider the case
where (5.4.5) holds. Thus, for_é > 0 sufficiently small, we can assume that zero is the
only blow-up point for u in Bs.
Letting zx € Bs,
(5.4.20)

ur(zx) = max ug,
Bs

we if necessary, take a subsequence so that,
ur(zg) — +ooand zx — 0. (5.4.21)

Set
_uge(zg)
e =e Yath — 0,

We now distinguish two cases:

Case 1:
(5.4.22)

Sy o(1), ask — +o0.
In this case, let us assume that
Z
Ve i= = s 2, (5.4.23)
&k
holds along a subsequence. Set
(5.4.24)

& (z) = ug(erz) + 2(ox + 1) log e.
0. Thus, we easily check that & satisfies all as-

max & =

llal=
sumptions of Lemma 5.4.21, with y; in (5.4.23), Ry = % — 400, and Uy(z) =
12|2% Vi (exz) — |z|** uniformly in Ci)oc (R?), as k — oo.

Note that, & (yr) =

Consequently,
(5.4.25)

& is uniformly bounded in L{2. (R?)

and along a subsequence,
(5.4.26)

& — ¢ uniformly in Cj . (R?)
|2a ecf —

with ¢ satisfying (1.3.41) for © = 1 and a = a. In particular, ¢ satisfies: fRQ |z

87 (1 + a) (see (5.4.14)).
Therefore, by Fatou’s lemma, we find:

lim / 12* Vi (2)e"* = lim
k—+00

k— 00
{lz|=d}

/ Upe™ 2/Izlz“ef=87r(1+oc),

{Iz]=d/&x} R?

and the desired conclusion follows in this case.
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Remark 5.4.23 Notice that in view of (5.4.25), when (5.4.22) holds, then max u; —
Bs
ur(0) = =& (0) = O(1). That is, ux(0) = max ux + O(1), in this case.
Bs

Case 2: % — 400, as k — +o00.
_ g k)

. e
In this situation, set 7, = T

o
28]((8—") k—>0, as k — 4o0. Let

& (2) = wi(zp + wz) — ur(zi)

and )
ar

Zk Tk
—z|  Vilzk + ©2)

U(z) =
lzl  lzl

in Dy = {lz] < 52.).
Then,
—A& = U(z)e™  in Dy,

¢ (0) = 0 = max &,
Dy

[ Uk(z)e* < C,
Dy

for large k. Since = ‘— — 0, we see that U (z) — 1 uniformly in Ci)o c (R?). Therefore,
we can apply Lemma 5.4.21 to & with @ = 0, and by Remark 5.4.22, conclude that
along a subsequence,

1 £
& — £(2) =log ——— uniformly in Clzoc (Rz), and / e* = 8.
(1 + élzlz) k2
Consequently,
lim / 1z]2% Vet > lim / 1z]2%* Vet > lim / Uye
—400 k—+00 k—>+00
B;(0) {lz—zk1<6/2} Dy

z/e§=87r.

Therefore (5.4.8) holds in this case as well.
For completeness, we also include:

Proof of Proposition 5.4.20. We proceed similarly, and let 6 > 0 sufficiently small
such that zg is the only blow-up point for uy in Bys(z0). By a translation, we can

always assume that zop = 0. Let zz € By5(0) such that ug(zx) = {‘Hllaéié} uy. We have
<

zx — 0 and ug(zx) — +o00. Setting

_uk(zk)
gg=e 2 —0,ask > 400
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and

0
Ck(z) = up(zk + exz) +2logeg, z € Dy = [IZI < e_l
k

we see that )
— A& = Uge™ in Dy,
& (0) = maxg“k =0and / ek < C,
Dy

with Ug(z) = Wi(zx + exz) — W(0) uniformly in Clooc . Exactly as above, such
conditions suffice to find a subsequence (denoted in the same way), such that & — &
uniformly in Cﬁ;? and ¢ satisfies:

—AE = W(0)e*,
£0) = maxf =0,

/ e < +00.
RZ

Since A&(0) <0, we see that necessarily W(0) > 0. On the other hand, W (0) =0 would
imply & = constant, in contradiction with the integratability of e< in R%. Therefore,

1
= W(0) > 0and &(z) =1 — ).
M an Z Og((l+%|2|2)2)

In particular,
lim inf Wie = liminf / Uret > W(0) / ¢ = 8,
k—+00 J B5(0) k—+o00 J p, R2

and (5.4.9) is established.

The proof of Proposition 5.4.19 leaves us to wonder when Case 1 actually occurs.
More generally, when can we replace (5.4.8) with the improved lower bound

k— 00

lim inf / 12)2%* Vie"s > 8(1 + a), (5.4.27)
B;(0)

for every ¢ € (0, 1]?
In this respect, a first simple observation points towards a condition that plays a
relevant role in the sequel. O

Corollary 5.4.24 In addition to the assumptions of Proposition 5.4.19, suppose that

sup {ux(z) +2(ax + ) log|z|} < C, (5.4.28)

|z|<do
for suitable oy € (0, 1) and C > 0. Then (5.4.27) holds.
Furthermore, if (5.4.5) is also satisfied, then

ur(0) = max ux + 0O(1) (5.4.29)
lz|=<do
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_ _upg)
Proof. Letzy € Bs, : up(zx) = ‘nllag up — +ooand g = e 2+,
zZ|=<0g

It suffices to observe that in view of (5.4.28), zr — 0 necessarily and (5.4.22)
holds. This immediately yields to (5.4.27). Moreover, if we recall Remark 5.4.23, then
we also conclude (5.4.29). O

When (5.4.28) fails to hold for every dy € (0, 1), we can refine Corollary 5.4.24
and Proposition 5.4.19 as follows:

Lemma 5.4.25 Let uy satisfy (5.4.1) and assume that (5.4.2) and (5.4.3) hold. Suppose
there exists a sequence {z;} C By \ {0} such that

2% —> 0,  wur(zx) + 2(ax + 1) log |z | — +oo,
then

k——+o00
Bjjzy1 (zk)

lim inf / |22% Vie* > dr, (5.4.30)

Y d > 0. If in addition we assume (5.4.7), then

liminf / |2|?% Vet > 81, (5.4.31)
k—+o00
Byjzy 1 (2k)
Vo>O0.

Proof. It suffices to prove (5.4.30) and (5.4.31) for § € (0, 1). To this purpose, let k be
sufficiently large, such that

ur k(z) = ur(zk + |zklz) + 2(ak + 1) log(|zk|)
is well-defined in B; and satisfies
—Auix(z) = |2I** Vi k()€ in By,

20
with Vi x(2) = éﬁ + Z‘ Vi (zk + |zx|z). Notice that zero defines a blow-up point

for uy x since we have

u1,x(0) = ug(zx) + 2(ax + 1)log |zx| — +00, as k — +o0.

Since Vi is uniformly bounded from above and from below away from zero in
Bs(0), Y 0 € (0,1), we can apply Corollary 5.4.18 (ii) to u;1 and conclude that
lim inf / Vike'k > 4x, Vo € (0, 1).
k—+00
B5(0)

A simple change of variables yields to (5.4.30). On the other hand, when (5.4.7)
holds, we can apply Proposition 5.4.19 to any subsequence of u1 x and similarly derive
(5.4.31). m]
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At this point, it appears clear that in order to analyze the behavior of u; around the
blow-up point zero, we must analyze separately the case where (5.4.28) holds, and the
case where it fails.

For this purpose, it is useful to have available the following alternative:

Proposition 5.4.26 Let uy satisfy (5.4.1), and assume that (5.4.2), (5.4.3), and (5.4.5)
hold. There exist constants gy € (O, %) and C > 0, such that, along a subsequence

the following alternative holds:
(i) either

sup  {ug(z) + 2(ax + 1) log|z]} < C; (5.4.32)

0<|z]=<2¢0
(ii) or there exists a sequence {z;} C By \ {0} such that
k. = 0,  ug(zx) +2(0x + 1)log|zx| — o0, (5.4.33)

sup  {ug +2(a + 1 logz]} < C. (5.4.34)

0<|z[<2eq]zl

Proof. Taking into account (5.4.5), set

= lim sup / |2]2% Vi etk (5.4.35)

k—+00

If (5.4.32) fails to hold for every ¢g € (0, %), then we find a sequence z; x — O and a
subsequence of uy, which we denote in the same way, such that
u(z1,6) + 2(ax + 1) loglzi il — +oo.

Thus, by Lemma 5.4.25 we know that:

liminf / 12]2% Ve > A,

k——+00
Bsjzy 4 1(@10)

V 6 > 0. Repeat the alternative above for the sequence:
urk(z) = ur(|z1,k12) + 2(ak + 1) log|z1 k|-

Therefore, either (i) holds for suitable ¢y € (0, %) , and leads to (5.4.33), (5.4.34)

with zx = zjk; or there exists a second sequence z2 x € Bj \ {0}, such that, along a
subsequence, there holds

22,k

. — 0, ur(zak) + 2(ax + D log|z2k| = +o0,
1Lk

lim inf / 12|?% Vet > 4z, Vo> 0.

k— 400
Bsjzy 4 1(2.6)
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Note that the sets Bé\m,kl(Zl,k) and Bé\z;u(Zz,k) do not intersect each other for 6 €
(0, 1) and £ large.

Therefore, in this case we see that f in (5.4.35) must satisfy: f > 8. We may also
repeat the alternative above for the second iterated sequence uy x(z) = ur(|z2,x12) +
2(ax + 1) log |z2,k|, and so on. Observe that each time such an iterated sequence fails
to verify (5.4.32), Veg € (0, %), we contribute with an amount of (at least) 4z to the

value f in (5.4.35). Thus, after a finite number of steps, we must end up with an iterated
sequence that satisfies (5.4.32) for some g9 € (0, 1/2). This fact, when expressed for
the original sequence uy, yields to the desired properties of (5.4.33) and (5.4.34). O

5.4.2 A Concentration-Compactness result around a “singular” point

A more elaborate answer to the question concerning the validity of (5.4.27) requires
the introduction of the following suitable boundary conditions on u:

sup ux — inf ur <C, € (0,1], (5.4.36)

By, 9By,

for suitable C > 0. As we shall see, the behavior of u; around the origin (a blow-up
point) is seriously affected by the validity of (5.4.36).
To this end, we also need to strengthen (5.4.2) by requiring that

V. is differentiable in B (0) where |VVy| < A. (5.4.37)

Proposition 5.4.27 In addition to the assumptions of Proposition 5.4.19, suppose fur-
ther that (5.4.37) holds and for some dy € (0, 1] and property (5.4.36) is satisfied.
Then (5.4.27) holds.

The proof of Proposition 5.4.27, as well as other interesting concentration/compact-
ness properties, are a consequence of the following result established in [BT2].

Theorem 5.4.28 Let uy satisfy (5.4.1), and assume (5.4.2), (5.4.3), (5.4.5), (5.4.36),
and (5.4.37). If zero is a blow-up point for uy, then there exists ro € (0, 1] such that
along a subsequence

|2 Vie — 8z (1 + a)d;=0,

weakly in the sense of measure in By,.

Before giving the proof of Theorem 5.4.28, we shall derive some of its interesting
consequences.

Proof of Proposition 5.4.27. Again, we only have to consider the case where:

1z|>% Vet < C.

{Iz1=do}

Therefore, we see that uy satisfies all assumptions of Theorem 5.4.28, and so we find
ro € (0, 1), such that along a subsequence
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[P — sx1 +a.
B,
Vr € (0, rg), and (5.4.27) follows. O

Proposition 5.4.29 Let uy, satisfy (5.4.1). Assume (5.4.2), (5.4.3) hold and for a > 0
in (5.4.3), also assume (5.4.37) holds. If up > —M in B1(0), then uy is uniformly
bounded in Ll";’C (B1(0)).

Proof. By replacing uy with uy + M, we can always assume that u; > 0 in By (0).

Claim: For every Q CC Bj(0), there exists a constant C (depending on €2) such that
/ |2|** Vet < C. (5.4.38)
Q

To establish (5.4.38), we follow an argument given by Brézis—Merle in [BM]. Let ¢
be the first positive eigenfunction of —A in H(} (B1(0)), and denote by A; the cor-
responding eigenvalue. We normalize ¢; to have | B P1 = 1. We multiply equation
(5.4.1) by ¢ and integrate over Bj to obtain:

0
2|2 Vet gy =/11/uk§01 + / uk% < il/uksﬂl- (5.4.39)
B
1 By oB; By

On the other hand, by (5.4.2) and with the help of Jensen’s inequality (2.5.8), we have

/ |Z|2ak Vkeuk(ﬂl > by /euk+2ak log\z|(p1 > blejBl @ +20% fBl log IZ\(m.
B

By
Thus, from (5.4.39) we derive

1 2 log L.
el o < e gy o2 01 /Mk(ﬂl < C/ukm,
1

B B

which implies
/ urpr < 2C. (5.4.40)
B1(0)

Inserting (5.4.40) into (5.4.39), we arrive at (5.4.38).

Now, let us argue by contradiction and assume that u; admits a blow-up point zg
in By. As a consequence of (5.4.38), we find 9 > O sufficiently small, so that zg
is the only blow-up point for u; in Bg,(z0) C Bi. So ui is uniformly bounded in

C12 Oé (Bsy(z0) \ {z0}), and we can pass to a subsequence to derive:

2|?* Vet — v, weakly in the sense of measure in Bs, (z0);
ug — &, uniformly in Cjb . (Bs,(20) \ {z0});

and —A¢ = v in the sense of distributions in Bg,(zo).



194 5 The Analysis of Liouville-Type Equations With Singular Sources

In view of Corollary 5.4.18 (ii), v(zo) > 4x necessarily. This leads to the estimate:

$(z) = 2log | —C,  in By (z0). (5.4.41)

Z — 20
If zo # O, it suffices to have a contradiction. In fact, in this case, we know from
(5.4.38) and Fatou’s lemma that e¢ is integrable in Bjs(zo); but is impossible by virtue
of estimate (5.4.41).

Note that when a = 0 in (5.4.3), the argument above leads to a contradiction also
in case zp = 0.

Hence, suppose a > 0 and zo = 0. In this situation, Fatou’s lemma implies

/ |z|* e < +oo, (5.4.42)
B5(0)

Vo € (0, dp). On the other hand, since ux > 0 and zero is the only blow-up point for
uy in By, we may check that (5.4.36) holds. So we are in a position to apply Theorem
5.4.28 and conclude that v(0) > 8z (1 + a). Consequently,

1
é(z) = 4(a+ 1) log ﬁ — C in By,
Z

which clearly contradicts (5.4.42). m]

Remark 5.4.30 By direct inspection of the proof above, we see that when a € (0, 1],
condition (5.4.37) can be weakened to (5.4.7) (see Proposition 5.4.19).

Corollary 5.4.31 Under the assumptions of Proposition 5.4.29, if uy blows up in
B1(0) then igfuk — —00, as k — +oo.
1

Again observe that, if we know a priori that zero is not a blow-up point, then the
conclusion of Corollary 5.4.31 follows without requiring (5.4.37).

Proposition 5.4.32 Let uy, satisfy (5.4.1) and suppose that (5.4.2), (5.4.3), and (5.4.5)
hold. In addition, assume (5.4.37) if and only if o. > 0 in (5.4.3).

There exists ry € (0, 1] and a subsequence of uy (denoted in the same way), for
which only one of the following alternatives hold:
(a) uy is bounded uniformly in L;’(fc (Bry);
(b) supuy — —o0, for every Q' CC By;

Q/
(c) there exists z;, — 0, with ux(zx) — +00, such that
i.supux — —00,¥ Q' CC By, \ {0},

Q/

ii. |z|?%* Ve — B, weakly in the sense of measures in B, and f > 4.

Proof. Without loss of generality we can assume that (5.4.5) holds for dp = 1. Indeed,
if this was not the case, then by means of (5.4.6) we would simply replace u; with
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ur(9oz) + 2(ax + 1) log dg. We can apply Proposition 5.3.17 to uy in By, and find a
subsequence of uy, which for simplicity we denote in the same way, such that

u,‘: is uniformly bounded in Lfgc (B1\S), (5.4.43)

where S is the blow-up set (possibly empty) of (the subsequence) uy.
We can also assume that

|z]?%* Ve — v, weakly in the sense of measures in By, (5.4.44)

with v a finite measure in Bj.

Note that, in view of (5.4.43), any other subsequence of uj; admits the same
blow-up set S.

For the case when the blow-up set S is empty, uy is uniformly bounded from above
in any subset of B;. Then we can use Proposition 5.4.29 together with Corollary 5.2.9
to conclude that, along a possible subsequence, either alternative (a) or (b) holds.

Suppose now that S is not empty, but contains a finite number of points. Then for
any 0 > 0 sufficiently small and zg € S, we can apply Corollary 5.4.31 to

Ur(z) = ug(zo + 0z) + 2(ax + 1)logd, z € By,
and see that

inf up = inf wup — —o0, ask — +o0, (5.4.45)
9B5(z0) B;(z0)

where in (5.4.45) we have used the superharmonicity of u;. Consequently, for every
0 > 0 sufficiently small, there holds

giznf up —> —o0,ask - 400, (5.4.46)
1,0

where

Qi5=B1\ | Bs(p) cC B\ S.
peS

Thus, by means of (5.4.43), we can apply Corollary 5.2.9 and conclude:

sup uy — —oo, ask — +4oo. 5.4.47)
Qi

At this point the remaining part of the proof follows easily. Indeed, we can find ryp > 0
such that either B,,(0) N S is empty or B,,(0) N S = {0}. In the first case, by (5.4.47)
we see that alternative (b) holds. While in the second case, we easily check the validity
of part i. of property (c), and see that the measure v in (5.4.44) is supported exactly at
the origin in B,,. Namely, v = fd.—¢ in B,, and § > 4z by virtue of (5.4.4). O

Remark 5.4.33 If we assume (5.4.7), then we can use Propositions 5.4.19 and 5.4.20
to deduce that part ii. of property (c) in Proposition 5.4.32 holds with f > 8x.
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We shall present examples in Section 5.5.5 below showing that the condition f > 8z
is sharp and cannot be improved in general. This is surprising in a way, expecially if
we take into account Theorem 5.4.28, where clearly the additional condition (5.4.36)
must play a crucial role. The role of (5.4.36) towards the “concentration” phenomenon
was pointed out first by Wolansky for the non-vanishing case, i.e., when a;y = 0 in
(5.4.1) (see also [L2]).

The general case was derived in [BT2] by means of the Pohozaev’s type identity,
given in (5.2.16). This approach appears particularly useful when condition (5.4.36)
holds and it will be very much exploited below. See also [OS1] and [OS2] for related
results.

Proof of Theorem 5.4.28. By taking a subsequence if necessary, we can assume that
(5.4.44) holds, with v a finite measure in Bj(0), satisfying:

v(0) = p > 8x.

Furthermore, there exists ro € (0, dp], such that zero is the only point of blow-up for
ui in By,. As a consequence, we find that f; = |z|2% Vi is uniformly bounded
in ¢? (B, \ {0}). Therefore, in view of assumption (5.4.36), we can use Green’s

loc
representation formula for

ok = ug — inf uy,
5350
to obtain that

1 . .
- % log i + ¢, uniformly in Cj... (Br, \ {0}), (5.4.48)

with ¢ a regular function in By,,.
Note in particular that

<

= 4 Vg, (5.4.49)
|z|2

Vuk=V(pk—>Vq)=£

uniformly in Clloc (B, \ {0}).
Fix r € (0, r9), and use Pohozaev’s identity (5.2.16) for uy in B, to obtain:

2
r/(|Vl;k| —(V~Vuk)2)da

" (5.4.50)
=7 / |2 Vi@)e" do = 2ax + 1) / |2 Ve — / (2 - VVi)lz[e.
0B, B, B,

In view of our assumptions on Vi, we easily check that

/ (z- VVi)|z[**e" | < Cr,
B,

with a suitable constant C > 0 independent of k € N and of r.
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If we pass to the limit in (5.4.50) and as k — +00, use (5.4.49), we find

2
lim r / |22 Vet = —ﬂ— +2(a + D) +0(1), (5.4.51)
k—+o00 4z

B,
witho(1) - 0, asr — 0.

Claim:

inf up — —o0, as k — +oo. (5.4.52)
6B(50

To establish (5.4.52) we argue by contradiction and suppose that glrglf up > —M, for

)
M > 0 a suitable constant. Thus, by means of Fatou’s lemma and (5.4.48), we find:

C > limsup / 2P e = =M lim sup / [Pt e? = M / jo 2P/ .
By, By,

k——+o0 k—+o0 by,
This implies
p <4n(1+ a). (5.4.53)
Consequently,

limsupr/|z|2“ka(z)e”"d0 §e_Mr/ 1z1?*Ve?do
OB, 8B

K> 00 (5.4.54)
< Craeh—pn 0, asr — 0.
Using (5.4.54) together with (5.4.51), as r — 0, we derive
182
i +2(a+ 1) =0, ie, p=8z(1+a), (5.4.55)
T

in contradiction with (5.4.53).
Once (5.4.52) is established, we can use (5.4.48) to conclude that, for every com-
pact set K C By, \ {0},
sup up — —oo.

K
That is,
|2[** Vie"s — 0, uniformly in C{\ . (B, \ {0}) (5.4.56)
and
v = Bd.—. (5.4.57)

Furthermore, (5.4.56) implies that the left-hand side of (5.4.51) must vanish. So as
r — 0, we deduce that § = 87 (1 + &) and we arrive at the desired conclusion. O
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5.4.3 A global concentration-compactness result

In concluding our discussion on the concentration-compactenss phenomenon, we show
how to patch together the “local” information derived above to obtain a “global”
concentration-compactness result as follows.

Motivated by problems (5.1.1) and (5.1.2), we consider Q C R? bounded open set
and we let

m
W) =[] 1z = z**Vi(2), z € Q, (5.4.58)
i=1
with {z1, ..., zn} C Q given distinct points;
aig —>a; >0, i=1,...,m; (5.4.59)
0 <Dy < Vi(z) <ba, Vz €Q. (5.4.60)

We consider a sequence uy satisfying

—Aug = Wie' inQ
{ e = Wke ™ 25, (5.4.61)

fQ Wiett < C,

with C > 0 a suitable constant.
We have:

Theorem 5.4.34 Let uy satisfy (5.4.61) and assume (5.4.58), (5.4.59), and (5.4.60)
hold. In addition, if (5.4.58) holds with o.; > O for some j € {1, ..., m}, suppose that:
Vi € CO’I(BrO (zj)) and |VVi| < A in By (z}), for suitable ro > 0 sufficiently small
and A > 0. Along a subsequence, one of the following alternative holds:

(a) uy is uniformly bounded in Llogc (Q);

(b) supuy — —oo, as k — oo, for every Q' CC Q;

Q/
(c) there exists a finite set S = {q1,...,qs} C Q (a blow-up set) and corresponding
sequences {zj x} C Q such that as k — 00
(i.)zjx — qjand ug(zjx) — 400, Vj=1,...,s,
(ii.)
supuy — —oo, for every Q CC Q\ S, (5.4.62)
Q/
(iii.)
S
Wik > > By, (5.4.63)
j=1
weakly in the sense of measure in Q, with f; > 4r, for every j =1, ...,s.

In addition, if Vi — V in C)) (Q) then (5.4.63) holds with ; > 8, j =1,...,s.
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Proof. Clearly, we can apply Proposition 5.3.17 to find a subsequence of uy, denoted
in the same way, such that

uz' is uniformly bounded in Li’gc Q\9), (5.4.64)

where S is the (possibly empty) blow-up set of the subsequence of u;. We also may
suppose that as k — oo,

Wie'* — v, weakly in the sense of measure in Q, (5.4.65)

where v is a finite measure in Q.

As in the proof of Proposition 5.4.32, we see that either uy satisfies alternative (a),

or : supuy — —oo, as k — oo, forevery Q' cC Q\ S.
Q/

In particular, if S is empty then either alternative (a) or (b) holds. On the other
hand, when § is not empty, it contains a finite number of points, say S = {q1, ..., gs},
for which (c)(¢) and (c)(ii) hold. Hence, the measure v in (5.4.65) is supported in S.
Now, for 6 > O sufficiently small and g € S, we can apply Proposition 5.4.32 to
U = ur(q + 02) + 2(ax + 1) logd, z € By; and we conclude that

V|Bs(q) = Bdy With f > 4rx.

Thus, (c)(iii) is established once we also take into account Remark 5.4.33. O

5.5 A quantization property in the concentration phenomenon

5.5.1 Preliminaries

The goal of this section is to give a precise characterization of the concentration value
f within that occurs in alternative (c) of Proposition 5.4.32.
For this purpose, we take uy to satisfy

—Aug = |z]** Vie'* in By, (5.5.1)
|22 Ve — oo, (55.2)
weakly in the sense of measure in Bj.

It follows from Theorem 5.4.28 that, when u; satisfies also (5.4.36), then
necessarily

B =8z(l+a), (5.5.3)

provided that (5.4.2), (5.4.3) and (5.4.37) also hold.

Explicit examples discussed in Section 5.5.5 below show that when (5.4.36) is not
satisfied, then (5.5.3) fails to hold in general.

On the other hand, such examples also indicate that in any case § cannot take any
arbitrary value larger than or equal to 87, but in fact must be restricted to satisfying a
sort of “quantization” property as follows:

B e8rNUSz(N + a). (5.5.4)
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It is one of the main goals of this section to prove (5.5.4) and thus complete Theorem
5.4.34 as follows:

Theorem 5.5.35 If alternative (c) holds in Theorem 5.4.34, then property (iii) is veri-
fied with,

B €8xN, forq; ¢ {z1,....,zm}or Bj € 8x(N+a;)} U8xN forq; =z,
(5.5.5)

forsomei=1,...,mand j=1,...,s.

If we take a; x = 0 in (5.4.58), then (5.5.5) gives f; € 8N,V j = 1,...,s. This
situation was handled first by Li—Shafrir in [LS], while the general case was established
by the author in [T5].

Theorem 5.5.35 easily follows once (5.5.4) is established. In fact, we can localize
our analysis around each blow-up point ¢;, and after a suitable translation, we can
scale our sequence according to (5.2.13) to obtain a problem of the type (5.5.1) and
(5.5.2), for which whenever ¢; ¢ {z1,...,zZm}, We take ax =0V k.

Let us mention that in the process of establishing (5.5.4), we also obtain an in-
equality of the type “sup +inf” in the same spirit of [BLS], [ChL4], and [Sh]. This
will be discussed in Section 5.5.3.

5.5.2 A version of Harnack’s inequality
Throughout this section we assume
or > 0and ap — «a, (5.5.6)
and
Vi e COY(B)): 0 <by < Vi <by, |VVi| < Ain By. (5.5.7)

The main technical ingredient to derive (5.5.4) is contained in the following:

Theorem 5.5.36 Let uy satisfy (5.5.1), and assume (5.5.6) and (5.5.7) hold. Suppose
there exists gy € (0, %) , Co > 0, and a sequence {z;} C By such that

(i)

2k = 0, w(zk) + 2(ox + 1) log |zx| — +00; (5.5.8)
(ii)
sup  {ur(2) + 2(ax + 1) log |z]} =< Co; (5.5.9)
|z1=<2&0]2k]
(iii)
|2]** Ve < Co. (5.5.10)

lzl<(14+&0)lzk|
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Let
ok (2) = ur(|zklz) + 2(ax + 1) log |zk], (5.5.11)

then along a subsequence, the following alternative holds:

(a) either max vy — —oo and infuyp < max vg + 2(ar + 1) log|zx| + C,
{lz|<eo} By {lz|<eo}

(b) or v (0) — +o00 and ilI;lka < —ur(0) +C,
1
for a suitable constant C depending only on by, by, and A in (5.5.7).

Proof. To simplify our notation, we take a; = a, Vk € N. Furthermore, by passing to
a subsequence if necessary, from (5.5.7), we can further ensure that

Vi = V, uniformlyin C{ _(By), (5.5.12)
where again, we loose no generality by assuming that
V() =1. (5.5.13)
Observe that vj satisfies:

—Avg = 21 Vi(|zkl2)e in D = {|z] < 1+ eo},

[p 121 Vi(lzk]2)e™ < Co, (5.5.14)
sup {vx(2) +2(a + 1) log |z|} < Co.
[z|<eo

Thus in view of Corollary 5.4.24, along a subsequence, we see that either

v (0) = Inllax vx + O(1) = o0, ask — +o0, (5.5.15)
Z|=€0
or
max vy < C.
lz|<eo

In the latter case, we can derive a stronger statement, by taking into account that

o (f_’f|) s tooas k — +oo: (55.16)
Tk

that is, (a subsequence of) vy admits a blow-up point on the unit circle.
Therefore, vy verifies alternative (c) in Theorem 5.5.35, and by means of (5.4.62)
we conclude:

|n|1ax vy —> —00, as k — +oo. (5.5.17)
zZ|=¢€0
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In order to proceed further, we observe the following facts.
Fact 1: If (5.5.15) holds, set

e = eleézifl)) — 0. (5.5.18)
Then along a subsequence,
& (2) := up(ekz) + 2(a + 1) log &g (5.5.19)
satisfies
&(2) — & uniformly in CfL . (R?), (5.5.20)

with & defined in (5.4.12) and (5.4.14) for & = a and i = 1. More precisely,

Ao 1
z)=lo » Ya = , 5.5.21
SO = e T o T T s O
where 19 = 1 and yp = 0 for a € (0, +00) \ N while for a € N, we have;
1 1 1
s0.= —Iyol < 7 and do = 55 (1 = 250 + VT —4s0) > 1. (5.5.22)
Yo an

g (0)
Proof of Fact 1. Let Ay = e2e+D — +00, as k — +00, and observe that

Z

¢e(z) =g (ik

1
) +2(a + 1) log —.
Ak

Thus, by setting Ry = goAk, from (5.5.15) we see that,

max & = max vg —vr(0) = 0(1), ask — +oo.
{lzI<R} {lzl<e0)
Note also that & (0) = 0.
At this point, we can use (5.5.14) together with (5.5.12) and (5.5.13) to check that
& satisfies all assumptions of Lemma 5.4.21 with y, = 0, Ry = ggly — 400, and

|z .
Ur(2) = 1z1** Vi (Wz — |z[** in C} . (R?).
Thus, we readily deduce (5.5.20), while (5.5.21) follows from Remak 5.4.22.
In case (5.5.15) is not available, we can confide in (5.5.16) to obtain an analogous

result. To this purpose, suppose that along a subsequence,

|Z—k| — zpask — +oo, with |79 = 1. (5.5.23)

Lk
Hence zg is a blow-up point for vy, and we find rg € (0, g9) such that zg is the only
blow-up point for v in By, (z0). Let yx € By, (20):
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vk (yk) = _max ovg. (5.5.24)
BrO(ZO)

Hence, along a possible subsequence:
Yk = 2o and v (yx) — +00.

Fact 2: Set

O = e 100 50, &(2) = ok (e + dy) + 2log & (5.5.25)

(along a subsequence) we have

1 . .
& — ¢ =log ﬁ , uniformly in C1200 (R2) (5.5.26)
(1 + §|Z|2)

Proof of Fact 2. For R = g—‘k) — 400, observe that

—A& = Uget  in Dy = {|z] < Ry},
max & = 0 = &(0),
Dy

[ Ukesk < Co,
Dy

with Ux(2) = |yk + 0z**Vi(|zk| vk + |zx|0kz) — 1, uniformly in Clooc (R?). So we

are now in position to apply Lemma 5.4.21 witha = 0, zp = 0 and ¢ = 1. As above

we arrive at the desired conclusion by virtue of Remark 5.4.22, where the additional

information, &£(0) = ma;xf = 0, implies that we must have 4o = 1 and y9p = 0 in
R

(5.4.13). O

To proceed further, we use a moving-plane technique as introduced in the same
context by Brezis—Li—Shafrir in [BLS]. To this purpose, we assume, without loss of
generality, that u; is defined up to the boundary 0Bj, otherwise for any fixed ry €
(0, 1), we simply need to replace uy with ug(roz) + 2(a + 1) log ro.

Define

, A
or(t,0) = up (") + 2(a + 1)t — b—ef, (5.5.27)
1

for (¢,0) € Q = (=00, 0] x [0, 27).
A simple calculation shows that

- A
—Aw = Vi(t, 0)e® + b—e’ in 0,
1

~ . A Lt
with Vi (7, 0) = Vi(e'19)ePr® .
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Thus, we can use assumption (5.5.7) to obtain:

o (-~ A
o (Vk(t, 0)e* + b—e’) >0, V&eRand(t,0) e Q. (5.5.28)
1

Claim 1: For k fixed, there exists 4 < 0 (depending on k) such that for every 4 < A
there holds:

wrQu —t,0) —wr(t,0) <0, foru <t <0and@ € [0, 27). (5.5.29)
To establish Claim 1 observe that
o —1,0) — an(t,0) < + cx, Vi € [% o) and 0 € [0, 27);
while 5
5@,((;,9) >2(a+1) — cxe™’? Vi < u/2and 0 € [0, 2r),

for suitable ¢ > 0 depending only on k. Thus, we can choose 4 sufficiently negative
(depending on k) such that Vu < 4,

o —1,0) — an(t,0) <0, fort e [%,o) and 6 € [0, 27):
0 M
Ewk(t,ﬁ) >0, fort< B} and 0 € [0, 27);

and this ensures (5.5.29).
Therefore, the following is well-defined:

A = sup{A < 0: (5.5.29) holds, for every u < 1}. (5.5.30)

Claim 2:
i 0,0) < 22k, 6 5.5.31
ger[%flzln)wk( ) =< Hg}gﬁ)wk( k> 0) ( )

To obtain (5.5.31) we consider the function wi(¢,0) = wr(Ax — t,0) — wx(t, 0).
Hence, y; < 0, and by virtue of (5.5.28), we see that Ay > 0, for (¢, 0) € [, 0] x
[0, 27). Thus, we can use the maximality of A; together with the maximum principle
to conclude that necessarily wy must vanish in {0} x [0, 2z ). This fact readily implies
(5.5.31).

Our next task is to estimate ;. We must proceed differently according to whether
alternative (a) or (b) holds.

We start by analyzing alternative (a) relative to the validity of the following:

Lemma 5.5.37 [f(5.5.18), (5.5.20), and (5.5.21) are verified, then in (5.5.30), we have
Ar <loger + O(1), (5.5.32)
and

infuy < —ur(0) + O(1), (5.5.33)
1

as k — +o00o.
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Proof of Lemma 5.5.37. For (t,60) € Q, define

AOeZ(a+l)t

o(t,0) = &) +2(a + 1)t = o ,
¢.9) )+ ) g (14 Agyqle@+D@+i0) — y0|2)2

with y, = yo € Cand g > 0 specified according to (5.5.22).

1
8(a+1)2’
By means of Proposition 2.2.3, we see that for fixed § € [0, 2x), the function

1
(-, 0) is symmetric with respect to the axis r = log \/L;, witht = (dop2) @D .
Namely, @ (log % —t, 9) =w (log % +1t, 6) ,Vt € R,V € [0,2x). Moreover
(-, 0) is increasing for t < log %, decreasing for ¢ > log \Lﬁ and attains its strict

maximum value at t = Notice also that

log %
o(t,0) <2(a + 1)t + log Ag. (5.5.34)
In view of (5.5.20) and (5.5.21), for every fixed s € R, we have

sup |k (t + log e, 0) — w(t,8)] = 0, as k — +4o00. (5.5.35)
{t<s5,0€[0,27)}

Thus for large k, we deduce

sup |k (t +logeg,0) —w(t,0)] <1, (5.5.36)
{t§4+log 7 ,0€[0,27)}

and

1 1
Wy (4 + log ﬁ + logek,e) < wy (log ﬁ + log &k, 9) , V0 € [0,27). (5.5.37)

As a consequence of (5.5.37) we check that (5.5.29) fails to hold when A = loge; +
log % +2,t = logey + log % + 4, and k is large. From this fact, we immediately

deduce the estimate (5.5.32).
Furthermore, using (5.5.36) and (5.5.34), for k large we can estimate:

2k, 0) < w2k —loger,0) + 1 <2(a + 1)(2Ak —logex) + O(1)
<2(a+ 1) loger + O(1) = —ur(0) + O(1).

Therefore, using (5.5.31) and (5.5.27), we find

infupy = minug < min w(0,0) < HrR)aé( )a)k(Zik,H)

B 0B 0€l0,27)
< —ur(0) + O(1),
as k — 400, and (5.5.33) follows. O

Conclusion of the proof of Theorem 5.5.36. Note that by virtue of Fact 1 and Lemma
5.5.37, the statement in alternative (b) is established. Concerning alternative (a) we
have:
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Claim 4: If (5.5.17) holds, then
Ar <loglzxg| + O(1), ask — +oo. (5.5.38)

To establish (5.5.38), notice that from (5.5.25) and (5.5.26) we find a suitable ¢ > 0,
such that for k sufficiently large, we have

1
vk + dz) < ox(x) — 20, 3= lz] <3, (5.5.39)

with y; defined in (5.5.24). Let p; € (0, 400) and 6 € [0, 27 ) be the polar coordi-
nates for yg; that is, _

pre'% =y,
so px — 1, as k — +o0. Since

o (1og ((1+5P2elael ), 6) =oi (1 +9)w) +2( + D log (pi(1 +5)?)

A
— —lzelpe (1 +5)2,
by

Vs > 0, we can use (5.5.39) to deduce
oy (log |zi| +log pi + 21og(1 + ), Ok) < i (log |zk| + log pi, Ok) — o, (5.5.40)

provided that k is sufficiently large.
This shows that, for k sufficiently large, 1 = log|zx| + log pr + log(1 + J) and
t =log|zk| +log pr + 21log(1 + Jk) results in the failure of inequality (5.5.29) to hold
for & = 6;. We thus conclude (5.5.38).
At this point, we are ready to derive part (a) of our statement. Indeed, from (5.5.31)
we have
infup = infuy = min w(0,0) + A/b; < max wr(2ix,0) + A/by
B dB; 6€l0,27) 0€[0,27]
o2+
= max vy + 2(a + 1)(2Ax — log |zk|) + A /by (5.541)
6€l0,27) ( |zk| )

< max ovg+2(a+ 1)log|zk| + C,
[zI=<Rolzkl

for suitable constants Ry and C. This completes the proof of Theorem 5.5.36. O

Remark 5.5.38 Note that inequality (5.5.31) contains a slightly stronger statement for
alternative (a) of Theorem 5.5.36.

5.5.3 Inf 4 Sup estimates

In this section we discuss an interesting consequence of Theorem 5.5.36, concerning
suitable “inf+sup” estimates that are valid for solutions of the equation:

—Au = |z**V (z)e* in By, (5.5.42)
with V satisfying,
0<b <V <bh, |VV|<A. (5.5.43)
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Theorem 5.5.39 Let a > 0 and let u be a solution of (5.5.42) with V satisfying
(5.5.43) in By. Then

u(0) +infu < C, (5.5.44)
1

with C a constant depending only on a, by, by and A.

Estimate (5.5.44) was established by Brezis—Li—Shafrir in [BLS] for the case a = 0.
However, when o = 0, the origin plays no special role in equation (5.5.42). In fact, we
can use a translation to see that (5.5.44) holds when zero is replaced by another point
zo and By is replaced by Bj(zo). Consequently, for & = 0, one can actually conclude
the following “global” result:

Corollary 5.5.40 (/BLS]) Let Q C R? be an open bounded domain and K C Q be a
compact set. If u is a solution to

—Au=Ve" inQ, (5.5.45)
with V satisfying (5.5.43) in Q, then
maxu + infu < C, (5.5.46)
K Q

with C a suitable constant depending only on by, by, A, and dist (K, 0Q).
Proof of Corollary 5.5.40. Let zo € K satisfy u(zg) = mlz(ix u, and let ro € (0, 1] be

such that By, (z0) C Q. The function ii(z) = u(zo + roz) + 2logrg satisfies —Au =
V(z)e" in B with V(z) = V(zo + roz). We easily verify that V satisfies (5.5.43) in
Bj. So we can apply Theorem 5.5.39 with a = 0 and conclude:

1
maxu + infu <u(zo)+ inf wu=u(0)+infa —4logrg <C +4log—,
K Q By ro

{lz—zol<ro}
thus the desired conclusion follows. O

On the contrary, when & > 0 and 0 € K then (5.5.44) no longer suffices to provide
a “global” estimate of the (5.5.46) type. In this case (5.5.44) gives a weaker statement
than (5.5.46); since it is possible to construct a sequence uy of solutions of (1.3.25),
with V; = 1, that admits zero as a blow-up point in By, and at the same time, uy (0) —
—00, as k — +00. We refer to Section 5.5.5 below for details.

Therefore, the validity of (5.5.46) for o« > 0 and 0 € K, remains a challenging
open problem. Here we will be able to prove (5.5.46) only under some additional as-
sumptions (see Corollary 5.5.42 and Theorem 5.6.59).

In order to establish (5.5.44), we shall need some preliminary information. We are
going to argue by contradiction and assume that there exists a sequence u such that

—Auy = |z|**Vie™ in By, (5.5.47)
with Vj satisfying (5.5.7), and
ui(0) + igfuk — +o00. (5.5.48)
1
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Without loss of generality, and by passing to a subsequence if necessary we can further
assume that (5.5.12) and (5.5.13) hold. Note that

uy (0)
& = 672(1’;“) — 0, ask — +o0, (5.5.49)

as easily follows from (5.5.48).

Lemma 5.5.41 For a given k € N, there exists ry € (0, 1] such that

12)%* Vie" < 8z (1 + a), (5.5.50)
{lzl<ri)
and
Ik
< 5 to0. (5.5.51)
Ek

Proof. We adapt an argument of Shafrir [Sh], also used in [BLS]. Fix £k € N. If

Ik 1z|2* Vye't < 8z (1 + a), then we just take r; = 1. Hence suppose that
By

/|z|2“ Ve > 8z(1 + a), (5.5.52)
By

and for r € (0, 1) define
1
G(r) = ux(0) + - / urdo +4(a + 1) logr.
Tr
0B,
Whence

G()_zi/ 4(“+1) -t /Auk+87r(1+a)
0B,

2xr
B,

1
L 8n(1+a)—/|z|2“vk(z)e"k
2xr
B,

Therefore, in view of (5.5.52), there exists a unique r¢ € (0, 1) such that
/ 121%* Vi (2)e"* = 8z (1 + a), (5.5.53)
By,

and

G(ry) = max{G(r),r € (0, 1)}. (5.5.54)



5.5 A quantization property in the concentration phenomenon 209

Using the super harmonicity of uy, and as a consequence of (5.5.48) and (5.5.54), we
find:

1
2 (ug(0) + 2(a + 1) logri) > ur(0) + . / updo + 4(a + 1) logry
k
By,

= G(r) = G(r) = w(0) + inf ux = wx(0) + infuy

> ur(0) + iélfuk — 400, ask — +oo.
1

Thus ux(0) + 2(a + 1) logry — 400, as k — 400, and we derive

Tk _ eﬁ(uk(0)+2(a+l)logrk)

ek

— +o00, ask — 400,
as claimed. O

Proof of Theorem 5.5.39. Under the assumption of contradiction by (5.5.48), set
u1k(2) = ug(rez) +2(a + 1) logry, (5.5.55)

with r¢ as given in Lemma 5.5.41. Observe that
—Auy g = |2** Vi (riz)e v+ in By = [|Z| < i],

[ 122 Viri2)et s < 8z (1 + o), (5:5:56)

u1,x(0) - +o00, ask — +oo.

Hence, according to Proposition 5.4.26, we have that the following alternative holds
around the origin:
either

sup {u1x(z) +2(a + 1)loglz|} < C, (5.5.57)

|z|=<2¢0

or
21k = 0, urk(z1x) +2(a + 1)loglzy x| — +oo,

sup  {u14(z) +2(a + 1) log|z|} < C, (5.5.58)

|z1=2e0lz1 k|

for suitable &y € (0, %) and C > 0.
In case (5.5.57) holds, we use Corollary 5.4.24 to write:

u x(0) = |ma¢2x urx + 0(), ask — +oo.

z|<2¢9
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Consequently,
&k
&(2) = ur(exz) + 2(a + 1) loger = u1x (;Z) —u1,k(0)

satisfies all assumptions of Lemma 5.4.21 for Ry = %80 — 400, vy = 0and U (z) =

1212* Vi(exz) — |2/** in Clooc (R?), as k — —+o00. So we conclude that (5.5.20) and

(5.5.21) hold for &, and we can apply Lemma 5.5.37 to find
ur(0) + igfuk <C,
1

in contradiction with (5.5.48). On the other hand, if (5.5.58) holds, then we are in a
position to apply Theorem 5.5.36 to uy with zx = rrz1 . Since alternative (b) immedi-
ately leads to a contradiction of (5.5.48), we suppose that v (z) = ur(|zx|z) +2(a +1)
log |zx| satisfies

max vy —> —090, (5.5.59)
lz|<eo
and so
1nfuk < {‘rrllax}vk 4+ 2(a + 1) log|zx| + C. (5.5.60)
|

Conditions (5.5.59) and (5.5.60) still permit us to contradict (5.5.48) as follows:

uk(0)~|—1nfuk < Dk(0)~|-{II|1aX}l)k+C <2{Irr|1ax}1)k+C — —00,
<50

as k — +00. And we conclude the validity of (5.5.44) as desired. O

By Theorem 5.5.39, we can check the validity of (5.5.46) as follows:

Corollary 5.5.42 For a given co > 0, let u satisfy (5.5.42) where V satisfies (5.5.43)
and

sup{u(z) + 2(a + 1) log|z|} < co.

B

For every r € (0, 1), there exists a constant C = C(r, a, by, by, A) such that

supu + infu < C. (5.5.61)
B, B

Proof. As before we argue by contradiction and by virtue of Corollary 5.5.40 we
suppose the existence of uy satisfying (5.5.47) with Vi as in (5.5.7) and such that the
following conditions hold:

max (e +2( + 1 log 2} < o, (5.5.62)
zZI=

and for a suitable sequence {zx} C Bj,

zk —> 0and u(zx) + igfuk — +o0. (5.5.63)
1
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ug (zg)
Clearly uy(zx) = +o0o,andso gy = e~ 2<kﬂ+kl) — 0, while (5.5.62) implies

<k

&k

= 0(1), ask — +oo0. (5.5.64)
Exactly as in Lemma 5.5.41, property (5.5.63) allows one to find r; € (0, 1] such that

’
121%* Vie'* < 87 (1 + a) and * 400, as k — +o00.
&k
Brk(zk)

Using (5.5.64) we see that

Zk

Tk

— 0, ask — +o0, (5.5.65)

and consequently, [ |z 12 Vet < 8z (1 + a), provided that k is sufficiently large.
B (0)

2
Since by (5.5.7) we can always verify (5.5.12) along a subsequence, we are in position
to apply Corollary 5.4.24 to (a subsequence of) the following sequence:

T, r,
i (2) = uk(§z>+2<a + 1)log§, z€B.

Thus we obtain
ur (0) = ma)iu]’k 4+ 0(1), as k — +o0;
zZ|<

that is,
ui(0) = max ug 4+ 0(1), as k — +o0.

lzI<57k

On the other hand, from (5.5.65) we see that z; € B " (0) for large k, and we conclude
2

ur(0) > ui(zx) — C,

for a suitable constant C > 0. But this is impossible, since the estimate above together
with (5.5.63) leads to a contradiction of Theorem 5.5.39. m|

Remark 5.5.43 Concerning the “inf+sup” estimate of (5.5.46), a first (weaker) ver-
sion was established by Shafrir in [Sh] under the sole assumption:

0<b <V <byinQ.

In [Sh], Shafrir proves the existence of positive constants C; = Cj(b/a) and C, =
Ca(a, b, dist (K, 0Q)) such that

maxu + Cyinfu < Cs.
K Q

His proof relies on the isoperimetrical inequality of Alexandroff (see [Ban]). Under
the stronger assumption of (5.5.43), the sharper “inf+sup” inequality (5.5.46) was
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obtained by Brezis—Li—Shafrir [BLS] using a “moving-plane” technique that we pre-
viously adapted for the proof of Theorem 5.5.36.

We also note that in [Sh], Shafrir showed how to take advantage of the Liouville
formula (2.2.3) to obtain (5.5.46) for the pure Liouville equation, where « = 0 and
V = 1 in (5.5.42). We point out that when a > 0, a similar use of the Liouville
formula (as worked out in [BT1]) only enables one to derive (5.5.44). We give an
indication of this fact for a € (0, +00) \ N U{—% + N}. In this case, a classification
result in [BT1] asserts that all solutions for —Au = |z|2"‘e” in B; take one of the
following forms:

81(14+ o)y () + 2y (2)?
u(z) = log( T ECBDE ), (5.5.66)

or

8|(1 4+ @)y (z) — zy'(2) |2
(122@+D + 1y (2)]7)?

u(z) = log (5.5.67)
with y holomorphic in Bj satisfying w(0) # 0 and (1 + a)w(z) £ zy'(z) # Oin
B1 where the + sign is chosen according to whether (5.5.66) or (5.5.67) is considered.
Thus, following [Sh], we define

8|(1 4+ a)y(2) £ zy/(2) |2
“(Z):k’g( T+ v QP )’ZGB"

where again the % sign is chosen according to whether we use (5.5.66) or (5.5.67).
Since v is superharmonic in By, we find

8(1 + )’y (0))?

(1+|l//(0)|2)2 ZD(O)ZI%ianZminDZminu.

0By B
On the other hand, if u satisfies (5.5.66), then u(0) = log (8(1 +a)?| w(0)|2) and we
conclude:

64(1 + a)* [ (0)*
(1+ 1w 01?2

. 4
u(0) + fl)rgu <log <log (64(1 +a) )

. . _ 8(14a)?
Whereas, if u satisfies (5.5.67), then u(0) = log O and

64(1 + a)?
1+ 1w (0)?)?

In either case, (5.5.44) is established.

u(0) + inf u < log <log (64(1 + a)z).
9B
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5.5.4 A Quantization property

The goal of this section is to establish the following result:

Theorem 5.5.44 Let uy satisfy (5.5.1), (5.5.2) and assume (5.5.6), (5.5.7) hold. Then
(5.5.4) also holds.

We start with some preliminaries. First notice that (5.5.1) and (5.5.2) imply that

Vre(0,1), 3C>0: / |22 Vie'* < C,, (5.5.68)
B,
zero is the only blow-up point for uy in By. (5.5.69)

As already mentioned, Theorem 5.5.36 will play a crucial role in proving Theorem
5.5.44 as it implies the following result:

Proposition 5.5.45 Under the assumption of Theorem 5.5.36, suppose further that for
some 0 < O < r < 1/2, we have

sup wk+ﬂa+umgm}gcmm%ﬂgy,
k

(% <jz1<2n)
for suitable positive constants C and y . Then
12)2% Vie"™ — 0, as k — +oo. (5.5.70)

(O <lzl<rx}

Proof. As a consequence of Harnack’s inequality as stated in Proposition 5.2.10, there
exist f € (0, 1) and C > 0 such that, for every r € (J, rr), we have:

sup uxy < f |i‘nf up + 2(ar + 1)( — 1) logr + C. (5.5.71)
|zl=r o=
Define
u,r(2) = ur(rz) + 2(ox + 1) logr.
We are going to apply Theorem 5.5.36 to uy, with o, = €o,2k, = %Zk, and

Vi.r(2) = Vi(rz). Since

l)k,r(z) = Mk,r(|zk,r|z) + 2(ox + 1) IOg |Zk,r| = Uk(z)

we conclude that for a suitable constant C depending only on b1, b and A

(i) either max vy — —oo and infuy , < max vg + 2(ax + 1) log e +C;
lzl=<eo By lzl=&o r

(>ii) or v (0) — 400 and ilrglfuk,r < —ur(0)+C.
1
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In case (i), we find

inf ur < max vy + 2(a + 1) log |zx| — 4(ax + 1) logr + C. (5.5.72)

lz|=r lz|<eo

Hence, using (5.5.72) into (5.5.71), we derive the estimate

1 1
20 Uy B max|; <, vk 2(ax+1)p _
[2[ T Vee™ = Ce °Hlkl (5z(ak+l>ﬂ r2(ak+1>ﬁ)
k k

{0k <lzl<ri}
< Cy2utDB fmdxpi<eg % 5 0, as k — +00,

and (5.5.70) is established in this case.
In case (ii), inequality (5.5.72) must be modified as

inf up < —up(0) —4(ax + 1)logr + C, (5.5.73)

lzl=r
and as above, (5.5.73) leads to the estimate

|Z|20tk Viek < Ce—ﬂuk(o)( 1 1 )

2ax+DB 2o+ D)B
5 e

{0 <lz| <7y}

< Cy 2@t Db =P 5 0 as k — 400,
and (5.5.70) is established in this case as well.

Proposition 5.5.46 Under the assumptions of Theorem 5.5.44, there exist ¢y € (0, %)

and C > 0 such that, along a subsequence, we have

(i) either
sup {ug +2(ar + 1) log|z|} < C; (5.5.74)
|z|=2¢0
(ii) or there exist sequences {z; 1} C B\ {0}, j =1,...,m, satisfying
1.

Zjk = 0, ur(zjx) +2(ak + Dlog|zj k| = +00, ask — +oo, (5.5.75)

Vi=1,...,m.
2.Set Dy ={z:0 < |z| < 2e0lz14} Ufz: |z] > %mlzm,kl}, then
supluy + 2(ax + 1 log|z]} < C. (5.5.76)
Dy

3. Ifm > 2, then forevery j =1,...,m — 1:
|2kl

|2j+1,kl

sup {ur(z) + 2(ar + 1) log|z|} < C.

1
{%|Zj,k|§|Z\S2EO|Zj+1,k|}

— 0, ask > 4o0;
(5.5.77)
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Proof. Accordingly to Proposition 5.4.26, there exist &g € (0, %) and a constant C > 0
such that, either alternative (5.5.74) holds or there exists a sequence z1x € By \ {0}
such that z; x — 0, and (along a subsequence) uy (z1,x) +2(ax + 1) log |z1 x| = +o0,
as k — 400. Moreover,

sup  {up(z) + 2(ax + Dlog|z|} < C.

{1z1=<2&0lz1,k}

For ¢ € (0, %), repeat an analogous alternative in the set {|z| > % |z1,£}. By taking &g
smaller if necessary, we obtain either:

sup {ur(2) +2(ax + D log|zl} < C,
{2l 255 l21kINBy
which would yield to the desired statement with m = 1, or there exists a sequence
yr € By \ {0} such that, as k — +o0,

[Z1,k]
— =0,

74

and
ur(ye) + 2(ax + 1) log |yx| — +o00. (5.5.78)
Since zero is the only blow-up point for uy in By, by necessity,
vk — 0. (5.5.79)

In this second alternative, we are going to identify a second sequence z3 k, by consid-
ering the extremal problem:

sup {up(z) + 2(ar + 1) log|zl}, (5.5.80)

1
{E\ZI,HS\ZE%W”}

for e € (0, %).

If the expression in (5.5.80) is uniformly bounded for some ¢ € (0, %), then we
simply take z2 x = yk, and adjust ¢ accordingly in order to ensure the validity of
(5.5.77) for j = 1. Otherwise, we obtain a new intermediate sequence of points with
the same properties of (5.5.78) and (5.5.79), but infinitesimal with respect to y;. Repeat
the same analysis of (5.5.80) but with y; replaced by such new sequence. As before,
it may lead to a new sequence, in which case we continue in the same way. As in the
proof of Proposition 5.4.26, each of such new sequences contributes by an amount of
8x to the value of . So after a finite number of steps, we must obtain a sequence for
which (5.5.80) is uniformly bounded for some ¢ € (0, %). The sequence will define
22,k, wWhere we adjust gg € (0, %) in order to guarantee that (5.5.77) holds with j = 1.
We iterate the argument above by replacing z; x with the new sequence z . At this
point, we are either able to check (5.5.75), (5.5.76), and (5.5.77) for m = 2, or obtain
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a third sequence for which we can verify (5.5.75) and (5.5.77) for j = 1, 2. We repeat
the argument above for such new sequence, to either find that m = 3, or continue until
we obtain (after a finite number of steps) the m-sequences that allow us to verify the
desired properties. O

Alternative (i) in Proposition 5.5.46 is easy to handle as we have:
Proposition 5.5.47 If the sequence uy in Theorem 5.5.44 satisfies (5.5.74), then p =
8z (1 + a).
Proof. By Corollary 5.4.24, the validity of (5.5.74) implies that

ur(0) = max ug +0(1) - 400, as k — +oo0. (5.5.81)

lz1<2¢0

So

_ uy (0)
e =e 2@th — 0, ask — +o0,

and along a subsequence,
& (2) = ug(exz) + 2(ox + 1) log e — & uniformly in C12OC (Rz),

with & as defined in (5.5.21)—(5.5.22).
Since

/ j2**es = 8x (1 + ),
R2
we find Ry — +o00 such that, along a subsequence,

12)%* Vie"™ — 87 (1 + @), ask — +00.

{lz|<Rkex}

For every r € (0, &), we can use Proposition 5.2.10 to obtain the estimate

sup ux < f inf wup +2(ox + 1)(f — 1)logr + C, (5.5.82)
{lzl=r} llzl=r}

with § € (0, 1) and C > 0 independent of k and r.
Furthermore, we can apply Theorem 5.5.39 to uy ,(z) = ux(rz) + 2(ax + 1) logr
to find

lin up < —ug(0) —4(ax + 1)logr + C, (5.5.83)
zl=r
which, combined with (5.5.82), yields to the estimate

—pur (0
|2 2% Vit < Ce/®

= m, (5584)

for |z] = r and C independent of r and k.



5.5 A quantization property in the concentration phenomenon 217

Consequently, by (5.5.84) we derive

|Z|2ak Vet < Ceﬂuk(o)( 1 ! )

(Rer)2@tDf g(z)(ak+1)ﬁ

{ex Ri<lz|<eo}

C
SW—)O, aSk—)+OO.
So
|2 Vet = / 2% Vie" +o(1) = 8z (1 +a) +o(1),
{lzl=<eo} {lzl<ex Ry}
and the desired conclusion follows by letting k — +o00. O

A last ingredient needed for the proof of Theorem 5.5.44 is the following result:
Lemma 5.548 Let uy satisfy (5.5.1), with a = 0 and Vy, satisfying (5.5.7). Suppose

that (5.5.2) holds with p < 16z. For rg € (0, 1), let zx € éro such that ux(zx) =
max ug (zx). Then
By,
max {uy(z) + 2log |z — z|} < C, (5.5.85)
By,

and f = 8r.

Proof. In view of (5.5.2), we have that zz — 0 as k — 4o00. So for k large, the
function iig (z) = ur(zx + roz) + 2logro is well-defined in B; and satisfies

— Ay = Vkeﬂk,

ur(0) = rrllgax U — +00, (5.5.86)
1

with Vi(z) = Vi(zx + roz) satisfying (5.5.6) in B. Furthermore, Vi — pd,—o,

weakly in the sense of measure in B;. Here f is the same value as that of uy in (5.5.2).

Since f < 16x, we claim that i, must satisfy alternative (i) of Proposition 5.5.46.

Indeed, if by contradiction we assume that

Azx — 0: ug(Zx) + 2log|Zx| — +o0 as k — 400, (5.5.87)
then
lim inf / Vie's > 8z, V&> 0. (5.5.88)
k——+00
{lz—Zk | <6|Zk |}

On the other hand, setting

ity (0)
g=e 2 —0,k— +o0,
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and in view of (5.5.86), we can apply Lemma 5.4.21 to & (z) = ux(exz) + 2 log & and
see that & satisfies (5.5.26). In terms of i, this implies the following:

Ve > 0,3R, > 0: / Ve > 87 — ¢, (5.5.89)
{I2l<Reex)

for large k € N. Furthermore, from (5.5.86) and (5.5.87), we derive
ur(0) + 2log |zk| > ik (Zk) + 2log |Zk| — +o0;

that is,
f—k — 400, ask — +o0.
|2kl
Therefore, the set {|z — Zk| < J|Zk|} N Bgg, is empty for any J € (0,1) and R > 1,
provided that k is sufficiently large.
But this is impossible, since (5.5.88) and (5.5.89) would imply that > 167 — ¢
for every ¢ > 0 and thus contradict our assumption of f < 16x.
Hence, we conclude that i satisfies (5.5.74) (with a; = 0). Consequently, (5.5.85)
holds, and we can apply Proposition 5.5.47 to iy, to obtain f = 8x. O
We are finally ready to give:

Proof of Theorem 5.5.44. In view of Proposition 5.5.47, we only need to consider the
case where alternative (ii) holds in Proposition 5.5.46. In this situation, we can apply
Proposition 5.5.45 and derive
12)2% Vet — 0, as k — +o0,
{eolzm k|=lz|<1}

and for m > 2,

/ 2]2% Viet — 0, ask — 400,V j=1,...,m—1.
{%‘Zj,k‘flzlfg()|2j+l,k‘}
Consequently,
m
p= / 2 Vie" + > / |22 Ve + o0(1),  (5.5.90)
{lzI<eolz1kl} j=1{€0|Zj,k|S|Z‘<i|Zj,k|}

—L'O
as k — 4o00. Set .
Do ={z:e0 <lz| < —},
€0
and define
l)j,k(Z) = uk(|Zj,k|Z) + 2(ax + 1) log |zjkl, z € Do, (5.5.91)

forj=1,...,m.
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Then
—Avj k= Vj(z)e"* in Dy, (5.5.92)

/ Vjk(z)e"* < Co, (5.5.93)
Do

with Cy > 0 a suitable constant. Also V; x(z) = FRER A j.k12) satisfies
0<b1 =Vjp<brand |[VV;| < Ain Dy. (5.5.94)

Moreover, passing to a subsequence if necessary, set

ﬂo = k_l:TOO / Vl’kevl’k, (5595)
{lzl<e0}
Bi= ) liToo V ek, (5.5.96)
b DO
So from (5.5.90), we find
m
B=po+ D B (5.5.97)
j=1
Concerning £y, we have:
Claim:
Po=8r(1+a)orfy=0. (5.5.98)

To establish (5.5.98), we can simply apply Theorem 5.5.36 (with zx = zj ) to ob-

tain that, either |nllax v1x — —oo and fp = 0 in this case, or v x(0) — +oo and
Z|=eo

Vik(2)e’+ — Pod,—o, weakly in the sense of measure in Byg,. Since |r|r1212x {orx +
zZ|=<2gp

2(ax + 1)log |z|} < C, we can use Proposition 5.5.47 for the sequence v ; and con-
clude that fy = 87 (1 4+ «) in this case.
Concerning the values f;, note that (5.5.77) implies

max vjk <C,
Do\2e0=l2|< 55}

while (5.5.75) gives

Zjk
vj,k< / ) — +00, ask — +o00.
|2kl

Therefore, if §; denotes the blow-up set of v x in Dy, then S; is not empty and

1
S; C [2eo <|z| < 2—] cC Dy, j=1,...,m. (5.5.99)
£0
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Notice that property (5.5.99) remains valid for the blow-up set of any subsequence of
Vjk-

Hence, in view of (5.5.94) and (5.5.99), we need to focus only on the case for
which blow-up occurs away from zero. In other words, after the usual translation and
scaling, it remains to analyze the situation where u; satisfies:

—Aup = Vie't  in B
= Tkem B (5.5.100)
Vie't — Bd.—9, weakly in the sense of measure.
Claim: If uy satisfies (5.5.100), with V} satisfying (5.5.6), then
p € 8z N. (5.5.101)

This result was proved by Li-Shafrir in [LS]. To establish (5.5.101), we can collect the
information obtained thus far for ay = 0, which together with Lemma 5.5.48 allows
us to assert the following:

(D) either f = 87

(ID) or B > 167 and there exist &g > 0 and sequences v j = 1,...,m such that
in Dy = {egg < |z] < %} they satisfy (5.5.92), (5.5.93), (5.5.94), (5.5.99), and § =

m
Po+ D Bj with fo = 0 or 8z and f; defined by (5.5.96).
j=1
Notice that if (II) holds, then we can use Proposition 5.4.32 (¢) to apply the alter-
native above (at the blow-up point zero) to the following sequence:

u,{(z) =0 x(z0 +roz) +2logro, z € By (5.5.102)

(possibly along a subsequence), for every zo € S;, j = 1,...,m and ro > O suffi-
ciently small. In fact, each time (II) holds, we can construct new sequences to which
we can apply again the above alternative. On the other hand, each time that alternative
(II) holds for any of such sequences it contributes by an amount of at least 167 to
the value f in (5.5.100). Therefore, after a finite number of steps, we can no longer
suppose the validity of (II), and we end up with finitely many sequences for which (I)
holds. This proves the claim.

At this point we can complete the proof of (5.5.4), just by applying the claim to
(a subsequence of) u,]( defined in (5.5.102) with v & in (5.5.91) and any blow-up point
7o € S;. Consequently, we find that f; € 8N, and we derive (5.5.4) by taking into
account Proposition 5.5.71 together with (5.5.97) and (5.5.98). m|

5.5.5 Examples

To illustrate the content (and sharpness) of Theorem 5.5.44, in this section we present
some instructive examples.

First if we take f(z) = Za;yi‘é(f) in Liouville’s formula (2.2.3), with ¢ and w

holomorphic functions that are non-vanishing at the origin and with 1 € R, then
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2 ’ ’ 2
1 =1og(“ @+ DEQYE + 2@ @y @ ~ $y ) ) (55,109
(R1y P +1¢@)PIzPe+D)

defines a solution for
—Au = |z|**€", (5.5.104)

in a domain D where (a + 1)¢(2)y(z) + z (¢'(2) v (z) — #(z)w'(z)) never vanishes.
By suitable choices of w, ¢ and 4, we are able to construct solution sequences iy
for (5.5.104) satisfying

|z]?%e"* — 87 md,—o, weakly in the sense of measure in B;,  (5.5.105)
for any given m € N; or
1z)?%e* — 8x (1 + a) + 87 m)d,—o, weakly in the sense of measure in By, (5.5.106)

for any given m € N U {0}.
Our method is inspired by the construction given by X.X. Chen in [Chn] to obtain
(5.5.105) in case a = 0. We start with (5.5.105). In (5.5.103), take

P =1, y() =" -1, (5.5.107)

with g holomorphic in By and g(0) = 0 such that

m

@+ D@E" = 1) —mz" — 2" — 1)g'(2) = —(a + 1)e* tog ) (5.5.108)

Namely, g(z) in the holomorphic function over C defined by the conditions:

/( ) o (a+1)ezm]°g(0%1)—mz’”+(a+l)(zm—l)
§ = 2@ =D ’ (5.5.109)

g(0) =0.

Notice that the right-hand side of (5.5.109) is also well-defined at z = 0 and at the
m-complex roots of unity:

zj=emn', j=0,1....,m—1. (5.5.110)

Consequently, for every 1 € R,

8(a + 1)222]e8@ 2" tog(7) 2
(|Z|2(a+1) + i2|zm _ 1|2|eg(z)|2)2

0;(2) = log (5.5.111)

defines a solution for (5.5.104) in the whole complex plane. Our next task is to deter-
mine a sequence 1y — 400 such that

1z|*%e" — 8xm, ask — +00. (5.5.112)

{1zl <k}
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For every ¢ € (0, 1), choose J; > O sufficiently small so that the balls B, (z;) are
mutually disjoint for every j =0, 1, ..., m — 1, and the following hold:

(1 —&)[eSs@D 2 < 1e2@12 < (1 + £)]e8ED 2,
(1—¢)? < 22T < (1 +¢),

2
(o + l)ezm 10g<"%1)

1 —e)’m? < < (1 +e)’m?,
" 2
(1 —em? < < (1 +&)m?,
—XLj
forevery z € By, (zj), andVj =0, 1,...,m — 1. Seto; = m|e8C)| and r; , = 0s0;.

By virtue of those estimates, we find

4
8(1—8) / 1 _— / |Z|2aeui(z)
1+e¢ 1+ 1z1%)

{lzl<rjeA} Bs. (z)

4 (5.5.113)
() | @
<8 —_—
1—¢ 1+ z[>)?
{lzl<rje4}
Applying (5.5.113) and recalling that
1
m — T, as A— “+o00,
{lzl<rje4}

we may conclude that Ve > 0, there exists 6, > 0 and 1, > 1 such that VA > /.,

1z)?*e" @ =8z + O(e), Vj=0,1,...,m— 1.

By, (z))

m—1
On the other hand, in Qg s = B \ U Bs(zj), R > 1, we have:
j=0

RW] m
/ o2rev < ST 1y2 R+ o)

2284 min |eg(z) |2
Qr.s lzI<R

(5.5.114)

Hence, by choosing ¢ = % and R = k, we find 0y — 0 and Ay — +o0 such that, as
k — +o00, we have

/ 214" = 8m + o(1),

m—1

U BJ/( (Zj)
j=1
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/ 1z)2%e” = o(1).

m—1

Bi\ U B, (z))
=1

In particular notice that, from (5.5.114), by necessity:

Ak
T — +00. (5.5.115)
In B; define,
up(z) = vy, (kz) + 2(a + 1) logk;
that is,

m )12
8(“ + 1)2k2(a+1)/1§|eg(kz) |2 e(kz)m 10g(m> ‘

ur(z) = log (K2@+D|z20FD 4 2| (kz)™ — 1]2[es®2)[2)2”

Hence, u;, satisfies (5.5.106) in B and based on our choice of A;:

u(zj/k) = log (Skz(““)/l%af) S 400, Vj=0,1,...,m—1,

/Izlzae”" = / 1z|*% e’ = 8xm + o(1),
B By

sup |z|**e" — 0, for every r € (0, 1),
r<lz|=1

as k — +o00. Thus, uy verifies (5.5.105).
Remark 5.5.49 Observe that, although zero is a blow-up point for u,
k2(a+1)

2
}“k

ug (0) = log 8(ar + 1)?

— —00, ask — +00,

as follows from (5.5.115).

In order to construct a sequence satisfying (5.5.106), we proceed in an analogous way.
For m = 0, just take 14 — 400, and let

2
8(a + 1)%47 '
(1 +/1]%|Z|2(a+1))2

uk(z) = log

This function satisfies (5.5.104) in By, in addition to the following properties:
@) ux (0) = log8(a + l)zii — 400, ask — 4oo;

.. 8(a+1)2|z|2* 12
@ [ kPet= | Gy =80 +a? [

{lzI=1} {lzI=1} HZIE’»,I(/IM}

[
(1+|Z\2(a+1))2 >

1
(i) sup |z**¢" = 0O (/1—) , forevery r € (0, 1).
k

{r=<lzl<1}
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Since
/ o> — o> — as k — 400
(1 4 |z]2@+1))2 (1 + |z|2(@+D)2 Ta+1 >
{lzl<2/""y R?

and in view of the properties above, we promptly verify that uy satisfies (5.5.106) with
m = 0.
For m € N, in (5.5.103) take

1
y(2) = - and $(2) = AE" — 1)es,
with g(z) the holomorphic function defined by the conditions:

_ (a+l)ez'”(]og aiﬂ+i7r)+m "4 (a+1) (" —1)
g/(Z) —— Z(Zm_l)z 4 ,

g(0)=0.

Hence,

8(a + 1)222es @y (o2 arsin) o
1+ /12|Z|2(“+1)|Zm _ 1|2|eg(z)|2)2

satisfies (5.5.104) in the complex plane.

Similarly to the case (5.5.111), we can establish that Ve > 0 there exists J, > 0
small and 4, > 1:

v,(z) = log

/ 1z)?%e% = 8xm + O(¢), (5.5.116)
m—1
U Bs(z))
j=0

for every A > A,, with z; defined in (5.5.110). Moreover, for § > 0 small, set D5 =

m—1
U Bs(z;) U Bs(0). We then have
j=0

R™log 2
/ |Z|2aevﬂ' < 8z (1 +a)2R2(“+1)e 8 a4

21254m+1) min |eg(Z) |2
BR\Ds lzI<R

(5.5.117)

On the other hand, around the origin, we see that for any given ¢ > 0 there exists
0, > 0 such that for every z € By, (0),

2

m m_

1—¢ <

2

l—¢ < ‘(zm— 1)ef@]” <1 4.
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Consequently, in B, (0) the following estimate holds:

8(a + (1 — &)A2|z|* , 8(1 + a)2(1 + £)A2|z|>
< lz]™e™ < :
(1 + (1 + &)A2|z]2@+D)2 = = (14 (1 — £)A2|z2atD)2

1
Letting rgi = 0. (1 £ £)20+%, we find

8( | ) /12|Z|2a
a+1) / 1+1=+ 8)12|z|2(“+1))2
B;, (0)
) |Z|2a
=8(a+1) / m—)&r(l—}—a),asi—)—{—oo.

{lzl<rial/ 14y

Thus, for J, > 0 sufficiently small and 1, > 1 sufficiently large, we can also ensure
that

2|2 =8z (1 4+ a) + O(g), Vi > Ag. (5.5.118)
Bs, (0)
At this point, we can combine (5.5.116), (5.5.117), and (5.5.118) to find a sequence
Ax — 400, such that
/ 1z)*% " = 8x (1 + ) + 8wm + O(%), as k — +oo.

{lzl=k}

Thus, exactly as above, we see that
ur(z) =v,, (kz) +2(a + 1) logk

verifies (5.5.106).

5.6 The effect of boundary conditions

5.6.1 Preliminaries

In this Section we are going to discuss the (strong) effect that the boundary condition
(5.4.36) implies on the blow-up behavior for a solution sequence of (5.5.1), (5.5.2).
First of all, we notice that a comparison between Theorem 5.4.28 and Proposition
5.5.47 suggests a connection between the conditions

max uy —minu; <C (5.6.1)
0B, 3B,
and
sup {ux(z) +2(ax + 1) loglz|} < C (5.6.2)

{lzl<r}

for some r € (0, 1).
In fact, on the basis of Proposition 5.5.46, we can establish the following:
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Proposition 5.6.50 Let uy satisfy (5.5.1), (5.5.2) with Vi as in (5.5.6) and o, — o €
(0, 400) \ N. Then (5.6.1) implies (5.6.2), for any r € (0, 1).

Proof. Suppose that uy satisfies (5.6.1). Then by Theorem 5.4.28, (5.5.2) must hold
with # = 87 (1 + a). On the other hand, if alternative (ii) of Proposition 5.5.46 holds,
then by the proof of Theorem 5.5.44, we would find that either § € 8z N (corre-
sponding to the case fp = 0) or f € 87 (1 + a) + 8z N (corresponding to the case
So = 8z (1 + a)). In either case, we could not satisfy the condition

p =8xn(l +a), witha € (0, +00) \ N.

Therefore alternative (i) of Proposition 5.5.46 must hold for .
Taking into account that zero is the only blow-up point for u in By, we can actually
conclude that (5.6.2) holds for every r € (0, 1). O

Such a result is false if we take o = N € N U {0}. As an easy check, consider the
sequence

2
'Ik

ui(z) = log , (5.6.3)

N2
(1 + N2 ‘ZN'H - Z,](VH’ )

where yy = and where {z;} C Bj, A > 0 satisfy

_ 1
8(N+1)2
2k — 0, /lk|zk|N+1 — 400, as k — +00.

Indeed, by virtue of (2.2.13) and (2.2.15), we see that u satisfies (5.5.1) with V; =1
and a; = N, as well as, (5.5.2) and the boundary condition (5.6.1). In contrast, (5.6.2)
fails for every r € (0, 1). We thus have:

2k = 0, uk(zk) +2(N + 1) log |z = 2log x|z — +o0, k — +o0.

It is also interesting to note that u; blows up along the N + 1 sequences: z;x =
27j -

zkeNle’, j=0,1,2..., N. More precisely, setting

0 (2) = ug(|zxlz) + 2(N + 1) log |z«l,

and
Zk
Po = m —,
k—+o0 | Zk|
(take a subsequence if necessary), we obtain
N o
. 2mj
|z)*N e’ — 87 Z‘Sl’j’ with p; = eV+1' pg,
j=0

weakly in the sense of measure. We shall see that such a “multi-peak” profile cannot
occur when a > 0 is not an integer (see Corollary 5.6.56).

In fact, to strenghten even further the connection between (5.6.1) and (5.6.2) in
Section 5.6.3 below, we shall prove that the strong “inf 4 sup” estimate (5.5.61) holds
for functions subject to the boundary condition (5.6.1).

See Theorem 5.6.59 below and compare it with Corollary 5.5.42.
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5.6.2 Pointwise estimates of the blow-up profile

The goal of this section is to provide pointwise estimates for solution sequences uj €
C?(B1) N CO(By) satisfying
—Aug = |z** Ve in By,
max uy — minug < co,
73 k T k= ¢o (5.6.4)
|z|?* Vet — Bo.—o, weakly in the sense of measure in B

with ¢g > 0 a suitable constant.
Following the approach of Bartolucci—-Chen-Lin—Tarantello [BCLT], we have:

Theorem 5.6.51 Let uy satisfies (5.6.4) and assume that (5.5.6) and (5.5.7) hold. If

ur(0) = maxug + O(1), (5.6.5)
By

then along a subsequence, we have

( ek (0)
ug(z) — log <C, (5.6.6)
(1+ 74 Vk(O)euk(0)|Z|2(fX/¢+1))2
Vz € By, with Vo = m and a suitable constant C > 0.
Observe that, when o € (0, +00) \ N, then (5.6.5) holds automatically (see Corol-
lary 5.6.56).

On the other hand, when o € N, example (5.6.3) shows that assumption (5.6.5) is
necessary for the validity of (5.6.6).

In order to establish Theorem 5.6.51, we start with some preliminary observations.
First of all, by passing to a subsequence if necessary, we are going to suppose that
(5.5.12) and (5.5.13) hold.

Set

_ ug (0)
e =e 20ktD (5.6.7)

and note that ¢y — 0, as k — 400, since uy blows up in By and (5.6.5) holds. Define
¢k (z) = ur(exz) + 2(ax + 1) log & (5.6.8)
in By /¢, . Then &(0) = 0 and

max & = max u; — ug(0) = O(1). (5.6.9)
By, By

So by Lemma 4.1.2, we have that

& is uniformly bounded in L{> . (R?), (5.6.10)
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and that along a subsequence,
& — ¢ uniformly in Cj, . (R?), (5.6.11)
where

Ao
&0+ yatol™ — )2’

@) =1lo (5.6.12)

with y, = 23(1q1—a)2 and with 49 > 1, yp € C satisfying

{10 = (14 ya40ly0l?)”, fora € NU{0} (5.6.13)

Ao=1,y0 =0, for a € (0, 4+00) \ N

(see Remark 5.4.22). Our goal is to take advantage of the boundary condition in (5.6.5)
in order to complete (5.6.11) with the global estimate

I&(2) — E(2)| < Cin By g,

for a suitable C > 0. To this purpose, notice that the function

= — min
ok (2) = ur(z) min ik

satisfies

—Agi = |z[** Vi in By,

0 <@y <CondB.
So we can use Green’s representation formula for ¢y to find

1 1 ,
ok(2) = —/ (IOg —) P Vi (e O + g (), (5.6.14)
2r lz =yl
B

with ¢ uniformly bounded in C%(By) N CZ__ (B;). Consequently,

loc

27[ k< y
|8 — |

1
¢k (2) = ug(ekz) — uk(0) = —/B (10 L) |y [2% Vi () ek )

Hence, setting

wi(2) = ¢r(exz) — P (0) (5.6.15)

and after a change of variable, we derive

1 .
a0 =5 | (log|y'f'z|)|y|2akvk<sky)e€k<”+Wk(z>, (56.16)

flal<7)

Vz € Byjg.-



5.6 The effect of boundary conditions 229

Lemma 5.6.52 For every e > 0,3 R, > 1,k, € Nand C, > 0 such that, along a
subsequence (denoted the same way), we have:

(@) < @@+1)—¢)log ﬁ + Ce, (5.6.17)
Y|z| = 2R, and ¥k > k.
Proof. We consider the subsequence for which (5.6.11) holds together with (5.5.12)

and (5.5.13). By Theorem 5.4.28, we know that f = 8z (1 + a) in (5.6.4).
Set

My = m@w@wwz/uww@m% (5.6.18)
B
: Bi/g;,
so that
My — 8z (1 4+ a), as k — —o00. (5.6.19)
Also recall that f |z|**e¢ = 87 (1 + a), for & the limiting function in (5.6.11). Conse-
R2
quently, for a given ¢ > 0, we find k, € N and R, > 1 such that the following hold:
2rwe
2a f
Z >8r(1+a) — ———— 5.6.20
/ 2 ()= (5.6.20)
Bg,
and for k > k.,
2re
My —8x (1 < —, 5.6.21
My — 8z (1 + a)] 5@+2) ( )
. 2re
2ary, & > / 2ape 0%
[Pt = [l - 2
Re Bp,
> 2n (40 40) = 2 (5.622)
> 27 a 5@t .6.
In particular,
. 6re
20Ky, b o T Vk >k, 5.6.23
[ e < St e (5.623)
Bi/e; \BR,

To obtain (5.6.17), we use expressions (5.6.16) and (5.6.22) so that for z : |z| > 2R,

and Vk > k., we can estimate
1 1 2R,

7 / (log b ) P4 Vi (ery)et ™ < —— ( ) / |y P Vie(ery)et )
T |z — ¥l 2 |z|

B, Bg,

< (401 + ) 2¢ ) 2R,
= T 5at+2) B
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and we can derive

1 [yl
5= / (log ——— ) Iy PP Vi(er y)e*
27 |z =yl

{Ilyl<El

1 .
=5 (10g L) [y 2% Vi (ex y) ek

2n |z — ¥l

BRS
1 [yl 20 &0)
+5= log ——— ) [y[7* Vi (e y)e=™ (5.6.24)
2r |z — vl
{Rs <lyl<2}

1 |yl ) 2 * ( 2¢e ) 2R,
< — Io Ve (ery)etk < (41 +a) — ——— ) log —=
<5 ( S P— [y[7* Vi (ery)et < | 4( ) se1 ) T

Re
< (4(1+ p— )1 L e
o) — —— 0g — ,
- S@+2)) B e

for a suitable constant C ;.
Furthermore, we can use (5.6.9) and (5.6.23) to estimate:

[ (e 2 ) e vioen

lz — I
{lz=yI<51)
- / (log [y [y12% Vi (e )t )
{lz—yl<Zl)

1
+ / (log| |)|y|2“kvk<eky)efk°’>
=Yy

{|Z—Y\<Wlﬁ}

1 “ (v
+ / (log —) |y PP Vi (exy) et

lz — yl

1 z
{lz‘aﬂ Sly—z|<%}

1 200 1
<C|lzl + —— / lo d
(' | |z|a+1) Sle—w®

{|Z—)’|<‘Zlaﬁ}

+((@+2)log |21 + 0(1) / |y 2% Vi (e y)e™ )

{ly1= &l

1 2(1+a—ag) 3
< 27[ C (R—P) + gc‘f log |Z| + Cz,g.

Therefore by taking k., € N and R, larger as necessary, we can ensure that as Vk > k,
and for every z such that |z| > 2R, we have
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I g
o / (log| b |)|y|2“kvk(eky)e€k(” < gglog|z|+c2,g, (5.6.25)
T

{Iz—y\<%}

for a suitable constant C5 ;.
Finally we note

[yl
lz—y

and by (5.6.16), (5.6.24), and (5.6.26) we conclude:

log - <log2, fory € Bijg, \ (B BOUBY (z)) , (5.6.26)

e 2 1 My
Ck(2) < (4(1+a)—§(?+4))10g| |+2—log2+C1s+C2€

< @(1+a)—¢) logﬁ +C.,

V|z| > 2R, and Vk > k., with a suitable positive constant Cs. O

Remark 5.6.53 By the proof of Lemma 5.6.52 it follows that,
(a)
ifa € (0, +00) \ Noru(0) = max u,
1

then (5.6.17) holds for the full sequence &, since each convergent subsequence of &

admits the same limit function: é(Z) = IOg W.
olz

(b) The assumption
|[VVi| < Ain By (5.6.27)

has entered to guarantee (together with the other hypothesis) that
12)2% Vet — 87 (1 + a), ask — +00. (5.6.28)
By

Therefore, in Lemma 5.6.52 we can do without (5.6.27) whenever (5.6.28) is otherwise
available.

We are going to use (5.6.17) in order to improve the estimates above as follows.

Lemma 5.6.54 Along a subsequence (denoted the same way) and for k sufficiently
large, we have

M 1
&@) + —loglzl| = O(1), for3 <|z| < —, (5.6.29)
271' Ek
M 1
‘vék(z) + = ] Z|2 =0 (W) 3=zl < ;—0 (5.6.30)
k

for given rg € (0, 1) and My, as defined in (5.6.18).
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Proof. We are going to consider the subsequence for which (5.6.11) holds. We have:

M ! izl ,
G@+ Logle = —— / tog 2ELY [y v eye® + yi, (5.6.31)
2 2 ly —z|
Bi/g,

with yy uniformly bounded in B, ek

To estimate the integral in (5.6.31) we refer to Lemma 5.6.52, and find

C
L+ [y

(5.6.32)

12 Vi (e y)ek ) <

Vy € B /e, and a suitable constant C, provided that, k is sufficiently large. Thus, we
derive

/ [ Tog [y [11y1%* Vi(exy)et®) < C, (5.6.33)

Bi/gy,

for every k € N and suitable C > 0.
Claim : For |z| > 3,

[yllz]
ly —zl

in By \ {z}, where as usual, f * = max{ f, 0} denotes the positive part of a given
function f.
To verify (5.6.34), first let y € By (0). Then |y — z| > % > 1 and so
2

+
‘log ) +1log2 (5.6.34)

< 2/log |yl + (log T

+
(log ﬁ) = 0. Furthermore,

Z y
lz| Izl

<
POIﬂH

“5]0g|Y|+10g2
ly —z|

‘ = ‘10g|)’| +log‘

and (5.6.34) is verified in this case.
Now take y : |y — z| < % Hence |y| > ‘é—l > 1 and log llyy!zl‘ > log?2|y| >

log |z| > 0. Therefore,

P Iyllzl
og

1 +
§2log|y|+log2+(log )
ly —z | |z — ¥l

‘==10g|sz|4—10g
ly—z

1 +
=2[log |yl +log2 + <log IZ—yI) .

FmMUnyGBU%\(Bmm)UBd

2 2

+
(z)), then <log |Ziy|) = 0 while

tog UL g DL 2y

ly —zl — Iyl + 1z — 3
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Consequently,

log l\yllzl = log Ilyllzl < log?2|y| and (5.6.34) follows also in this case.

y—z| y=z| —
By means of (5.6.34) we can immediately get (5.6.29) in view of (5.6.31). And we

obtain

My 1 |yllz
@@+—4%m§——/l%———mmwwwﬂ+om
2n 2z lz =yl
Bi/e,
1 . M
=—- / | Tog [Y11y1** Vi (exy)e™ + —— log 2
T 2T
Bi/g

1
+C / 1og| | +0(1) = 0(1).
=y

{lz=yl<1}

To obtain (5.6.30), we take advantage of (5.6.29) just established to deduce:

M,
&@) < —2—7:10g(1 +1z)+C, Vze Bi. (5.6.35)

i
2r
Bi/gy

in B/, then by taking k sufficiently large, we can guarantee that

Since

V& (2) + —”% 200y (e50)e D) + 0(er)  (5.6.36)

lz — yl2 ZI

M;, 3
— 2+ 1) > =. (5.6.37)
2 2

We proceed to estimate the integral in (5.6.36) in the three regions D; = By (0), Dy =
2
B% (z) and B;{ = B/ \ (D1 U Dy).
Using (5.6.35) and (5.6.37), for k large, we have

/ — y2 — =5 | VP Vi (e y)et ) = / o |y 2 Vi (exy)e™s )
|z — ¥l ly — zllzl
D, D
lz1/2 (5.6.38)
_C |2 _ € / dr _ _ C
Tz (14 [yMe/2m = |z (147r)3/2 7 |z
{Iyl<lzl/2} 0
Since D, C {%l <l|yl = %Izl}, for sufficiently large k and |z| > 1, we find:
zZ—Yy 1 Mie
/ 7 zmmwwwﬂm<0/ |y
D> k—yl |z] py 1y — 2l
< C|Z|2(l1\—— C|Z|2(lk+1—2—7l‘ < (5639)

ly—zl = |z[3/2

{lz—yl<£l)
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Finally, noting that

[yl
Iz - yllzl JzI”

z—y Z

lz—y>  |zI?

,Vy € By, (5.6.40)

we conclude
Z—y C My C
P Vie(ery) e < — / YPATE < mem (564D

/Iz—yl2 121 ||

By {ly1= &l

(provided) k is sufficiently large and |z| > 1. The estimate (5.6.30) follows immedi-
ately from (5.6.36), (5.6.38), (5.6.39), and (5.6.41). O

Observe that the estimates (5.6.29) and (5.6.30) can be recasted in terms of uy,
respectively, as follows:

ur(z) = _1214_; log|z| + (2(1 +ar) — K) 1og i 4+ 0(1), (5.6.42)

for 3¢; < |z| < 1, and k sufficiently large;

Vi) = — Mk 2 Lo (S—") (5.6.43)

27 |z)? |z|2

for 3e; < |z| < rg, where ro € (0, 1) and & is sufficiently large.
Estimates (5.6.42) and (5.6.43) are crucial to establish the following important

property:
Lemma 5.6.55 Along a subsequence the following holds,

‘— T 4oy + 1)' (log 1/er)™ ) , ask — 400, (5.6.44)

Proof. To obtain (5.6.44), we are going to use Pohozaev’s identity (5.2.16) in the ball
By = {|y| < ey log —} This implies that

2
0 1
/ r (—uk) ——|Vuk|2 da+/ rl 2y, otk
aék ov 2 /

OBy

=/ 20y Ve 4y -V (|y|2“" Vk) ot (5.6.45)

By
=2(1 + o) / |y 2% Vet 4 / Y12 (y - VVi) e,
By By

forr = |y]|.
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On 8By, we can use (5.6.43) to derive:

ou\? 1 N 1M\ 1 1
/[(a) 2V }’—/ [2(2) 2+0(M)}d

0By dBy (5.6.46)
M2 1!
=—*+o0 ((log —) )

4z &k
While (5.6.42) implies that

2oy +1)— 2k
142 1 2
/ rit2%yietide = O | (log —
€k

o By
/ |12 Vi = My + / V2% Vie"s = My + O ((10g gl)z(am)—ﬂzi") ,
By B\ By k

and

[y wvien| < 0 ((gog et
ek
b

Therefore, in view of (5.6.37), we can use the estimates above to conclude

M} 1, 1,
— 4+ 0 | (log —) =2(ar + )My + O | (log —)
¥4 &k €k
provided that k is sufficiently large. Thus (5.6.44) follows immediately. O

Proof of Theorem 5.6.51. Using (5.6.11) and (5.6.12) together with (5.6.29) and
(5.6.44) is sufficient for concluding:

1 _
—1 < Cin Byq,.
& (2) 0g (I + 7, Vk(0)|z|2(0€k+1))2 =010 By/g
Consequently, (5.6.6) follows by means of (5.6.7) and (5.6.8). O

As a direct consequences of Theorem 5.6.51, we obtain:

Corollary 5.6.56 Let uy satisfy (5.6.4) with oy — o € (0,+00) \ N and Vi as in
(5.5.6). Then the sequence uy, satisfies the pointwise estimate (5.6.6) in Bj.

Proof. 1t suffices to use Proposition 5.6.50 together with Corollary 5.4.24 to verify
(5.6.5). Then by recalling Remark 5.6.53, we can guarantee the validity of (5.6.6) for
the whole sequence uy. ]
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Corollary 5.6.57 Let uy satisfy (5.6.4) with ax = 0 and Vi as in (5.5.6). For every
r € (0, 1), there exists C, > 0 such that

Ak i}
ui(z) — log <C,, in By, (5.6.47)
(14 @)z — 7 2)2 '
where
2% — 0 up(zx) = maxuy and Ay = "), (5.6.48)

B

Proof. Foragivenr € (0, 1), letitg(z) = ug(zx +rz) + 2logr. We easily check that
the sequence iy satisfies (5.6.4), (5.6.5) with ay = 0 and Vi (z) = Vi (zx + rz).
Furthermore, given |z1| = |z2| = 1, we use (5.6.14) and find

lzk +rza — yl

Vi(»)e ) +0(1),
|Zk +rzi — Yyl

(1) — i (z)] < —/‘

and

/ ‘log [t rza =¥y ) 0 ask oo
lzk +rz1 — yl
{Iyl<1}
Therefore, iy satisfies (5.6.1), as well as, all the other assumptions of Theorem 5.6.51.
Since 4 (0) = max i, we can also use Remark 5.6.53 to conclude the validity of the

B
pointwise estimate (5.6.6) for the whole sequence .
That is,
£k(0) _
uy(z) — log - 5| < Cin By. (5.6.49)
(14 Qe )z2)
From (5.6.49) and the definition of i, we immediately derive (5.6.47). O

Remark 5.6.58 At this point, it is natural to conjecture that, when o = N € N, the
following estimate should hold for a solution sequence uy, of (5.6.4):

A _
u(z) — log d 5| < Cin By, (5.6.50)
Vi (zx N+1
I+ 8(11\(/(—&Z-11))2/1 N+ =z |2)

with z; and Ay as defined in (5.6.48).
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In support of (5.6.50), notice that in case:
MV =0, (5.6.51)

that is,
|Zk| . g (zg)
— = 0(1), with gy = ¢ 2ZW+D |
Ek

then we can argue as in Corollary 5.4.24 and verify that (5.6.5) is satisfied. Then we
may apply (5.6.6) together with (5.6.51) to obtain (5.6.50).
Thus, the truly delicate case to consider occurs when

— +00. (5.6.52)

In this situation, we can only give a partial contribution towards (5.6.50) by proving,
in the following section, the validity of the stronger version of the “sup+inf” estimate
as given in (5.5.61).

5.6.3 The inf + sup estimates revised

For given c¢g > 0, consider the problem:

—Au = |z]**Ve' in By,
[ 1z2*Ve' < co,

B (5.6.53)
max u — minu < cg.
0By OB,

The following holds:

Theorem 5.6.59 If u satisfies (5.6.53) and if (5.5.43) holds, then for every r € (0, 1)
there exists a constant C > 0 depending only onr, a, by, ba, A, and cq such that

supu +infu < C. (5.6.54)
B, By

Theorem 5.6.59 should be compared with Corollary 5.5.42. It has the advantage of
relying upon assumptions that are often available in the applications.

Proof. To obtain (5.6.54) we argue by contradiction, and similarly to Corollary 5.5.42,
we assume that there exists a sequence uy, satisfying:

—Auy = |z)** Vie'*in By,
[ 1217 Vet < co,
B

max u; — minu; < o,
9B 0B

(5.6.55)
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with Vj satisfying (5.5.7) and such that for a sequence {zx} C B; we have:

u(zk) + igf up — 400 (5.6.56)
1

and (by virtue of Corollary 5.5.7)
2k —> 0 (5.6.57)

as k — +o0.
Without loss of generality, we can further assume

ur(zx) = max uy, (5.6.58)
B
1212 Ve — B6.—o, (5.6.59)

weakly in the sense of measure in Bj.
Thus, we can apply Theorem 5.4.28 and conclude that (5.6.59) holds with

p=8x(l+a). (5.6.60)

) . .
Set gy = e 2@+D . As already mentioned above, we only have to consider the case

where

Zk

&k

— 400, ask — +00; (5.6.61)

otherwise we could verify (5.6.5) and use (5.6.6) to contradict (5.6.56). Also notice
that (5.6.61) is equivalent to,

ug(zr) +2(a + 1) log |zx| — +o0, ask — +o0. (5.6.62)
To account for (5.6.62), we consider
vk (2) = ui(|zklz) + 2(a + 1) log |z
defined in By :={z: |z] < ﬁ}. We have:
/ 1212 Vi(lzx2)e = 8z (1 + a) + o(1), (5.6.63)
By

as a consequence of (5.6.59) and (5.6.60).
Furthermore, (5.6.62) implies that,

[ (Z—k) — +4o00, as k — +00;
|Zk|

that is (along a subsequence), vy admits a blow-up point zg in the unit circle.
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Claim: If z¢ is a blow-up point for v, then there exists po > 0 sufficiently small and
C > 0 such that

max vy — min v < C. (5.6.64)
aBpo(ZO) 0Bﬂ0(z())

To establish the claim we use Green’s representation formula as in (5.6.14) and for
ry = |zx| we write

R
00) = 0x(D) = 5 [ log TP Ve + 0D, (5:669)
By

Vx,X € Q. Let pg € (0, 1) sufficiently small, so that zg is the only blow-up point for
vk in By, (z0) C By and let Dy = {y € By : %0 < |y — zo| < 2po}. Itis easy to check
that for x, X € 0B,,(20)

sup |log bl ' <Cy, (5.6.66)
B\ Do lx — yl
while
supovg < Ca, (5.6.67)

Do

for suitable positive constants C; and C,. Thus, for every x,X € 0B,,(z0), from
(5.6.65) we can estimate:
X —

- 1 x
) = e = - | foe
2 |x — |
Dy

‘ 1Y% Vie(ricy ) e

1 X —
T / log ==X 320 v e
2 lx — yl

Qi \Dg

+o(1) < C3 / llog |2 +c4/|y|2“vk(rkz)e“k rom<c

B3p0(0) Qy

and the Claim follows. Thus, we can use Corollary 5.6.57 for vy around % and derive

i
vk (z) — log < (5.6.68)
(1 + g Vi@ urlz — 252)?
- Tk
in B, (z0), with g = evk(‘zk‘).
As a consequence of (5.6.68) we find
121%* Vi (|zk|2)e®* = 87 + o(1), as k — +o0, (5.6.69)

Bs(z20)
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Vo € (0, po), and

vk (Z—")+ inf oy <C (5.6.70)
|zk 9By (20)

(note that (5.6.69) also follows by Theorem 5.4.28 applied with a = 0).

By (5.6.63) and (5.6.69), we see that zero cannot be a blow-up point for v,. Indeed,
if this was the case, then we could use the Claim above with zg = 0, and by Theorem
5.4.28 conclude that

/ 1212 Vi (|ze|2)e’ = 8 (1 + a) + o(1),
B:(0)

for every ¢ > 0 sufficiently small, in contradiction with (5.6.63) and (5.6.69).
Hence for small ¢g > 0, necessarily:

max vy — —00, as k — +oo. (5.6.71)
BZSO

Thus, we readily check that alternative (a) of Theorem 5.5.36 applies to v and implies:

infury < max v +2(a + 1)log|zx| + C. (5.6.72)

B {lzl<eo}

Furthermore, using (5.6.71) and (5.6.65), we can argue, as in the proof of the Claim
above, to find a constant C > 0 such that

lor(x) — 0k (X)| < C, Yx € By, and X € 9B, (20).
In other words,

maxvxy < min v; + C. (5.6.73)

By, 9By, (20)

Consequently, from (5.6.72) and (5.6.73), we deduce the following estimate

ur(zx) + infup < maxog + vg (Z—k) +C < min v+ vk (Z—k) +C
B By, |zk| 3By (20) |zk|

Therefore, we can use (5.6.70) to obtain a contradiction to (5.6.56), and conclude the
proof. O

As a matter of fact, the arguments above allow us to deduce a (global) “inf+sup”
estimate in the same spirit of Corollary 5.5.40, relative to solutions of the problem:

—Au = W(2)e" inQ,

Jo W(2)e" < co, (5.6.74)

sup — inf < ¢g
6£ 0Q ’
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for given cg > 0, where we assume that

m
W) =[]lz=z* V() (5.6.75)
i=1
with
{z1,...,zm} C Qdistinct points and a; > O foreveryi = 1,...,m, (5.6.76)
and
vV e €% (Q) satisfies 0 < by <V < by and |[VV| < A. (5.6.77)

Theorem 5.6.60 Every solution u of (5.6.74) for which (5.6.75)—(5.6.77) hold, satis-
fies

supu +infu < C,
K Q

for every compact set K CC Q, with C depending only on the given data cy, a;
i=1,...,m, b1,by, A and dist(K, 0Q).

5.7 The concentration-compactnesss principle completed

We conclude this Chapter by stating appropriate formulations of the results established
above useful in the sequel. Firstly, we complete the “concentration” result in Theorem
5.4.34 as follows.

Theorem 5.7.61 Under the assumptions of Theorem 5.4.34 suppose in addition that
Vi e COLQ): [VVi| < Ain Q. (5.7.1)

Then property (c) (iii) holds with

8 N j | 9o Xmfs
B; GH i Tq; ¢ {21, 2n} (5.7.2)

87r(N+ai) UBzN ifq; =z; forsomei € {l,...,m}.

Furthermore, if

supuy —infuy < C,
0Q o0Q

then the values B can be further specified as follows:

g = [Sn ifa; ¢ (21, 2n) 573

8n(1+a;) ifg; =z forsomei c{l,...,m}.
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Proof. Given a blow-up point ¢ € S, then for a (subsequence of) uj and for rop > 0
sufficiently small, we consider the sequence iix(z) = ug(g + roz) + 2(ax + 1) logry,
defined for z € By, where we take ax = 0if g ¢ {z1,...,2Zn} Or ax = a;jx if g = 7
for some i = 1,...,m. Hence (5.7.1) follows simply by applying Theorem 5.5.44 to
uy. If case (5.7.3) also holds, then according to (5.6.64) we can assume:

sup ur — inf wux <C,
9By (q) 9B (q)

for a suitable C > 0. Therefore, in this case, (5.7.3) follows by applying Theorem
5.4.28 to the sequence . O

We go back to analyzing our original problem (5.1.1), where we consider solution-
sequences of Liouville equations in the Mean—Field form.

In fact, we discuss a more general framework, where u is defined over a closed
surface (M, g). Denote with A, V, and dog respectively the Laplace—Beltrami oper-
ator, the gradient and the volume element relative to the metric g on M. Also, let dyg
denote the distance function on (M, g). Let wy satisfy

I‘Agw" = Mk (ﬁ% - I]WI) n M, (5.7.4)
wy € H' (M) : [,, widog =0,
and for the moment, we assume that
fk — u >0 (5.7.5)
hy = e"F € C(M) : ug € L'(M) and /M ugx dog = 0. (5.7.6)

We start by observing the following useful fact:

Lemma 5.7.62 Let wy, satisfies (5.7.4) and assume (5.7.5) and (5.7.6) hold. Then wy
is uniformly bounded in W-4(M) V1 < g < 2.

Proof. The argument is analogous to that of Lemma 4.1.2 . Hence, let p, the dual
exponent of g (that is Cll + % = 1), so that p > 2; and let us consider

Q€ W1°p(M) such that ||Vgol|Lr(m) = 1, / pdog =0. (5.7.7)
M

By the Sobolev embedding theorem (cf. [Au]), we know that ¢ € C°(M) and
[l¢llLee(my < co for a suitable constannt ¢y > 0. By taking into account (5.7.5), we
obtain

/M / (X) - = ol =
g Wk Mk @ = UEl@lILe (M) = C
& M f” hk(x)ewk dO'g (31
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with C > 0 a suitable constant. Therefore,
||ngk||iq(M) = sup{/ Vewyi - Vo, ¢ satisying (5.7.7)} < C (5.7.8)
M
as claimed. O

Clearly, we can extend the notion of the blow-up point, p € M for the sequence
wy in M, simply by asking if

zx} C M . z; — pand wi(zx) — +00, ask — +o0. (5.7.9)
Remark 5.7.63 If the sequence wy satisfies (5.7.4), then we can use standard elliptic
regularity theory, to see that (5.7.9) is equivalent to the property:

wy (zx) — log/ hie* — +o00, ask — +oo. (5.7.10)
M

Proposition 5.7.64 Let wy satisfies (5.7.4) and assume that (5.7.5) and (5.7.6) hold.
If hy — h uniformly in M and p is a blow-up point for wy such that h(p) > 0, then

o hpetk
lim inf ﬂk—f Ys(p)

iminf =g B 2 8 (5.7.11)

where Us(p) = {q € M : dq(p, q) < 6}. Furthermore, if in (5.7.5) we have u = 8,
then p is the only blow-up point for wy, and along a subsequence we have:

N ek
_tke 0, weakly in the sense of measure in M, (5.7.12)
IM hkewk p
sup (wk — log/ hye'k dag) — —oo VD CcC M\ {p}. (5.7.13)
D M

Proof. In a small neighborhood of p in M, we define an isothermal coordinate system
y = (y1, y2) centered at the origin (i.e., y(p) = 0) such that

ds> = e‘/'(dyl2 + dy%) and dog = e?dy dys,
with a smooth function ¢ = ¢(y) satisfying
9(0) =0, Vp(0) =0and — Ap =2Ke” in B,,(y)

with K the Gauss curvature of M.
Without ambiguity, we write wy = wi(y) to express wy in such a coordinate
system. Define

pklyl?
4Mm|°

ur(y) = wi(y) — log / hie™ dog — y€B,0).  (57.14)
M
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Hence u; admits a blow-up point at the origin and satisfies

[_Auk = Wkeuk in Br()(o)a (5 7 ]5)

up <
fBro(O) Wiett < C,

with Wy = urhre? — uhe? := W, uniformly in B,,(0), and with W(0) > 0.
Therefore, we can apply Proposition 5.4.20 to see that

lim inf Wie't > 8x, Yo € (0, ro)

and in turn deduce (5.7.11). Furthermore, by means of property (c) of Proposi-
tion 5.4.32 (along a subsequence), we know also that

sup (wk — log/ hye™* dag) — —00, (5.7.16)
oUs(p) M

as k — 400, and for 6 > 0 sufficiently small.
Next assume that uy — 8. Then by (5.7.11) we see that necessarily

fU,s(p) hiet dog

— lask — oo, Vo > 0, (5.7.17)
fM hiek dog

or in other words,
Jin\vs(p) e dog
Jig e dog
Therefore, if as above we use isothermal coordinates to localize our problem around

apoint g € M \ {p}, we obtain that in this case the sequence uy, given in (5.7.14),
satisfies (5.7.15) with the additional property:

— 0ask — oo.

/ Wie'* — 0, ask — oo, (5.7.18)
By (0)

for ro > O sufficiently small. From (5.7.14) we also see that ||u,j'||L1 is uniformly
bounded, as we have:

uF () < lox ()] — 1og][hkewk dog +log [M] < [wi(y)| + log [M].

Since log f—M hge > 0, and (by Lemma 5.7.62), we know that wy is uniformly
bounded in L'-norm.

Thus, we are in a position to apply Proposition 5.3.13 to see that u,j is uniformly
bounded in Bs(0) for every ¢ € (0, ro). At this point, recalling (5.7.16), we can use
Corollary 5.2.9 and conclude

sup uxy < f inf uy + C,
B(;(g) B;s(0)
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for # € (0,1) and C > O suitable constants. Notice that since we have made no

assumptions about the size of the zero set of /;, we cannot yet conclude that igf up —
5
—oo as k - —oo from (5.7.18). Nevertheless, by compactness, we can patch all such

“local” information together to find that, for every J > 0 sufficiently small,

sup (wk — log/ hye' dog) < ﬁM inf (wk — 10g/ hie™* dag) +C
M\Us(p) M \Us(p) M

with suitable constants f € (0, 1) and C > 0.
By virtue of (5.7.16) we check that

inf (wk —log/ hie'* dog) — —00,
M\U;(p) M

(along a subsequence) and (5.7.13) follows. Also we derive (5.7.12) by virtue of
5.7.17) O

To analyze the behavior of wy around a general blow-up point, we focus on the
case where

m
hi(q) = [ [ @g(q. py)™* Vi (5.7.19)
j=1
with pq, ..., pn distinct points on M, and
O0<ajr—>ajask— +4oo, j=1,...,m (5.7.20)

Vie COlM): 0 <a<Vi<band|VyVi| < Ain M (5.7.21)

for suitable constants by, by and A > 0.
By taking advantage of the analysis carried out in the previous sections, we obtain
the following “concentration/compactness” result for wy:

Theorem 5.7.65 Let wy satisfy (5.7.4) and assume that (5.7.5), (5.7.6), and (5.7.19)—
(5.7.21) hold. Along a subsequence (denoted the same way), one of the following al-
ternative holds:

(i) wg converges uniformly on M.

(ii) There exists a finite set of blow-up points S = {q1, ..., qs} C M with the following
properties:

(a) there exist {qjx} C M: qjx — qj and w;x(gjx) — +oo, as k — +0o,
j=1,...,s;

(b)

mle)lx (wk - log/ hye'* dag) — —o0, YD CC M\ S; (5.7.22)
M
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(c) as k — 400,

Wk

hre

S
ﬂkm - Z,b’jéqj, weakly in the sense of measure on M, (5.7.23)

j=1

and

8, = {Sn ifd; & (p1,- ., pm) (572

8n(1+a;) ifq; = piforsomei e {l,...,m}.

In particular, setting

I'=8zNU {8« N+Zaj foreveryset J C {1,...,m}¢, (5.7.25)
jeJ

alternative (ii) then holds if and only if u in (5.7.5) satisfies: u € T.

Theorem 5.7.65 extends a result of Li in [L.2] concerning the case where the function
hj is uniformly bounded away from zero in M, i.e., in our notation when a; x = 0 in
5.7.19)Vj=1,...,mand Vk € N.

Proof of Theorem 5.7.65. If mﬁx wy < C for a suitable C > 0, then the right-hand

side of (5.7.4) is uniformly bounded in L°°(M). So by standard elliptic estimates and
Sobolev’s embeddings (cf. [Au]), we see that wy is uniformly bounded in c%y (M) for
y € (0, 1), and we deduce (i). Hence assume that, along a subsequence, we have:

m;l]x wr — +00, ask — oo (5.7.26)

or equivalently,

max (wk - log/ hie"* dag) — 400, as k — 0o.
M M

As above for ¢ € M, we use a local isothermal coordinate system y = (y1, y2) cen-
tered at g, such that, for the sequence uy in (5.7.14), we find

[—Auk = |y|2a" Vkeuk in By, (0), (5.7.27)

S, 0 1725 Vice™ = C,

(for ro > O sufficiently small) with \7;( = upVxe?; while oy =0ifq ¢ {p1,..., pm},
oray =ajyif g = p; forsome j € {1,...,m}.

According to our assumptions of (5.7.5) and (5.7.21), we can apply Proposition
5.4.32 to each of the local problems of (5.7.27). By (5.7.26) and a compactness argu-
ment, we conclude the existence of a finite set of blow-up points, S = {q1, ..., gs},
such that properties (5.7.22) and (5.7.23) hold for the sequence wy. Notice in particular
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that sup wy < C, for every D CC M \ S. With this information, we can use elliptic
D

estimates as above, to find that (along a subsequence) there holds:

N
wr —> ZﬁjG(q, g ) uniformly in Clz(;z M\ S),
j=l
y € (0,1) and G the Green’s function in (2.5.11). Thus, we check that w; admits
uniformly bounded oscillations in the boundary of a small neighborhood of ¢q; € S,
forevery j =1, ..., s. At this point, we can use Theorem 5.4.28 for the corresponding
localized sequence uy to conclude (5.7.24). O

Remark 5.7.66 If M admits smooth boundary 6 M where we impose Dirichlet bound-
ary conditions, then it is possible to rule out that a blow-up point occurs on 6 M
(e.g., see [MW]). So, for a solution sequences wy satisfying:
ek .
—A gWk = Uk kaheW in M
wir =0 on oM,

(5.7.28)

the analysis above suffices to obtain a “concentration-compactness” result in complete
analogy to that stated in Theorem 5.7.65. Notice in particular that M could be taken as
a regular subdomain of R?.

If we require that Neumann boundary conditions apply on 6M, then we face a
more delicate situation as boundary blow-up occurs in this case. We refer to [WW1],
[WW?2], and references therein for a discussion of this situation.

The analysis carried out in this chapter follows the spirit of that developed for sev-
eral other problems in geometry and physics where “concentration” phenomena occur
naturally. In this framework one aims to identify the regime under which “concen-
trations” cannot develop. Or when “concentrations” occur, one aims to describe (as
accurately as possible) the “bubble” profile that the concentrating-sequence assumes
during blow-up.

Actually, it has been possible to use perturbation and gluing techniques to construct
explicit classes of solutions which admit a “concentration” behavior with a prescribed
“bubble” profile (as indicated by the blow-up analysis). In this respect and in relation
to the aim of these notes, we mention the following contributions: [Re], [BC1], [BC2],
[Ba], [KMPS], [NW], [Pa], [Scl], [Sc2], [BP], [Es], [DDeM], [DeKM], [EGP], [Dr],
[DHR], [AD], [F11], [AS], [PR], [We], and references therein; and mention that by no
means this furnishes a complete list of references on the subject.

5.8 Final remarks and open problems

As usual we conclude with a discussion of some problems in blow-up analysis, which
stem from the study of vortices and are left open by our investigation.

A first problem concerns the validity of an Harnack-type inequality in the following
“inf + sup” form:



248 5 The Analysis of Liouville-Type Equations With Singular Sources

Open problem: Given o > 0, V satisfying (5.5.43) and K CC Bj compact, is it true
that for any a € [0, ap] a solution of the equation

—Au = [x[** Vet

satisfies
supu +infu < C
K B,

with C > 0 a constant depending only on ag, dist (K, 6 B1) and the constants by, b>,
and A in (5.5.43)?

So far we know that the above property holds when ag = 0, or when a¢ > 0 but
K cC By \ {0} (cf. [BLS])), or for any ap > 0 but K = {0} (cf. [T6]).

The general case has been handled in [BCLT], but only under some additional
conditions as stated in Theorem 5.6.59 and Theorem 5.6.60 above.

Another aspect of our analysis which remains wide open for investigation concerns
the validity of “concentration-compactness” principles for systems, and more specifi-
cally for the SU (3)—Toda system (4.5.3) or (4.5.11) and (4.5.35).

Any progress in this direction would have direct impact in the study of the
asymptotic behavior of periodic SU (3)—vortices of the “non-topological-type” or
“mixed-type”, as given for instance in Theorem 4.5.35.

Towards this goal we recall the important contribution of Jost-Lin—Wang [JoLW],
which takes advantage of the boundary conditions in order to handle the “regular”
Toda-system, where the Dirac measures are neglected.

So the true delicate situation, yet to be understood, concerns the case where Dirac
measures are involved and blow-up occurs at points where such measures are sup-
ported. Hence we pose the following
Open problem: Determine to what extent the (blow-up) analysis of section 5.4.2
remains valid when the single equation (5.4.1) is replaced, for instance, by an
SU (3)—Toda system like the following:

—Avix = 2|x|2a]v“' Vixe’k — |x — xk|2052,k Vo ke’ in By 5.8.1)
—Avp =2|x — xk|2052,k Vo ke’2k — |x|2"‘1”f Vike’*  in By, (5.8.

where x; € By and both V| i and V; ; satisfy assumptions of the (5.4.2) type and a
and ay x satisfy (5.4.3).

The analysis of (5.8.1) should provide a first step towards the main goal that would
be to answer the following:
Open question: In which form does a “concentration-compactness” principle of the
type given by Theorem 5.4.34 (or Theorem 5.7.61), hold for a sequence of solutions
of the SU (3)—Toda system of (4.5.3) (or more generally for systems of the (2.5.24)
type) in the presence of Dirac measures?

Does the concentration phenomenon occur only according to certain “quantized”
properties?

How does the presence of boundary conditions influence the answer to the above
questions?
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Mean Field Equations of Liouville-Type

6.1 Preliminaries

In this Chapter we show how to apply the analytical results established in Chapter 5
to the study of Mean Field Equations of the Liouville-type over a closed Riemann
surface (M, g). More precisely, for a given ¢ > 0 and & € L°°(M), we consider the
mean field equation:

_ — __h(e® 1)
Ago = u (J‘M h(x)e® dog IMI) in M 6.1.1)
Jyy wdog =0,

where we recall that A, and do, denote, respectively, the Laplace-Beltrami opera-
tor and the volume element relative to the metric g on M. We shall be interested in
analyzing (6.1.1) when & takes the form

h(p) = H (de(p, p))* V(p) € C? (M), y € (0, 1]and V > 0, (6.1.2)

where {p1, ..., pm} C M is a set of distinct points, a; > O forevery j =1,...,m,
and d,; denotes the distance function on (M, g).

Due to the structure of (6.1.1), we lose no generality in assuming that % is conve-
niently normalized as follows:

/ loghdo, = 0. (6.1.3)
M

We aim to obtain existence results for (6.1.1), as well as, compactness for the solution
set, according to the value of the parameter x > 0.

As a direct consequence of Theorem 5.7.65, we can claim the following about the
solutions of (6.1.1).
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Proposition 6.1.1 Let h satisfy (6.1.2) and (6.1.3) with
VeC™M): 0<by <V <byand |V V| < Ain M, (6.1.4)

for given positive constants by, by, and A. For every compact set A C R \ T, there
exists a constant C > 0, such that every solution w of (6.1.1) with u € A satisfies

llwllczr ) < C, 7 €(0,1)
and C depends only on by, by, A, and max{u : n € A}.

As a consequence of Proposition 6.1.1, we know that for every 4 € RT\ T, the Leray—
Schauder degree d,, of the Fredholm map, I + uTj, is well defined at zero. Recall that
Ty, is the compact operator defined in (2.5.6) which is associated to problem (6.1.1).
In fact, d,, is constant on the family of numerable open intervals I, such that 61, C I’
and

RT\T =U'X1,. (6.1.5)

It is an interesting open problem to compute explicitly the value of d, in terms of
the integer n € N. For n = 1, it is easy to check that /; = (0,87) and d, = 1
VYu € (0, 87) (see [L2]). On the other hand, for n > 2 an explicit formula for d,, is
available only when & never vanishes over M, namely (in our notation), when o i=0
Vj = 1,...,m. In this case, ' = 8N and I, = (8z(n — 1), 8w n). As already
mentioned, Chen—Lin in [ChL2] succeeded in expressing d, in terms of n and the
Euler characteristics y (M) of M for every u € I,; see (2.5.10).

An equivalent formula is not yet available for the case when £ vanishes at some
points on M, as in (6.1.2). In this case, we expect the topological role of M to be
replaced with the punctured manifold M \ {py, ..., pm}. Progress in this direction
has been made by Chen-Lin—Wang in [ChLW], but only for the second interval I in
(6.1.5). In fact, assuming that 4 satisfies (6.1.2) with a; > 1 forevery j =1,...,m,
then I, = (87, 167r) and as shown in [ChLW]

Yue(,8r)

1
dy=1" (6.1.6)
xM)y+m+1, Yue@r,l6r)

with m the number of distinct zeroes of 7 in M.

Notice that, if 2 never vanishes on M, then “formally” we can take m = 0in (6.1.6)
and see that it reduces to (2.5.10). For later use, we mention that both Proposition 6.1.1
and the degree formulae discussed above hold for an elliptic 2 x 2 system that plays a
crucial role in the study of electroweak periodic vortices, as discussed in Chapter 7.

More precisely, we consider the system:

- =y (—her L _fe L)
Agwl_,u(f he“’ldcr M)+A<f fe“’Zng |M|) lnMs

_ K he®l fe? _ 1 1 A
AgU)Z— 1) (l hewldo' |M|) 200823( fe“’Zdo' |M) lnM, (617)

wi,wy € HY(M): [, widoy =0= [, wrdayg,
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where 4 > 0,4 > 0,60 € (0, %), and i and f are two weight functions of the type
described in (6.1.2). For 4 = 0, the system (6.1.7) decouples and its solvability is
equivalent to that of (6.1.1). In fact, the two problems are very much related as we see
by the following:

Corollary 6.1.2 Let h satisfy (6.1.2), (6.1.3), and (6.1.4), and let
feC’"M)fory € (0,11, 0 <a; < f <ayin M and / log fdog =0. (6.1.8)
M

For a given 0 € (0, %), Ao > 0 and a compact set A C R\ T (with T as given in
(5.7.25)) there exists a constant C > 0 such that every (w1, wy) solution of (6.1.7)
with u € A and A € [0, A¢] satisfies

Hwillc2r ) + Nw2llc2r ) = €,

where C depends only on by, by, A (in (6.1.4)), Z—f, Ao, and o = max{u : u € A}.

Proof. We only need to treat the case 4 > 0. By a direct application of the maximum
principle to the second equation of (6.1.7), we see that

1 ucos? 6
mﬁf}x (wz — log/M fe™? do'g) < 1Og(|M|a1 ( 7 + 1)) (6.1.9)

Therefore, setting

-y} fe™ L) cormy, y e 0.1]
g/l - fM few2 dO'g |M| ’ V ’ ’

for 4 € A and 1 € [0, ), we see that
/ grdog =0and ||g)||lLem) < co,
M

with ¢o depending only on Z—f, Ao, and ug. Therefore, if wq ; denotes the unique
solution for the problem

—Agwp; =g)in M,
fM wo,;dog =0,

then
llwo,illc1ary = Co

Vi € (0, Aol, and Cy > 0 depends (as cg) only on Z—f, Ao, and uo. Set w = w1 — wo, 1,
which satisfies

Aw = e 1)
Aw_'u(fM/;edeg M|) n M,
weH (M): [,,wdog =0,
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with i = he®04. Since h keeps the same properties of /i, we can apply Proposition
6.1.1 to w and find
||w||C2y7(M) S Cla V € (0’ l)a

with C; > 0 depending on by, by, A, %, Ao and uo.
As a consequence, we see that w1 is uniformly bounded in C'(M)-norm. Substi-
tuting this information into problem (6.1.7) together with (6.1.9), we arrive the desired

estimate by a bootstrap argument. O

Thus as above, for u € RT \ T, the Leray-Schauder degree of the Fredholm map
associated to (6.1.7) is well defined at zero.
More precisely, define

Fu,:ExXE—EXE:

A
Fy(wy, w) = (w1 + uTp(wr) + AT (w2), wr + gTh(wl) + mTf(wZ))

where T}, is the compact operator defined in (2.5.6). By virtue of Corollary 6.1.2, for
u € R2\ T and A € [0, Ao] there exists R > 0 such that, the Leray—Schauder degree
of the map F, ; in Bgr x Bg is well defined at zero. Here By is the ball around the
origin of radius R in the space E = {w € H' (M) : fM w = 0}. Furthermore, by the
homotopy invariance of the degree, we see that

deg(F, ;, Br x Bg,0) = deg(Fy, =0, Br x Bg,0) =deg(Id + uTy, Br,0) =d,.

In other words, the Leray—Schauder degree of the Fredholm map associated to F), ; is
independent of 4 and coincides with the degree of the Fredholm map relative to (6.1.1).
In particular, under the assumptions of Corollary (5.7.11), for every 4 > 0 we have

L, for u € (0, 8x)

(6.1.10)
xM)+m+1, foru € (8x,16x)

deg(F,u,/l: BR X BR7 0) = [

where, for 4 € (87, 167), we also suppose that & satisfies (6.1.2) witha; > 1Vj =
1...,m. Clearly, the formula (6.1.10) reduces to (2.5.10) for the case in which & never
vanishes in M (i.e., when we have a; =0Vj =1,...,min (6.1.2) and consequently
I' =8z N).

As an immediate consequence of (6.1.10), we find

Corollary 6.1.3 Under the assumptions of Corollary 6.1.2, problem (6.1.7) always
admits a solution for € (0,8x). Furthermore, if (6.1.2) holds with a; > 1 and
u € 8z, 16x), then problem (6.1.7) admits a solution provided that M has a positive
genus g or that M = S* and m > 2.
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6.2 An existence result

In this section, we take advantage of the concentration/compactness result of Theorem
5.7.65 to give a variational construction of the solution for problem (6.1.7), as claimed
in Corollary 6.1.3 when M admits a positive genus. This construction was available
before the degree formula in (6.1.10) had been established in [ChLWT]. It is based on
an approach used by Ding—Jost-Li—Wang [DJLW3] to handle the Mean Field Equation
(6.1.1). In the same spirit, we mention the work of Struwe-Tarantello in [ST] in the
periodic setting, concerning the problem:

w b b
Aw_'u (fee"’ __) inQ = _7’%] X [_Z’Z]’ (621)
w doubly periodic in 8Q, [ w =0,

0<a<b.
In [ST] it was shown that problem (6.2.1) always admits a non-trivial solution for
(87r 472 ) Notice that in addition to the trivial solution w = 0, problem (6.2.1)
also admits one-dimensional solutions (periodically) depending on only one of the two
variables. The interesting feature about the existence result in [ST], is that it provides
a truly 2-dimensional solution for (6.2.1), since non-trivial one-dimensional solutions
only exist for ¢ > 47r2§ (see [RT2)).
The goal of this section is to prove the following result:
Theorem 6.2.4 Let h satisfy (6.1.2) and (6.1.4) and let f satisfy (6.1.8).

If M has a positive genus g > Oand if u € 8z, 16m)\{8x (1+a;), j =1,...,m}
then problem (6.1.7) admits a solution for every A > 0 and 6 € ( , 2)

We observe that problem (6.1.7) admits a variational formulation in the product
space E x E, where E = {w € H'(M) : fM w = 0} defines a Hilbert space equipped
with the usual scalar product and norm. For every (w1, wy) € E x E, we define the
functional:

ot 20
M

+ / IV, (— + wz) % do, + Man6 log ( fe dag) . (622)
M 2 M

It is easy to check that 1, € C! (E x E) and that any critical point (w1, w3) € E x E
for 1, satisfies:

6Iu( ) tanze/ v v w1 J
—— (w1, w2)p = wy - — U o
dwr 1, W2) ) p g1+ Vg 'ufhe“’l d0g¢ g
M
+ [ Ve (5 +w2) Vepdoy =0
W E\ T 2] Ve dog =5 (6.2.3)
ol w1
a_LLZ(wl’wZ)¢:2/ (7‘1‘102) g dog
wy
+/tan?0 / _Jee " dg, =0,
M few2dag

forevery ¢ € E.
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In other words, critical points of 1, define (weak) solutions for the 2 x 2 system of
equations:

wi
—A 1 — Ko | e 1 1 M,
8 (2(:052910l + w2) zHn J[he®ldo,  IM] on
M

1 A2 fe™? 1
A, (EU)] + wz) = Htan 0 [ Fem2 ao, ~ M
M

| [y widog =0= [}, wrdog,

and so they satisfy (6.1.7). Therefore, once we obtain a critical point of /,, in £ X E
we find a solution to (6.1.7).

For this purpose, note that for a given w; € E, there exists a unique wy € E,
(depending on w1) which satisfies (weakly) the second equation in (6.2.4). A simple
application of the Implicit Function Theorem also shows that the dependence of w; on
w is of class C'. More precisely,

Lemma 6.2.5 There exists a C'-map y : E — E, such that
ol
a—” (w,z) =0 in E* ifandonlyif z =17y (w). (6.2.5)
w3
(Recall that E* denotes the dual space of E.)
Proof : We start with the following:
Claim 1: For every w1 € E there exists a unique wy € E that satisfies:

ol
—£ (w1, wp) =0 in E*. (6.2.6)
owy

To obtain Claim 1, we fix w; € E and observe that the functional Iy (w) := 1, (w1, w)
is coercive, weakly lower semicontinuous, and bounded below in E. The correspond-
ing minimizer wy € E satisfies (6.2.6). We see that there are no other critical points
for Iy in E. In fact, let z € E be another critical point for Iy in E. Therefore it satisfies:

ol
— (w1,2) =0in E*.
owy
Set y = z — wy, and consider the function g € C? (R, R) defined as follows:
g =1, (wi,wa+1ty), teR.

We have
£0)=¢g() =0,
and

g(r)zz/ Yy dog
M

2
t t
e / fe’“2+ 7 [//zdo' ~ / few2+ v Vo
M, fe2 1y doyg 8 M [, fe2 1y doyg 8 ’
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Vt € R. Notice that, by Jensens’s inequality (2.5.17), we have:

2
few 2 / few
L de,—| | —Lf  yds,) >0, Vw,peE; (627
/Mfoewdag ! m fy fe¥ dog )

and so g(¢) > 0in R. Consequently ¢ = 0 is identically zero in [0, 1], and we conclude
that necessarily y = 0. Thus z = w» as claimed.

Therefore, at every w; € E thatthe map y : E — E associates a unique w; satis-
fying (6.2.6) in a well defined manner. In other words, (6.2.5) holds.

To show that y € C! (E) we apply the Implicit Function theorem (see [Nir]) to the
function F : E x E — E*,

ol
F (wi, w) = —= (w1, w2).
owyp

Claim2: F € C' (E x E, E*) and for every (w1, w2) € E x E the map: % (w1, w2)
defines an isomorphism from E onto E*.

From (6.2.3) it is straightforward to check that F' is Frechét differentiable, and for
every (w1, w2), (w1, w2) € E x E, we have

oF oF
F/(wlawz)(lﬂla W2)=_(w19w2)wl+£(wlaw2) ") EE*a
2

owj
with
oF
(57 (w1, wy) l//1)¢ =/ Vo1 - Vg¢ doyg,
w] M

oF
(7 (w1, w2) W2) ¢ = 2/M Vg - Vg dog,

owy
fe'2 fe'?
+tan20 _— — —————————y»ndo, | doy,
M [y fe2 dog¢ ¥2 Ty fe™2 dog Waaog g

forevery ¢ € E.

SinceV p > 1, the map : w — e is continuous from E into L”, we immediately
conclude that F € C! (E x E, E*) . Moreover, if we identify in the canonical way E
with its dual space E*, then 9 (wy, w7) can be identified with a continuous linear

ow,
operator A € B (E, E) of the fo%m:

A=2I+K, (6.2.8)

where K (depending on w; only) is a compact linear map on E.

It remains to be shown that A defines an isomorphism onto E. By the Fredholm
alternative this is ensured as soon as we check that Ker A = 0. For this purpose, notice
that for v € Ker A, we have:

oF
0=<Ay,y >= (— (w1, w2) w) y = 2/ Vel dog
owy M

2
fewz 5 er)Z
+Atan%0 ————— vy do, — ————y do
MfoewzdagW 8 M 02 gq, V008

So by (6.2.7) we immediately obtain y = 0.
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At this point, the conclusion that y € C! (E) easily follows from Claim 1 and the
Implicit Function theorem applied around each pair (w1, y (w1)).

By the second equation in (6.2.3), we see that y (w) is independent of u.
For w € E, define the restricted functional:

tan’6 (1
Jy (w) = % (E/M |ng|2dag — uln (][M he™ dag))
+/ [V (% +y (w)) |2d0'g + Atan0 log (][ fe’ (w) dag).
M M

Clearly J, € C 1 (E), and in view of (6.2.5), we have that w defines a critical point
for J, in E if and only if the pair (w, y (w)) is a critical point for /,, in E x E.

Remark 6.2.6 Notice that if 4 € (0, 87), then by the Moser-Trudinger inequality
(2.4.17), J, is coercive and bounded from below in E. A critical point is easily ob-
tained in this case by minimization.

On the contrary, for u > 8z, a critical point for J,, can only be obtained by intro-
ducing a more sophisticated “min-max” construction that relies upon the topological
information that M admits a positive genus. To this end, notice first that J, is monotone
decreasing with respect to u; since for w € E, by Jensen’s inequality, we have

][ he“ dog > 1.
M

Also notice that
]£4 fe'®dg, >1,Yuw € E. (6.2.9)

Denote by

Z={p1,....,pm}CM
the finite set of distinct zeroes of h. Let X : M — R! be the embedding map of M
into R/ / > 3,and let '; C M \ Z be a regular simple closed curve such that its image
Iy = X(I'y) links with a closed curve T’y C R/ \ X (M). The existence of I'; and '
is ensured by the property that M admits a positive genus. For w € E, set

Sy Xe® dog

R, 6.2.10
Jue® dog © ( :

m(w) =

the center of mass of w.
Denote by D,, the set of continuous maps g : By — E such that, for r = |z, we
have:
(1)
lim J,(g(z)) = —o0
r—1-
(ii) the map:
m(e') = lim m(g(re'?))
r—1-

defines a continuous map from S' into I'; with non-zero degree.
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Claim 1. If n > 8m, then D, is not empty. To establish Claim 1 for any p € M \ Z,
we introduce the function u, , defined in a small neighborhood of p, in terms of the
isothermal coordinate system y = (y;, y2) centered at p, by the expression

&
& :l - 5 )
e, p(y) og((HM'y'z)z)

where o = h (p) > 0. Denote by w,, , € E the unique solution for the problem:

_ Xelter 1
—Agw, p =8r (—fM Yol do, |M|) on M,

Ju we.pdog =0,

(6.2.11)

where X denotes a standard cut-off function supported in a small neighborhood of p
in M where u; p is defined. Clearly, w, , € E depends continuously on ¢ > 0 and
p € M. Moreover, by means of Green’s representation formula, it is not difficult to
show that for p € M \ Z and ¢ — 0, we have:

1
||vgwg,,,||iz(M) =32mlog—+0 (1),

1
log (][ he'e.p dag) =2log-+ 0 (1),
M &
gwgsp

—w——— —> Jp, weakly in the sense of measure.
Jueor dog

See [NT2] and [DJLW1].
We notice also that

w,
IVe—22 + 1y (we,p) IIiQ(M) + Atan0 log (][

L o7 (wep) dgg) <C, (62.12)
M

for a suitable constant C > 0 independent of ¢ > O and p € M.
Indeed, in view of (6.2.11), we find that n = y (wg,p) satisfies

Mg =dn - )ﬁeu”:fdgg 14’0 - Jf:ﬂ”dag — i1 (47 + §1an%0) in M,( o213
Jyyndog =0.
Therefore, we find a constant A > 0 (independent of ¢ and p) such that
m;llxn < A. (6.2.14)

This estimate (together with (6.2.9)) implies that

fe'l - eA
——— < ap— =
S fe'ldao, M|
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Since

A n 1
pe (25 ) = g (L L)
2 2 Jy fe'dog M|

we immediately derive that ||V, (wz’p + 7]) 2y = Ca2 for a suitable Cy > 0,

independent of ¢ and p, and (6.2.12) follows.

Let us denote by p = p (z) © € [0, 27 ] a regular simple parametrization of I';. In
view of (6.2.14) and (6.2.12), we can then easily check that, for u > 8z, the function
h (re”) ‘= Wi—rpi) r € [0,1] and ¢ € [0,27) belongs to D,. Claim 1 is thus
established.

At this point, we may follow [DJLW3] and define

c, = inf sup J,(w) (6.2.15)
8€D, weg(By)

as a “good” candidate for a critical value of J,,.

Claim 2. If u € 8z, 167), then ¢, > —oo. The proof of Claim 2 relies in an essential
way, upon the following improved form of Moser—Trudinger’s inequality (see e.g.,
[CL1] and [DM] for generalizations).

Lemma 6.2.7 Let Sjand S, be two subsets of M satisfying dist(Sy, S2) > dg > 0, and
let yo € (0, %) For any ¢ > 0, there exists a constant ¢ = ¢ (¢, dg, y0) > 0 such that,
for all u € E satisfying

[ e*dag [ " dog
S1 $2
— >, > 0, 6.2.16
Jy e dog =70 Sy €t dog =70 ( )
we have,
1 2
‘/A/Ieu d()'g < cexp (32,7[——8/1” |Vgu| dO'g). (6217)

A simple application of Holder’s inequality shows that, for 4 < 16z, J,, is bounded
below and coercive on the set of functions satisfying (6.2.16).

Notice also that, for any g € D,, there exists a function w € g (By) with m (v) €
I'>. So, if by contradiction, we assume that (6.2.15) yields to the value —oo, then we
would find a sequence w, € E, with m (w,) € I'7, and

Jyu (wy) — —o0. (6.2.18)

Hence, w, must violate (6.2.16). So there must exist a point pp € M, such that for
every 0 > 0, we have

[ e dog
Us(po)

— > 1, asn — o0
[ e doy ’ ’
M
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with Us(po) = {p € M : d¢(p, po) < J}. Consequently,

Wn o
) =X o) = [ X=X (0| g g 0 )
e”n do,
U:(po) M
< sup |X(p)—X(po)l+o(l), asn — oc.
PeUs(po)

But this is clearly impossible, since by choosing d > 0 sufficiently small, the estimate
above implies that |m (w,)—X (po) | < %dist (I'2, X (M)) for n large, in contradiction
with the fact that m (w,) € I'; and py € M.

Claim 3. There exists a dense set A C (8x, 161) such that for every u € A, c,, defines
a critical value for J,, in E.

To establish Claim 3, as in [ST] and [DJLW3], we shall use Struwe’s monotonicity
trick. (See [St2], [St3], and [Je] for a clean presentation of this technique in a useful
general framework.) For this purpose, note that if x4 < u3, then D, C Dy, and
Cuy > cu,. Hence ¢, defines a non-increasing function of u.

Denote by A C (8z, 167) the set of the values u, where ¢, is differentiable. We
know that A is dense in [87, 167 ].

Thus for any ¢ € A, we can choose a sequence u, /' w such that

0< " (6.2.19)

H— Hn

for some constant C independent of n.
Furthermore, for g, € D, C D, satisfying

max_ Jy, (w) <cu, + 1 — fin, (6.2.20)
WELn (Bil

and for all w € g, (B)) such that
Ju () = ¢y — (= pn), (6.2.21)
we have:
J —J —
log (]l he™ dag) = 2cotan’f (M) < 2cotan’0 (M)
M K= HUn H— HUn
< 2cotand Cc+1)=<C.

Consequently,

1Vg]22yy, < (4cotan26) T () + 241, log (]{w het® dO'g) 6222
< 4cotand (¢, + 4 — i) + 24nCi.

In view of (6.2.19), we have

Cuy < Cu+C (1= ptn), (6.2.23)
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and from (6.2.22) we find a constant R > 0, independent of n, such that if (6.2.20)
holds, then for every w € g,(B) satisfying (6.2.20), we have IVewllp2my = R.

We are going to show that there exists a Palais—Smale sequence {w,} C E for
Jy atlevel ¢, (see (2.3.2)) with ||ngn||L2(M) < R. For this purpose, we argue by
contradiction, and suppose there exists d > 0 such that every w € E : [[Vowllp2(y
< Rand |J, (w) — c,| < 0 also satisfies ||J; (w) ||gx = 0.

By means of a pseudo-gradient flow (see Theorem 2.3.4 in Chapter 2), for every
€ € (0,0), there exists ¢ € (0,¢) and an homeomorphism # : E — E with the
following properties:

(i) n(w) =w, provided |J, (w)—cu| > E;
(i) Jyu (1 (w)) = Jyu (W) ;
(iii) if [|Vewllz2(ary < R and J,, () < ¢y +¢, then J, (7 (w)) < c, —e.

Let us choose g, € Dy, C D, so that (6.2.20) holds. In view of properties (i) Ed

(ii) above, we also have that # o g, € D, C D,, satisfies (6.2.20). Let w, € g, (Bl)

be such that J,, (w,) = max_J, (w). By definition J,, (w,) > c,, so (6.2.20) and
weg,,(Bl )

(6.2.21) hold for w, and imply that [|Vgwn||;2(3) < R. Furthermore, by (6.2.20) and

(6.2.23), for n large we have:

max  J, (w) = Ju (wn) < Jy, (Wn) < cp,y + 0 — pn < cy

wegn (Br)
(CH+ 1) (1 — pn) < e +e.

Hence, for n large, we can use (iii) for w, to see that

Ju(n(wp)) <cy —e.

Consequently,
max J,(w)<c,—¢
wenogn (B1)
in contradiction to the definition of c,.
In conclusion, for every x4 € A, there exists a sequence w, € E that satisfies:

IVewnll2my = C2, Ju (wp) — ¢, and J;t(wn) — 0in E*. (6.2.24)

We show how properties (6.2.24) imply that {w, } admits a strongly convergent subse-
quence to a critical point of J, with a corresponding critical value c,, .

Indeed, if {w,} satisfies (6.2.24), then both w, and z,, := y (w,) define uniformly
bounded sequences in E. Hence, passing to a subsequence (denoted in the same way),
we find (w, z) € E such that:

(wn, zn) — (w, z), weakly in E x E and strongly in L? (M) x L? (M), Vp > 1,
(6.2.25)
(", &) — (e¥, €°), strongly in LP(M) x LP (M), Vp > 1.
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Furthermore, by passing to the limit into the relation

ol
< ﬂ(wnazﬂ)7¢>=09 VQEE)
owy

we find that %(w, z) = 0. Therefore, by Lemma 6.2.5 we deduce that z = y (w).
Note also that as n — oo,

wy, ) ern
2 Vol— +2,) -V, (0, —w) do :—itan@/— w, —w)do
/Mg(z ”) s (wn ) dog MfoeZ"dag(n )dog

=o(l),
and ) )
I, (wp) (wp — w) | < (1, (wn) [|E+[1Vg (0n — w) [ 2pr) = 0 (1)
Therefore, asn — oo,

0 (1) = 1J,, () (wn — w)|

20 he'™n (w, — w) d
_ tan / Vyton - Vg (10 — ) dag—,ufM e (Ul)l:; w) dog
2 \Umn Sy e dog
(6.2.26)
fM fen (w, — w) dog

+2 /M Ve (& + zn) - Vg (wp — w) dog + AtanZ0

2 Ju fe<n dog
. tan20 2 2
= == (I1Vewnl 24y, = V5011324 +0 (1)
Consequently, w, — w and y (w,) — y (w) strongly in E, ¢, = J, (w) and
T, (w) = 0. O

Proof of Theorem 6.2.4. From Claim 3, we know that problem (6.1.7) admits a solution
for every 4 € A. Next we use the uniform estimates of Corollary 6.1.2 to show that
this actually remains true for any x4 € 8z, 167) \ {8z (1 +a;), j =1,...,m} C
R*\ T. To this purpose, let 1, € A be such that u,, — u, and denote by (w10, W2,1)
the solution of (6.1.7) with 4 = u,. By Corollary 6.1.2, we know that (w1, w2,,)
defines a uniformly bounded sequence in C>? (M) x C%*7 (M). Hence, by passing to a
subsequence if necessary, we find that (w; ,, w2,,) = (w1, w2) in C2(M) x C*2(M),
and (w1, wy) gives the desired solution. O

6.3 Extremals for the Moser—Trudinger inequality
in the periodic setting

In this section, we investigate the existence of periodic extremals for the Moser—
Trudinger inequality (2.4.17), where the closed surface M is the flat 2-torus. For
simplicity, we shall focus on the situation where

M =R?/aZ x bZ (~C/aZl + ibZ), (6.3.1)
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a > 0and b > 0, and thus take as a periodic cell domain:

Q=1(x,y) eR?: x| < %, Iyl < g} ~ {z:at+ibs, t,s € (—%,%)} (6.3.2)

We recall, that in this case, the Green’s function (cf. (2.5.11)) is identified by an
Q-periodic function G = G(z) given as

G(iz) = L log i + 7 (), (6.3.3)
2 |z]

with y = y () explicitly defined in (2.5.15).
Let

h = e" e CO(M) such that ug € L' (M) : / updoy = 0. (6.3.4)
M

Notice in particular that ¢“0 in (6.3.4) attains its maximum value at a point pg € M
where ug is continuous.
By the Moser—Trudinger inequality (2.4.17), the functional

1 5 .
1) = 311Vl 87 log][M S g 63.5)

is bounded from below in E = {w € H' (M) : fM w = 0}.

Thus, investigating the existence of an extremal for the Moser—Trudinger inequal-
ity becomes equivalent to obtaining a minimum point for / in E.

In this direction we prove:

Theorem 6.3.8 Let M be as given in (6.3.1) and let ug satisfy (6.3.4). For py € M:
uo(po) = mﬁf}x ug, we assume that ug € C2(Us(po)) and that

87
Aug(pg) + — > 0. (6.3.6)
M|

Then I attains its infimum in E.

Remark 6.3.9 (a) By virtue of a recent result of Chen-Lin—Wang [ChLW], we actu-
ally know the condition (6.3.6) is sharp. In fact, if we choose as u the unique solution
for the problem:

[Auo =870.—0 — $% in Q, 637

Jouo =0, ug doubly periodic on 0L,

(see 2.5.5), then (6.3.6) is just missed, as we have:

8
Aug(po) + é =0, for po: uo(po) = max po.

It is shown in [ChLW] that in this case the functional I in (6.3.5) cannot attain its
infimum in E.
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More recent contributions towards the existence or non-existence of critical points
for the functional / in (6.3.5) and their characterization as minimizers can be found in
[LiW] and [LiW1].

(b) Theorem 6.3.8 remains valid for a general surface M, where condition (6.3.6) is
replaced by an equivalent condition involving the Gauss curvature of M; see [DJLW1]
and [ChL2].

To clarify the role of condition (6.3.6) observe that:
Proposition 6.3.10 Let M in (6.3.1) and ug satisfy (6.3.4). Then
inf/ < —8x (47ty (0) + maxug +1og(|”7|) + 1)

1 8
—4em10(P0) g2 og ~ (Auo(m + W’Tl) +0(e?) ase — 0%,
&

(6.3.8)

with y the regular part of the Green function (given in (2.5.15)).

Proof. To establish (6.3.8), we are going to consider our functions as doubly periodic
functions (with the periodic cell domain Q in (6.3.2)) extended by periodicity over the
plane. Moreover, without loss of generality, after a translation and scaling of coordi-
nates, we can assume that pp = 0 € Qand |Q| =1 (i.e.,b = % in (6.3.2)). Fore > 0
and 7 € Q, let

2
& .
)= log(m) with g = M,

Define w, as the unique solution for the problem:
_ eu0+u5 _ L .
—Aw, =87 (—fﬂ Ll |Q|) inQ, 639
w, doubly periodic on 0Q, [ w; =0

With a slight abuse of notations, set
1 2 uo+ug
I(w;) = = | |Vwe|”—8x log el )
2 Ja Q
Clearly: igf I < I(w,). We shall establish (6.3.8) by showing that

I(w;) < -8z (4my (0) + uo(0) + log(z) + 1)

4 1 6.3.10
——¢%log - (Aup(0) + 87) + O(e?) as ¢ — 0. ( )
o &

To this purpose, on the set Q. = {z : ez € Q} define

P = g2etoEx)tu (ex) eMO—(M)’ and A, =/ elotue =/ De. (6.3.11)
(1 +om|x?)? Q Q.
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We have
el = - [ wewe = S5 (8”)2 / / Glex, €9)pe () pe(y)dxdy
- log% A Sy
(8”)2 / / 7 (e(x — )pe (pe(y)ddy,
and

1
87 log / he = —16x log — + 87 log / h(ex)e®“dx.  (6.3.12)
Q € Q.

To estimate the second term in (6.3.12), observe that

h(ex)emg(éx) _ pe(x)(l +O_7Z_|x|2)2€u)€(6x)

5 4 1
= pe(®)(1 +o7|x) —eXp(A /Qfl g (|x_y|)pe(y)dy)
8
x exp (A—” /Q e —y))pe(y)dy).

Thus, by Jensen’s inequality (2.5.6), we get

87 log / h(ex)e®e )
Q

1 1
=32x log — + 8z log A¢ + 87 log (A_/ pe(X)(1 + om|x|?)?
€ 13

€

4 1 8
X exp (— / h—p (y)dy) exp ( / y(e(x = y)pe (y)dy) dx)
Ac Joe  |1x =yl Q.
1
Z327r10g—+87r10gA5~|— / /

pe(x)pe (y)dxdy
(87r 2
) EE [ et = mpeonasay
16
+ / pe(x)log (1 + 7o l|x|?)dx.
Ae Q¢
Consequently,
167r
I(we) < pe (x)pe(y)dxdy
16
e TS +na|x|2>dx
Ae Qe
8 2
—8r log A¢ — (8x)

W/Q /Q 7 (€(x — ¥))pe(X)pe (y)dxdy.



6.3 Extremals for the Moser—Trudinger inequality in the periodic setting 265

Note that, the first term in the above estimate can be written as

/Q é /Q log [0 )dxdy = / /Q og |po(x)po(y>dxdy
D / / log s p0(0)fer)dxdy
/ / log. T—— (1) (y)ddy,
with £10(0) £0(0) _ puo(ex)
po(x) = A torP2 and  fe(x) = AtorxP)?

Slnce, 5 log(—22—

J Jo e
Q. Ja,

1+z77r\x|2 = Jpelog ‘x—ly‘po(Y)dy, we derive:

1
sy = siog e ([ = [ me)

! /Q po®)log (1 + o |x )

2
1
+§/2 po(x)log (1 +axlx|?)
/ / po(r)po(y)dxdy:
R2\Q, RZ\QE vl

et

—mEOpdxdy = 5 log(m) / Be(y)

——/ Be()log (1 + o yl?)

/ By /

SRy

Therefore,

J 6/ s
= —10g (o) (/Q po(x) _2/95 Pe(x) _/RZ\Qf po(x))

_l 2 2
: /Q po)log (1 + o [y?) +/Q€ Be()log (1 + o jx )

pe (x)pe (y)dxdy

1
+—/ po() log (14 o7 |x?) + Re,
2 RZ\Q{
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Re= [ e o 7
i) / By /
+ /Q E /Q g |x_

We introduce the following notation:

ac = /R P pe = /Q e

a5=/ po(x)log (1 + o7 |xP) e =/ Be(x)log (1 + o7 |x ).
R2\Q, Q¢

with

po(x)po(y)dxdy

po(x)dX)dy

N Be(¥)Be(x)dxdy.

Since [p2 po(x) =1 = [a po(x) log (1 + o7 |x|*), we may write

Ae E/ pe(x) =1—ac — fe,
Qe

and
/ pe)log (1 +omlx’) =1 — @ — fe;
and obtain
2
I(we) < —(8%))/(0) — 8z log (1 — ae — fe)
87
,m log (o)(1 — 2ac — 2f¢)
5 o ] 167 . B
+m(l —2a¢ —2Be¢) — ﬁ(l —de - )
(87[)2 167
_m// (7 (€(x — ¥)) — 7 (0) pe (x) pe () — WRG
That is
I(we) = —8n(4my (0) +log (ro) +1) + Ac, (6.3.13)
with

2
Ae = —87m log (1 —ae — fe) + 87 (M) log mo

1 —ae — fe
8 _
t ((te + B e + fe — 2ac + fe)) (6.3.14)
(1 —(Ze —) ) .
87 167
—m /Qe / (y (e(x =) = y(0))pe (x) pe (y)— WRS

and A > Oase — 0.
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In order to find the explicit expression for A¢ as € — 0, notice that

€2 1
ac = po(x) = — — + o(€?);
R2\Q, on? Jr2\q |x]

e, o lx|? o x|
=——|\0 0 — 4 2%2up(0 —_— 6.3.15
ﬁf 2 1”0() o (1+7L'O'|)C|2)2 + 2“0() Q. (1+7L'O'|)C|2)2 ( )

1
=0 (6210g —) .
€

For a more precise expression for S, see (6.3.19) below.
Furthermore,

/ / log [x — ylpo(x)po(y) < 2ae (/ log<2|x|)po(x));
R2\Q, JR2\Q, R2\Q,

/ pol) / log |x — y1fe(y) < ac / log (1 + 21y Be(y)
R2\Q, Qc

Qc

+ 0(e?)

e / log (21x)po(x);
R2\Q,
/ / log 1% — I8 (0)Be(y) < 25 / log (1 + 2/x)fe (x).
. Ja, Q.

And since fRz\QE log 2|x)po(x) = o(e) = fgf log (1 + 2|x])Be(x), we obtain that
—Re
(I—ae—pe)? _

Consequently, from (6.3.14), (6.3.15) and the fact that a, = o(€) = f, it follows
that

< 0(62), ase — 0.

8 2
Ae = 487 (e + o) — 2 / / (3 (€ — 1) — 7 O)pe)pe(y) + (€,
(6.3.16)
ase — 0.
On the other hand,
0 262y (0 N e
//(y(e(x—y))—y())pg(x)pay)—e y()/ T sdnds,
2
+ €202y (0) N Wd)quz
+ 0(e?), (6.3.17)

ase — 0.
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Putting together (6.3.15), (6.3.16), and (6.3.17), we conclude,

2 2 2 ‘”‘12
Ae < —4me” | Bmoyy (0) + & uo(O))/ —_——
o, 1+ ma|x|?)?
) (6.3.18)
+ 8723y (0) + 22up(0)) / " o
? ? o, (1 +7a|x?)? ’
ase — 0.
It is not difficult to check that
/ ax12 _ 4 Zlog o
o (I+7o|x|?)? ox2\4 € “
‘ ox3 4 (=n JTo (6.3.19)
/ : = (— log —— + T1/u)
o I+7zolx?)? orx2\4 €
with "
1 1 1 1 ¢ arct
Fazzlog———arctg———/ arcgyd’
8 a? 2 az 2 ) y
and from (6.3.18) we conclude
4e 2 /o
Ae < ——(87r Ay (0) + Aup(0)) log —l— 0(é? ), (6.3.20)
ase — 0.

Recalling that Ay (0) = ﬁ from (6.3.13) and (6.3.20), we deduce (6.3.10). O

At this point, to establish Theorem 6.3.8, we shall use as a minimizing sequence
for I, the family w, constructed in Section 4.4 of Chapert 4 (see Remark 4.4.28).

Thus for M in (6.3.1), ug satisfying (6.3.4), and 4 large, we obtain a function w,,
satisfying:

eWotu

—Aw); =8n (

w) € E,

1
)—l—f;JnM

[y emotvi M| 6.3.21)

for a suitable function f; € C(M) with [, u J2 = 0 and such that, as 4 — oo:

Nl = O, I filoglfil llLiary = O(bslog 2) (6.3.22)
with
1 f e2(o+w;)

b;“ (f eu0+mﬁ)2

— O and liminf b; log 1 = 0. (6.3.23)
A—>~+00
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In addition

I(w;) - igfl, as A — +o0o, (6.3.24)

and [ attains its infimum on E if and only if w, is bounded in E uniformly in 4 (see
Lemma 4.4.27).
Notice in particular that if w; , is the unique solution for the problem

—Awy,; = f,inM
wy) € E

then
||Vw2,i||L2(M) + mﬁx [w,2] = O(b; log 1).

Therefore, along a sequence, (whose existence is ensured by the second condition in
(6.3.23))

Ap — +oosuch that by, log i, — 0 (6.3.25)
we see that

Vw2, 2y + max |w2,4,] = 0asn — 4-o00. (6.3.26)

Consequently, the new sequence

Wy = w3, — Wy, (6.3.27)
satisfies
. hneu)n . L
_Awn =8z (fM hipen |M|) (6328)
w, € E
where
hy = "0 2 s p = "0 uniformly in M. (6.3.29)
Furthermore,
1 2 n :
3IVwallls ) — 87 log 3, hner — 1%“’
[ attains its infimum on E if and only if the sequence w,, is (6.3.30)
uniformly bounded in E.
We analyze what happens in the case
||an||§2(M) — 400, asn — 400. (6.3.31)
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In this direction we prove:

Lemma 6.3.11 [f(6.3.31) holds, then w,, admits a unique blow-up point po € M such
that h(p) = ") > 0, and

hnewn

fM hnewn

mla)lx (u),, — log/ hne“’”) — —o00, VD CcC M \ {po} (6.3.33)
M

— 0p,. Weakly in the sense of measure in M (6.3.32)

Proof. By virtue of (6.3.28), the condition (6.3.31) implies that
max (wn - log/ h,,e“’") — +ooasn — 00, (6.3.34)
M M

and so w, must admit a blow-up point in M. We seek a characterization of such a
blow-up point in order to ensure that it occurs away from the zero set of 4.

To this purpose, recall that the functional I is coercive over the functions that
satisfy conditions (6.2.16) in Lemma 6.2.7. Thus, there must exist a point pgp € M
such that

— 1, asn - o (6.3.35)

for any small 6 > 0. Thus pg must coincide with a blow-up point for w,,, (possibly
along a subsequence). We claim that 4(pg) > 0. To this purpose, for any small 6 > 0,
we use (6.3.35) to deduce that

][ huen < (max hn +0(1))][ en — (max h —{-0(1))][ e,
M Us(po) M Us(po) M

for n sufficiently large. Therefore,

ilg_fl = I(wy) +0(1)

1 2 . 1 2
SIVnlagyy, = 87 log]{whnew +o(1) 2 5 11VwnlEagy,

—8r log (][ ew") — 8x log ( max h + 0(1)) +o(1), asn — oo.
M Us(po)

Thus, by means of the Moser—Trudinger inequality (2.4.17), we find a constant C > 0,

such that

log ( max h) > —C,
Us(po)

for every 6 > 0.
Hence, by letting 6 — 0 and using the continuity of &, we conclude that 2(pg) > O
as claimed.
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This information allows us to apply Proposition 5.7.64 and arrive at the desired
conclusion. O

As a consequence of Lemma 6.3.11, we see that

ifx, e M: w,(x,) = mﬁx wy. (6.3.36)
Then
Xp = po and p, := w,(x,) — log/ hpe®r — 400, asn — +oo (6.3.37)
M

(possibly along a subsequence).
Set

_rm
sp=e 2 — 0, asn — +o0o.

We consider the doubly periodic functions w,, and h, extended (by periodicity) over
R? and define:

27 |spz|?
&n(2) = wp(xy + 85p2) — Wp(xp) — I forz € Q, :={x: s,x € Q}. (6.3.38)

Hence &, satisfies:
—A&, = Upe® in Q,,
& (0) = maX én =0,

/ Unefn = 8r,
Q,

2msnz|” \2

Un,(z) = 8 hy, (xy + spz)e M — 8 et0(Po) = (), (6.3.39)

with

2
uniformly in C10C R5).

We can apply Lemma 5.4.21 (with a = 0 and u = 8z e0(P0)), together with
Remark 5.4.22, to conclude that along a subsequence

1
. . 0 2 . _
& — ¢ uniformly in Cloc (R?) with &(z) = log (m) (6.3.40)

and with ¢ = ¢%0(P0) | On the other hand, we may also write
én = Un (Snz) +2 log Sns

where
21 |z|?

|M]|

un(x) = w,(xy +2) — log/ h,e®n — ,z2€Q
M
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satisfies
—Au, = Vet in Q
Vye'" — 8md;—9, weakly in the sense of measure in Q
and
2z o (poto)+ 22
Vi(2) = 8 hy, (xp + 2)e M7 — 8 PO TTIMI =V (2),
uniformly in Q. Notice in particular that V (0) = 8z e*0(P0) > 0.
From (6.3.32) and well-known elliptic estimates, we see that w, (z) — 4G (z— po),
uniformly in C{)oc (M \ pg), with G the Green’s function. Thus for u,, we can also
check

max u, — minu, < C,
0Q Q.

for a suitable constant C > 0.
Therefore, by virtue of Remark 5.6.53 (b), we are in a position to apply Lemma
5.6.52 (with a = 0) for &, and obtain:

Lemma 6.3.12 Let &, be given as in (6.3.38). For every ¢ > 0, there exist constants
R, > 0,and C; > 0, and n, € N:

1
(@) <@ —e)log (m) +Ce, 2| = R, (6.3.41)
forn > n,.

By the asymptotic decay properties in (6.3.41), we obtain:

Proposition 6.3.13 Let w, in (6.3.27) satisfy (6.3.31) and let py be given as in Lemma
6.3.11. Then uo(po) = mﬁx ugy and

. . 1 2 i
1rb1f1 ZHEE}O(Q”V”’"”U(M) — 87 log][Mh,,e )

(6.3.42)
=87 (47ty 0) + uo(po) + log(z |M|2) + 1)~

Proof. Observe that

Jog Bne®mw,
Vw 2 = 87Z'M—
|| n||L2(M) IM hne’“"
Thus,
+w
2 o Jue T wn
||an||L2(M) - 877: —fM eu0+wn

— Sz wy(xy) + 87 / @108 [y 10 (1 5 () + 0(1)
M

= 87rwn(xn) +/ Uneénéiz + 0(1)

n
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By (6.3.39) and the decay estimate (6.3.41), we can use the dominated convergence
theorem to pass to the limit into the integral above and obtain:

1 1 2y2
/ Uperé, — —870 / g+ 2RIV iy 5 = o0 (63.43)
Q, g2 (I+7olz]?)

log(14+75z[%)

inoliP? = 1, we conclude that

Using the identity: ¢ [p»

Vw124 = 87 wn(xn) — 167 + 0(1), asn — oc.

(M)

Consequently as n — o0,

||an||L2(M) 8 log (][ hne“’") =4z (wn(x,,) —2log (/ hnew"))
M M

—8x + 8z log [M| + o(1).
We use Green’s representation formula for w, to find

hpetn 1
Jog hne®n Y

) U010+ [ Ut

1 ;
wnlen) = 3 /M G, y) /Q G (tns o + 503) Un (1))

1
— log (
2 Q,, lsny|

1 1 .
—stog -+ o0 [ g () U000+ [ G0
2z Ja, [y] Q

As before, by (6.3.41) we can justify the passage to the limit into the integrals above
and conclude,

1 o log|y]
_2] h,en = 4log — — =4 ——=
wn (xn) og/M ne og 5 wy (x,) e +0n|y|222 (6.3.44)
Po )

—8zy (0) +o(1), asn — o0, (o0 = "0

In view of the identity 2 [ 7,205 =

—log(m o), we conclude that
1 (on) = =8 (47 (0) +uo(po) + log (1) +1) +0(D,
for large n. Hence, by letting n — +o00 we find:

1an = -8z (47ry (0) 4+ up(po) + log (|M|) + 1) (6.3.45)

Comparing (6.3.8) with (6.3.45), we deduce that necessarily

uo(po) = max uo, (6.3.46)

and the proof is completed. O
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Proof of Theorem 6.3.8. Accordingly to Proposition 6.3.13 and the properties in
(6.3.30), if I does not attain its infimum in E, then necessarily

inf 1 = 8z (47ry (0) + maxuo + log (|7T7|) + 1). (6.3.47)

On the other hand, by virtue of Proposition 6.3.10, when (6.3.6) holds we can ensure
that -
inf 7 < ~87 (47 (0) + maxug + log (W) +1),

whence I must attain its infimum in £ as claimed. O

6.4 The proof of Theorem 4.4.29

The analysis of the previous section (with ug in (4.1.3) and N = 2), enables us to
complete the proof of Theorem 4.4.29. Recall that by virtue of Lemma 4.4.27, we
have to analyze only the case where the functional /,,—g; (= I) does not attain its
infimum in E, or equivalently when the family w; (= w; ) in (4.4.26), (4.4.27), and
(4.4.28) satisfies

[lwllg = 400, as 4 — +00. (6.4.1)

As in the proof of Theorem 6.3.8, in this situation we are able to find a sequence
An — oo, such that w, = w,, — w»,3, (Where wo ; is defined in (4.4.38)) satisfies:
(6.3.32), (6.3.33), and (6.3.46). Recalling (4.4.22) and (4.4.19) and that in Theorem
4.4.29 we take: vy, = w; + d;. Then we can check that, for every doubly periodic
continuous test function ¢, there holds

in/ eL10+1)2’;n (1 _ eu0+v2,,1n)¢ — /lnd)v,l/ eu0+w/1n (1 _ d;bneuo—ﬁ—min )¢
Q Q

g eu0+w1n 87[/ 92(”0+win) N (1)
=8| ——p—— —————59p+o0
o fQ etotwi, j—n Q (fQ e”0+win)2

Wy,

hye
=87r/— 4+ o0(1) — 8mp(pg), asn — oo
A oo ? @ (po)

and ug(po) = mﬁx uo; and so claim (4.4.45) is established.

It remains to verify the uniform limit,

max e“0t24 — 0, as 1 — +o0. (6.4.2)
Q

Notice that according to (4.4.22), the limit in (6.4.2) is equivalent to

_ " ugtw, _
max e“otwilogfoe logZ _, 0, as 4 — +o0. (6.4.3)

Q
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To this end, notice that (6.4.3) certainly holds along a sequence 4, chosen to satisfy
(6.3.25).

Indeed for such sequence 4,, we can use the analysis of the previous section for
wy, = w,, —wy,, to find

2 +w;, 2 2wy
S2 er (Hot0iy) 2 f h v =5 /h2 2(w,ﬁlogfghne“’") / UZeZC:n
n(fge“”w")z (fQ ew") Q o "
1
— (87)%c? — = —(87)%0, asn — oo,
(8r) r2 (1 4+o7m|z]2)?* 3( )

where we recall that ¢ = e™a0 5, = ¢~ 1(maxg wy—log fo hne®™) = and U, are de-
fined in (6.3.38) and (6.3.39) respectively, and the limit of the latter integral is justified
by (6.3.40) and (6.3.41). Consequently, recalling that

2(uo+wp)
/ 0—2 =o(ly), (see (4.4.19))
@ (J;

I e(L10+wn))

we deduce

1
s2hn

JRULEYS (w,,flog Jo hnL’w")) —login _, 0, asn — oo. 6.4.4)

Since "0 € L*°(M), (6.4.3) follows for A = 4,,.

Thus, to establish (6.4.3) it suffices to show that in fact along any sequence 1, —
+-00, property (6.3.25) holds. In other words, the following stronger version of Lemma
4.4.27 holds:

Proposition 6.4.14

lim by logi =0, (6.4.5)
A—00

where
1 f e2o+w;)

(fsz eu°+wi)2
and w;, is defined by (4.4.26), (4.4.27), and (4.4.28).

Proof. To simplify notation, we perform a translation of the coordinates so that py =
0 € Q and up(0) = mﬁz/}x ug. We recall that ug is defined by (4.1.3) with N = 2;

therefore u( attains its maximum value at a point away from the vortex points. We
thus have: —Aug(0) + ‘ = 0. Therefore, for ¢ > 0 and w, in (6.3.9), and by the
arguments of Proposmon 6.3.10, we find:

1
I (w;) = 5/ |Vw,|> — 8z log][ elotwe
Q

—8n (47ry 0) + up(0) + log(@) + 1) +0(*) ase — 0.

(6.4.6)

IA
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To obtain (6.4.5), we argue by contradiction and assume that there exist a sequence
An — +00 and a constant f > 0 such that for w, = w,,,, there holds

log An fQ e2uo+wn) N
An (fQ euo+wn)2 - 8x )2 ’

for n large . (6.4.7)

Clearly (6.4.7) implies that the sequence w, is unbounded in E. Therefore, the func-
tional I,,—g; = I in (6.3.5) cannot attain its infimum in E, and so,

inf/ = —8x (47[]} (0) + uo(0) + log (|%|) n 1). (6.4.8)
Now recall that w; is defined by the extremal property: f;(w;) = i/{lf f1, where f)

A

is defined in (4.4.12) and A, is given in (4.4.5). We wish to use (6.4.6) together with
(6.4.8) to evaluate the functional f;—;, over w, in (6.3.9), for suitable ¢ > 0. To this
purpose, notice that for x € Q, = {z : ez € Q}, we have

4 1 8
niten) = - [ o () v+ 5 [ et =iy

1 1 o
=4lo —+4/ lo( ) dy+8 0) + R.(x),
8 T e\ T @ BT O R

where p, and A, are given in (6.3.11), 0 = ¢™**a %0 and where the remainder R, — 0
uo(0) _puq(€y) .
% satisfies [, fe(x) = O(€? log 1) (see

(6.3.15)), we may estimate R, as follows:

a.e., as ¢ — 0. Since f(x) =

(x) 4/ ] (n)dy + 4 log e®
Re(x) = oglx — y| + / o
¢ Q. g Y Be(r)dy R2\Q, . Ix =yl (1 +zolyl?)? Y
87
L / (7 (€(x = ) — 7 O)pe )y < 4 / log |x — y| e (3)dy
€ JQ, QcN{|y|<|x[+1}

1
+4/ log |x — y| e (V)dy +4e”0(0)/ log dy
Qen{lx|<lyl—1} {le—yl<1y ¥ =l

log 21y
+ 167 max |y | < 4 log(2]x| + 1 / d +gemaXQuo/ _log Ayl
ax |y | glxl + 1) Q6ﬁe(y) y e Ut ro P

1
+ 27O 4 167 max Iy < O(e2log —) log(2lx| + 1)+ C, as € — 0, (6.4.9)
€
with C > 0 a suitable constant.
. . . . . 1 o _ To
Thus, in view of the identity: 4 [ log [F —(1+7m\y|2)2 = 2 log (—1+an|x\2)’ we

have

1
we (€x) = log = + 2 log ( ) + 87y (0) + Rc(x), as € — 0. (6.4.10)

l+ox|x|?

From (6.4.9) it follows in particular that

1
——— +C, 6.4.11
(+ PP eI

for fixed a € (0, 2), a suitable constant C > 0 and € > 0 sufficiently small.

1
we(ex) < log — +log
€
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Hence,
/ P20 @) gy — (2 / o) twcen) g
Q Qc
_ 2 / 2(ug(ex)+log 4+2 log(7|2)+87ry(0)+Rf(x))
Q.

1 4log m+16ny(0)/ o’
= — S | D),
€6 (e At onpppax ol

as € — 0. Here we have used estimate (6.4.11) to justify the passage to the limit into
the integral sign.
Analogously,

1 o
uo(x)—Q—mE(x)d — 2log wo+8xy (0) d 1
/Qe Ta (e /(1—{—07r|x|2)2 x+o)),

as € — 0. Therefore:

2u0(0)
Jo 20wy R v - .
(f euo(x)—&—wg(x))Z o 6_2 (f £10(0) o(1)
Q (1+a7r|x\2)2
1 /o
=— (— + 0(1)) , ase — 0. (6.4.12)
€2 \3
Choose ¢, > 0 such that
1 oo B o1
Y= 6.4.13
&2 (/1 (87) ) 2oz A, ( )

and set w; = w,,.
Clearly €, — 0 asn — +00, and in view of (6.4.12) and (6.4.13), we can easily
check that v € A, for large n. From (6.4.6), (6.4.8), and w, = w,,, we have:

O(e) = 1(wyy) = 1(wa) = f2,(w}) = f2,(wy)
327 [ e2Hotwn)
-8 1 1-— =
L 4 ( + \/ An (fQ euo+w,,)2
307 fQ 62(u0+w,’f)
8 1 1-— B S ————
+37 l//( + \/ /ln (fQ euo-‘rw;‘)Z
2 2(ug+wy) 2(up+w}h)
_ 6m) (er Joe )

T 2 \Jgente? (e tin?

/ : dt

X

’ 31, Jptottw Jg e2otom) ?
T4 1 == l(f A +(1 - ) - oy

16 2 2(u0+wn) 62(u0+w;f)
_asm? (1) (e Joe™ )
25 4 (f eu0+wn)2 (fg eto+wi)2




278 6 Mean Field Equations of Liouville-Type

That is,
T B RPN BT
J— € = — [ .
Jn (fg gu0+wn)2 ,1 (f etot w2 n /lne% 3 log 4,
Therefore, for large n,
ﬁ B (1671')2 1 fQ 62(u0+wn) (871')2 fQ ez(MO‘HUn)
a; = — =
log/n e T 270 (Jg et o2~ Ty (Jgenotun?
1+\/1 T (f u0+wn)2
(167)2 [ e2Wotwn) 1 1
A ( etot+wn)2 2(ug+wn) - Z
n fQ ) (1+\/ 32n£z u0+wn)2)2

2 2(uo+wn) 2(uo+wp)
_ (Bn) Jae (1+ 16z Jge ( +0(1))

in f eu0+w,,)2 in (fgequrw,,)z 1

(87[)2 lo 1
< +ol——).
An 2 3 log An

This is clearly impossible by the choice of €, in (6.4.13), and (6.4.5) is established.

As a consequence of Proposition 6.4.14, we see that (6.4.4) holds along any se-
quence A, — —+o0. Therefore (6.4.3) is valid, and the proof of Theorem 4.4.29 is
completed. O

6.5 Final remarks and open problems

In concluding, we mention that it would be extremely useful to find extensions of the
formula (2.5.10) to evaluate the degree d,, of the Fredholm map associated to problem
(6.1.1), (6.1.2), beyond the case u € (0, 16x) \ {8z} as given in (6.1.6) (cf. [ChLW]).

Since for problem (6.1.1), (6.1.2) existence results are not yet available when
u > l6r, already it would be useful to know the surface M, for which we can es-
tablish that d,, # 0 for large u.

As we have seen, any information about d,, could be immediately turned into an
information for the degree of the operator associated to problem (6.1.7), which enters
into the construction of electroweak vortex configurations, as we shall explain in the
next chapter.

Also, as for the previous chapter, it would be relevant to extend the analysis above
to cover systems. Needless to say, one of the main difficulties associated with such an
extension is the fact that crucial tools, such as the maximum principle, are no longer
available for systems.

Already for the SU (n + 1)-Toda system, which we have seen to arise in a natural
way in the study of non-abelian Chern—Simons vortices, such difficulties are not easy
to overcome, even if we neglect the presence of the Dirac measures.
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In this context we have already mentioned the contributions in [CSW], [W],
[JoW1], [JoW2], [LN], [ChOS], [MN], and [SW1], [SW2]. Recently, Jost-Lin—Wang
in [JoLW] have established suitable extensions of some of the results given above by a
deeper understanding of the “bubbling” phenomenon for solutions of the SU (n + 1)-

Toda system.
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Selfdual Electroweak Vortices and Strings

7.1 Introduction

In Section 1.4, we reviewed how to attain selfduality for the SU (2) x U (1)-electroweak
theory of Glashow—Salam—Weinberg [La] described by the Lagrangean density
(1.4.15).

Recall that, for the unitary gauge variables given in (1.4.17)-(1.4.20) and with
the help of the vortex ansatz (1.4.26)—(1.4.29), we may formulate the theory in terms
of a complex valued massive field W, a scalar field ¢, and two (real) 2-vector fields,
P = (Pj)j=1,2and Z = (Z;) j—1 2, which are assumed to depend only on the (xl, xz)—
variables. The massive field W is weakly coupled to P and Z through the covariant
derivative:

DjW =0;W —ig(P;sind + Z; cosO)W, j = 1,2 (7.1.1)

where g is the SU(2)-coupling constant and & € (0, 5) is the Weinberg mixing angle
that relates to the U (1)-coupling constant g, by means of the identity:
&
-
(8> +g2)?

In this way the expression for the corresponding energy density £ takes the form

cosf =

. 2 1 2 . 2 2
E=|D\W +iDW| + = (P]z— 98 — 2gsinO|W| )

8
2 2sinf

1 g 2 2)? 5\ 8 2
Nz - ( - ) — 2gcosO|W (— Zj+ejid )
+2( e yow i (il gcosOIW|) + Teosg P Zi T EikOke

(7.1.2)

2 2 2 2 2

§ 4 8 ( 2 2) 89, 89¢
. E—- PR - —o3) - z P
83in26¢0+( 8cos29) P7=%) T 2sine?? T 2sno’ 2

Ok (Sjkzjfﬂz),

8
2cosd
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where as usual, Z12 = 01Z2 — 02Z1 and Pi;p = 0; P> — 0, P denote the “curl” of
the vector field Z and P, respectively, and ¢ j; denotes the total antisymmetric symbol
with g1 = 1.

Thus, in the “critical” coupling,

2
8
=——, 7.1.3
8 cos2 0 ( )
we deduce the following selfdual equations:
D\W +iD,W =0,
§ 2 242 2
Pp=—— — 2 o|\w|-,
2= 55ng @ T P0) F 28 cosOIW (7.1.4)
2cosd .
Zj=— . ejkologe, j=1,2,

whose solutions minimize (7.1.2), whenever we satisfy appropriate boundary condi-
tions to neglect the divergence terms.

In this Chapter, we shall be interested in establishing rigorous existence results
for (7.1.4), in the planar case under a suitable decay assumption at infinity, and in
the periodic case, under the 'tHooft periodic boundary condition. We refer to [AO1],
[AO2], [AO3], [CM], [V1], [Y5], and [Y7], for other results on electroweak vortex-like
solutions.

The planar solutions of (7.1.4) over R? have been established first by Spruck—Yang
in [SY1] by a shooting method, and more recently by Chae—Tarantello in [ChT1] by a
perturbation approach similar in spirit to that introduced by Chae—Imanuvilov [ChI1]
in the study of non-topological Chern—Simons vortices (discussed in Chapter 3). The
constructions in [SY1] and [ChT1] yield to different classes of solutions for (7.1.4),
distinguished according to their asymptotic behavior at infinity. It is not excluded that
yet other type of solutions may exist. From (7.1.2), we see that solutions of (7.1.4) over
R? carry infinite energy, a fact that on one hand justifies their abundance, but on the
other hand makes one wonder about their physical interest. Thus, to treat a problem
with a more definite physical flavor, we shall focus on planar electroweak strings,
where we also take into account the effect of gravity by coupling the electroweak
equations with Einstein’s equations.

We consider a model where strings are parallel to the x3-direction, and where we
take gravitational metrics to vary in the class:

ds? = (dx®)? — (dx})? — e ((dx1)2 - (dxz)z) . (7.1.5)

The conformal factor # = #(x!, x?) is coupled to the remaining electroweak variables
through Einstein’s equations.

Correspondingly, in the “critical” coupling (7.1.3), the selfdual string equations
become:
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[D\W +iD,W =0,
8 2 . 2

Py = 2Sin@(poen + 2gsin@|W|*,
Zi = g (gaz—gp%) e +2g cosO| W, (7.1.6)

2cosd

2cosfl .
Zj=-— ejkocloge, j=1,2,

8

to be coupled with Einstein’s equations, that under (7.1.5) reduce to

2

8¢

—an=82G( 8 Pp+ £ (02— pd) Zn+4IVeR ), 1)
sin 6 cosé

with Newton’s gravitational constant G > 0.
Recalling that the electroweak-string energy density is given by

£0; g I A N B N, 2
€= (62— 03) + 202 IWPe ™ + 2710, (718
ss20 | dcosg \P Y0 g e W] IVopl®,  (7.1.8)
we deduce (7.1.7) by observing that the Gauss curvature K, = —%e‘” An relative to

the Riemann surface (R2, e¢ j,k) satisfies the relation

K, =8rGE+ A, (7.1.9)
where the cosmological constant A is fixed by Einstein’s equations as follows:
xGg’y;
A= —=""2 (7.1.10)
sin” @

For the corresponding selfgravitating electroweak strings, a meaningful physical prop-
erty would be that the Riemann surface (R?, e'd; ) carries finite total curvature;
that is,

/2 Kye' < +oo. (7.1.11)
R

From (7.1.8) and (7.1.9), we see that (7.1.11) is actually equivalent to requiring that
el € L'(R?) and that we satisfy the finite total energy condition with respect to the
volume element of (R2, e¢ i.k) as follows:

/ Ee'l < +o0. (7.1.12)
]RZ

For further details, we refer to [Y1] where actually the existence of solutions for prob-
lem (7.1.6), (7.1.7), (7.1.11) is listed as an open problem, which only recently has been
successfully tackled by Chae—Tarantello in [ChT2].

On the contrary, more is known about cosmic strings relative to the coupling
of Einstein’s equations with other gauge fields theories such as the Maxwell-Higgs
theory, the Chern—Simons theory, etc. (cf. [EGH], [Kb], and [VS]). In this respect, we
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mention the contributions in [Lint], [V2], [EN], [CG], [CHMcLY], [Y2], [Y4], [Ch4],
[ChCh1]; and we refer to [ Y 1] for a more detailed discussion and additional references.
Clearly, if we neglect the gravitational effect by taking G = 0 and n = 0, then
(7.1.6)—(7.1.7) reduce to (7.1.4). In fact, it is possible to follow the construction indi-
cated in [ChT1] for electroweak vortices in order to obtain electroweak strings with
the desired finite curvature and, energy property (7.1.11) and (7.1.12).
We present in details the construction of [ChT2] in the following section.

7.2 Planar selfgravitating electroweak strings

We devote this section to constructing a family of planar selfgravitating electroweak
strings, corresponding to solutions for (7.1.6)—(7.1.7) and which satisfy the finite total
curvature and energy conditions, namely, (7.1.11) and (7.1.12), respectively.

More precisely, we establish the following:

Theorem 7.2.1 ([ChT2]) Let N € N satisfy:

)
sin“ 0
N+1<—-s. (7.2.1)
4r Gog
For any given set of points {21, ...,zn} C R? (repeated according to their multi-

plicity), there exists €1 > 0 such that for any ¢ € (0, ¢1), we find a selfgravitating
electroweak string (W¢, ¢, P¢, Z%, n®) solution of (7.1.6)—~(7.1.7), satisfying the fi-
nite curvature and energy conditions (7.1.11) and (7.1.12) with W¢ vanishing exactly
at the points {z1, ..., zn} according to their multiplicity.

To obtain Theorem 7.2.1, we shall use (2.1.22) and (2.1.23) to reduce our problem
to the search for solutions to the elliptic system (2.1.26) (derived in Section 2.1 of
Chapter 2) formulated in terms of the variables (u, v, ), where:

|[W|? = e" and e = ¢?.

More precisely, we shall analyze in R?, the following elliptic system:

N
—Au = g*e" M 4g%e" — 4z Z&Zj,
j=1

2
Av = 2Cis2 0 (¢" = 0d) e + 287", (7.22)
2
(¢"=95)" 9

_ — 2,1
An=4nGg“e ( o020 2 d

) + 167 Gg*e"™ + 871 G|Vo|?e".

Notice that, the given points {z1, ..., zn} (repeated with multiplicity) correspond to
the zeroes of the massive field W which is given as follows:

N
W(z) = exp(g +i Zarg(z — Zk))-
k=1
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Recalling (1.4.18) and (1.4.19) we recover the remaining variables by means of the
relations in (2.1.23) and (2.1.24).

We are going to attack problem (7.2.2) by a perturbation technique inspired by
[ChI1] (see Section 3.4 of Chapter 3).

Therefore, the first goal will be to interpret the elliptic system (7.2.2) as a per-
turbation of a given Liouville-type operator. Due to its conformal invariance such a
Liouville operator admits some degeneracies. Fortunately, it is possible to exploit the
structure of the perturbation term in order to restore an invertibility property for the
“perturbed” operator in a suitable functional space. This will allow us to use the Im-
plicit Function theorem and to obtain a solution whose behaviour at infinity we can
control rather well. In this way, we can also check the validity of (7.1.11) and (7.1.12).

To this purpose, we transform (7.2.2) to an equivalent system as follows. We mul-
tiply the second equation of (7.2.2) by ¢” and use the identity Ae® = e” Av + |Vo|?e®
to deduce:

g2

Ae® = ———
2cos2 0

(el) _ wé) ei]-H) +2g2eu+v + |VZ)|2€D.

Next we multiply the equation above by 87 G and add the result to the third equation
in (7.2.2) to find:

2 2
! 1 ) e’ + meiﬁ-v.

A 87 Ge') = —4n Gg’py —_—
(7 + 87 Ge”) T8 %o c052¢9+sin20 cos2

Thus, letting

i magtin = dnGeot (s L Y e £ s (72.3)
1 g A2 g (P() Cosze sin20 >A3 2C0526’ 4 s le

we arrive at the following equivalent formulation of (7.2.2):

N
A
Au = _Zle“" —Jye" +4m > 8z — z) (7.2.4)
k=1
A(n + 24€°) = —dge” + A3A4et? (7.2.5)
A A
Ao = e — ae + Te, in R, (7.2.6)

%0

Notice that the first equation (7.2.4) admits the stucture of a “singular” Liouville equa-
tion and thus suggests that we take the integrability property,

/ e < 400, (7.2.7)

as a “natural” boundary condition. Since (7.2.7) is scale invariant under the transfor-
mation

u(x) — u.(x) =u (g) +210g(1) ,

&
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Ve > 0, we can consider the ¢ —scaled version of (7.2.4)—(7.2.6) by also transforming:

1
€

v(x) — v (x) =0 (g) +210g( )

X 1
nx) — n.(x) =17 (E) + 21log (E) .
In terms of the unknowns (u., v., %.), the system (7.2.4)—(7.2.6) takes the form:

N

b
Au= =2 T — e dm D0 — ex1) (7.2.8)
k=1
A (;7 + 321460) — —Jpel + 2 A3 s (7.2.9)
2
A A
Ao = 230 et 4 Lot inR2, (7.2.10)
?o 2

Thus, we search for a solution of (7.2.8)—(7.2.10) “close” (in a suitable sense) to those
of the system:

N
Au® =~ +4x > 6z — ez (7.2.11)
k=1
Al = —Jae (7.2.12)
A
AvY = —jze & 716”" in R2, (7.2.13)

for which we can exhibit an explicit solution. Indeed, as in Section 3.4, set

N z
r@=wn[[e-w. Fo= [ reae
k=1 0

and for ¢ > 0, let

N Z
@ =W+ D []e o). ad Fe) = [ fe,
k=1 0

By (2.2.3) we see that the functions

81/, )1 TR R -
n(+1E@+a?? ] I+ |z + b]D)?

ug’a (z) = log [

satisfy (7.2.11) and (7.2.12) respectively, for every ¢ > 0 and a, b € C. Furthermore,
if we set
23

= 7.2.14
k= ( )
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then we also solve (7.2.13) by taking

0o _, |:1+|F3(z)+a|2:|'

Pt =08 (W e+ P

Reasonably, we may look for a solution of (7.2.4)—(7.2.6) in the form:

u(z) = ug’a (¢2) 4+ 2loge + e201(e2) (7.2.15)
n(2) = ny(ez) + 2loge + £202(e2) (7.2.16)
v(z) = vgja’b(ez) +2loge + %03 (e2) (7.2.17)

with g1, 03, and o3 suitable functions which identify the error terms in the expansion
(7.2.15)—(7.2.17), as ¢ — 0. Introducing the notation:
ul ,(2) + 2loge :=log p! ,(2),
ny(e2) +2loge = log p!l (2),
vl 5(e2) +2loge = log p!1!, (2).

we see that
882N+2|f(2)|2
pha@) = ~
21 (1 + g2N+2 )F(z) + )
82
i
7)) = 5
Peb @ = 0T lee + BP)?
2

g2 (1+62N+2’F(Z)+‘ﬁ )
Py = ,

(1+ |ez + b|?)*
which we may consider for negative ¢ as well. We prove:
Theorem 7.2.2 Let N € N be such that

23
k=" >Nl (7.2.18)
2

For any given set of points {zj}jy:l € R? (repeated according to their multiplicity),
there exists €1 > 0, such that for every ¢ € (—¢y,¢€1), € # 0 and problem (7.2.4)—
(7.2.6) admits a solution (u®, n°, v¥) of the following form:

u?(z) = log pgl,a: (2) + 2w (e)z]) + szu}k,g (e2), (7.2.19)
7" () = log pll(2) + 2 waelzl) + %3, (2), (7.2.20)
0% (2) = log p/ L e (2) + &7 w3 (elz]) + 67w, (2), (7.2.21)
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with pglqag (2), pg’gj (2), pg’%’bj (2) defined as above and |a}| + |b}| — 0, as ¢ — 0.

Furthermore, the functions w1, wy, andws are radially symmetric and satisfy:

w1(lz]) = Cyloglz| + O(1) (7.2.22)
wa(|z]) = —Calog |z| + O(1) (7.2.23)
w3(|z]) = C3log|z| + O(1) (7.2.24)

as |z| = oo. The explicit constants C1, Ca, and C3 are given in Lemma 7.3.4 below;
. * * * .
while UT g U3 o and U, satisfy

3
Dk (e2)
j=1

sup o —o(l),  ase — 0. (1.2.25)
cer2 1+ (loglz|)*

In particular,
e e LY(R?), " € L'(R?), and |Ve* | € L*(R?). (7.2.26)

Remark 7.2.3 By our construction, the sufficient condition (7.2.18) is clearly also
necessary to ensure the validity of the last boundary condition in (7.2.26). Notice that
if the parameters 4;, j = 1, --- , 4, are assigned by (7.2.3), then (7.2.18) reads as

sin? 6

—— >N+1,
dr Gog

and provides a sufficient condition for the existence of selfgravitating electroweak
strings, as stated in Theorem 7.2.1. This condition is analogous to the necessary and
sufficient condition obtained in [Y2] for the existence of abelian Higgs strings in the
Einstein—-Maxwell-Higgs system. It imposes a restriction between the total string num-
ber N and the gravitational constant G, which should be considered as a small para-
meter. Notice also that ¢g in (7.2.1) plays the role of a symmetry-breaking parameter
analogously to the abelian Higgs strings model.

Clearly Theorem 7.2.1 is a straight forward consequence of Theorem 7.2.2, and so
we shall devote the next section to the proof of the latter.

7.3 The proof of Theorem 7.2.2

Following [ChI1], we derive our result by making an appropriate use of the Implicit
Function theorem (see e.g., [Nir]) over the Hilbert spaces:

X, = [u eL? (R /Rz(l + 27 ) u(x)2dx < oo]

(x)
Yy = {u e WH(R2 Au2+Hu—a
A { e @) 11 Aul, + |-

2
< 0
L2(R2) ]
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a € (0, 1), already introduced in (3.4.11) with the relative norms. Since we are going
to search for solutions (u, #, v) in the form (7.2.15)—(7.2.17), then by direct inspection
we see that the functions 6 , j = 1, 2, 3 must satisfy:

Al 2 A1 2
Aot = =78 @8 ap@e” Y = g () — 1) (7.3.1)

. A :
AO'Z — _14A I:gé{,lal,b(z)eézm:l _ ﬁgél(z) (e(l‘20-2 _ 1)

+ashagh! @)glll, (2)ef 2t (13.2)
/13 2 /13 2
Aoy = Fgél(z)gé,{;{h(z)ec (o2+03) _ g_zgél(z) (ec oy _ 1)
0
)
+2—;28§,a(1) (6’32"' - 1) : (7.3.3)

where we have set

I ca 11 0 111 0
8ea@ =e", gl (D) =eM, g, (@) =e"er,
To determine the triplet (o1, 02, 03) we are going to consider the free parameters a, b €
C introduced above as part of our unknowns. We concentrate around the values a = 0
and b = 0, and define the radial functions:

lim of 8(N + 1)*r2N 11 8
pl: lmg,():—’ p2:g0 =,
e=0"° (1 + ,2N+2)2 2 (14 r2)2
and IN+2
14+r
=limegl = ———
P3= 0080 T U e

Thus, by taking a = b = 0 in (7.3.1), (7.3.2), and (7.3.3) and by letting ¢ — O,
(formally) we obtain the linear system:

A1
Awy + 21p1wy = RRLLE (7.3.4)
Awy + Joprwr = —A4Ap3 + A3A4p2p3 (7.3.5)
1 A3
Aw3 = 5/11/01101 — 23p2w2 + —5 p2p3. (7.3.6)

P

Consequently, if (w1, wy, w3) is a solution of (7.3.4), (7.3.5), (7.3.6) then, under the
decomposition:

0j(2) =w;(z) +u;(2), j=1,2,3, (7.3.7)
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we reduce to solve for (11, us, u3) the following implicit problem:

A1
4

A .
+ 58l @ — 1) 4 Awy =0,

111 (Z)eaz (up+uz+wr+w3)

P] (’41,142; ug,a,b, 8) = AM] + glgl(z)gé‘,(l,b

Py(uy, uz,u3,a,b,e) = A (uz + i4g£,ﬂ,{b(2)e€2(u3+"}3))
A 2
+g—§gél(1)(ee (u2+w2) _ 1)

2
_’13’143151(1)861‘,21,17(2)68 (atustwrtws) 4 Agpy =0,

and

A3 2
11 111
P3 (Ml, u,us, a, b: 8) = AM?’ - ng (Z)gg,a,b(z)eg (M2+ll3+u)2+w3)
40

A 2
+€_;gé1(z)(e{: (uz+w2) _ 1)

Al 2
— 03 8a @ T — 1) + Awy =0,

Concerning the linear system (7.3.4)—(7.3.6), we have:

Lemma 7.3.4 For k > N, there exists a radial solution (wy, wa, w3) of (7.3.4)—

(7.3.6) in Ys satisfying

wi(r)y=Cilogr+ 0(1), and w((r)= Q 4+ 0(1) (7.3.8)
r

wy(r) = —Cylogr + O(1), and wy(r) = —% + 0(1) (7.3.9)

w3(r) = Czlogr + O(1), and w3(r)= % 4+ 0(1) (7.3.10)

asr — 00, where:
)= /1_1 |:K'(K— )---(xk = N)—(N+1)!
A2 14+x)k---(x—N)
c, = 4(2 + 23)Aa[K*(c — 1) -+ - (k — N) + (x —2N — 2)(N + 1)!]
ML2+r)(1+x)---(k —N)
and so Cy > Oforx > N + 1;
C1 A3 4u

:|, and so C1 > Oforx > N + 1;

>

Ci=——7—-C— 4+ ——7—;
3 2 Tkt
. . oy AR g .
respectively, with u = 2T h % and k as defined in (7.2.14).
0

Before going into the proof of Lemma 7.3.4, we recall the following properties
relative to the operators defined by the right-hand side of (7.3.4) and (7.3.5), as estab-
lished in Proposition 3.4.19.
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Proposition 7.3.5 Fora € (0,1) and j = 1,2, set
Lj =A+/1jpj:Ya - X,

We have
KerLj = Span{p; .0, pj0}, (7.3.11)
where
_ ¥l cos(N 4+ 1)0 _ ¥ lsin(V + 1)0
oL = 14 p28+2 7 P1.-= 14 r2N+2
r cos 6 rsin 6
0= 2=,
’ 142 ’ 1+7r2
1 — p2(N+D) 12
®1,0 = m, 02,0 = 1—}——r2
Moreover,
ImLj = if € Xa|/ fojx =0}. (7.3.12)
R2

Proof of Lemma 7.3.4. Taking into account (3.4.26), we know that a radial solution in
Y] of the equation

Aw(r)+ Liprw() = f(r), (7.3.13)
is given by the formula:
2 r
wr) = (or00) 087 + s ) [ oo s
—¢1,o(r)/0 p1,0(t)logr + R +t2(N+1))) fOedr.

Furthermore, setting ¢y = f0+°° @1,0(t) f ()t dt, then from Corollary 3.4.21, we also
know that

w(r) = —cylogr + 0O(1),
i) ==L+ o,

as r — +o¢. To obtain wy, we use formula (7.3.14) with f(r) = —%pz(r)p3(r). So
we can check (7.3.8) with C| = ’%Al where

00 8 ® (1 — 2N+2
Ay = Ay(o0) = /0 D100 PPN = /0 ((1+—2)2+) r

_4/001—tN+‘dt_4 1 (N +1)!
Tt A+ T Ll1+x (A+x)k---(k—N)
4 [k(k—1)---(k = N)— (N + 1)!
A2 (I+x)k---(k —N) '
So, A; > Oforx > N + 1 and (7.3.8) is proved.
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To obtain w,, we use the analogous form of formula (7.3.14) for the operator L,

however now we take N = 0 and ¢> ¢ in place of ¢ o. Exactly as above, we reduce to
evaluate

Cy =/O @2,0(r) f(r)rdr, (7.3.15)

with f(r) = A3dapap3 — A4Ap3. Since g2 € KerL,, integration by parts leads to
the identity,

o o o0
/ 92,0Ap3rdr =/ Az op3rdr = —/12/ p2.0p2p3rdr.  (7.3.16)
0 0 0

Consequently,

[o)0]
Ay = (A2 + /13)/14/0 p2,0p2p37dr

_ 8(A2 + 43) 24 /"0 (1— r2)(1 + ,,2N+2)
0

A2 1+ r2)3+"
A2+ A /°° (1—1) (1+ 1)
N Az 0 (14 1)3+*
A0+ A3)Ag [ 1 t N+l tN+2
- 12 /0' (1 +t)3+lc - (1 +t)3+l€ + (1 +t)3+lc - (1 +t)3+lc
A2+ A3) A [ o 1 N (N +1)!
B o 2+x  Q+x)(1+x) Q+x)1+x)---(1+x—N)
B (N +2)! i|
Q2+x)(+kK)---(k —N)

_ 42 + A3)Aa
T hQ+r) (1 +K)--(k—N)

[(k+Dr---(k—N)—x(K—=1)---(k = N)

4+ — NN + D! = (N+2)!]
40+ A3)alk? (e — 1)+ (e — N) + (k — 2N —2)(N 4+ 1)!]
B MQ24+rx)(1+kK)---(k—N) ’
and (7.3.9) is also proved.

In order to obtain w3 (with the given asymptotic expansion), we use the decompo-
sition

(7.3.17)

y) A3zd
w1 (r) + 20+ 22 00) + 000, (7.3.18)
2 A2 A2

w3(r) = —

where ¢ is a regular radial function satisfying:
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Set
dy A3da Ay
p=—=—-—-——-— (7.3.19)
q)g A2 8
Incidentally, notice that the choice of 4;, j = 1,---,4, in (7.2.3) gives 4 =
2
%1 sin*@(1 + cos? ). We have
) 8/1 r (1+r2N+2)r 4[u r2 1+IN+1
rg(r) = —— | ~—amydr=—- | o !
Ao Jo o (14 r2)yet2 Ao Jo (L4n)<t2
2
4 1 4 r IN+1
Sy O S / EELAR
Aa(r 4 1) (1 + r2)ett Ay Jo (L41)e+2

Since k > N, rg(r) — as r — oo and thus,

A
+1)°

p(r) = logr + O(1).

( + 1)/1
In view of (7.3.18), we derive the desired conclusion for w3, and we complete the
proof. O

Remark 7.3.6 With the choice of (w1, w2, w3) in Lemma 7.3.4 and for the condition
x > N+ 1, we see that for 0 < a < min{%,x — N — 1} there exists gg > 0
such that the operator P = (Py, P>, P3) defined above is a continuous mapping from
Q= {(u,a,b,8) € ¥,> x C* xR : |lully s + |a| + |b| + |&| < &0} into X,,* and
P(0,0,0,0,0,0) =0.

Next we proceed to compute the linearized operator of P around zero. From te-
dious but not difficult computations we see that, for a = a; 4+ iap; and b = by + ib»,
we have

9844 08t ()
Y = —4p101,+, > = —4p101,—,
U lae)=0.0) 2 l@,e)=(0.0)
og)! (2) og)! (2)
gb =—4pp +, gb =—4prp —,
L =0 2 p=0
2811 @ 2811 @
o =2p301,+» o =2p301,—,
L (a,b,6)=(0,0,0) 2 (a,b,6)=(0,0,0)
![(l[b(z) 423 !IHI},(Z) 423
=——=p302.+, =——=p302_,
b (a,b,£)=(0,0,0) 42 ok (a,b,6)=(0,0,0) 42
o8y (@)l (@) o8y (@)l ()
T =2p2p3(ﬂ1,+, T =2p2p3(ﬂ1,7,
1 (a,b,)=(0,0,0) 2 (a,b,)=(0,0,0)
og! glt! @) i
T 4|1+ 7 ) Pr3ea+
! (@,b,£)=(0,0,0) 2
gy @8/1], @)
B TR —4(1 + P2P3P2,—
2 (a,b,£)=(0,0,0)
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Therefore setting
P(/Ltl,uz,u3,a,b)(0’ 0; 0’ 07 O; 0)[1)1, 02,03, A, ﬂ] = A[01> 02,03, A, ﬁ]:
we can check that for A = (A, Az, A3), a = a1 +iap and B = B + iff>, we have:

1
Ailvr, 02,03, a, Bl = Avy + Aip1o1 + A1 |[—4p1w1 + = p2p3| (91,401 + @1, —a2)
2 (7.3.20)

A3
- (/1—2 + 1) p2p3(p2,4 1 + 02, p2),

Az[v1, 02,03, a, Bl = Ava + Aapava — 22344p2p3(01, 401 + 91,—a2)
—2A4A [p3(p1 401 + 91,—a2)]

Aal
—41—23 Ap3(@2 1B + 02— B2)] (7.3.21)

A
—4 [izpzwz — A3l4 (1 + /1_2) P2P3} (92,481 + 02, p2),

and

Aslv1, 02,03, a, Bl = Avs + A3p02 — S pioy
+ [2/11p1w1 - %;—'Ofpzm} (p1,+a1 + p1,-02) (7.3.22)
- [4/13P2w1 - % (% + 1) /)2P3:| (02481 + 92, o) -

It is interesting to note that although we need the condition x > N + 1 to ensure
that the operator P is well defined from Ya3 x C% x (—¢o0, €0) into Xa3, its linearized
operator at the origin A = (A1, A2, A3) (given in (7.3.20)—(7.3.22)) only appears to
be well defined from Y,> x C2 into X,> under the weaker assumption ¥ > N, which
also suffices to ensure the following crucial properties:

Proposition 7.3.7 If k > N, then the operator A : (Y,)> x (C)?> — (X4)3 given by
(7.3.20)—(7.3.22) is onto. Moreover,

. 1 A . 1 A .
KerA = Span {(0, 0, 1); (m,r P24, =501, + %wz,i) ; (ﬁ”l,()» 92,0, —3%1,0 + im,o) ;

2 A
((/Jl,i,éoz,o, —301+ + ﬁ(/’z,o) ; ((/’1,0, 02,4, — 3010+ ﬁsﬂz,i)} x {(0,0)}.
(7.3.23)

In order to prove the statement above, we establish the following:

Lemma 7.3.8 Letk > N. Then

1 = / 4p + lp p (p2 dx = (7 3 24)
+ = — w - X = —_—, L.
1 R2 e 2 23 1+ ﬂ.z(K + 1)
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and

L= / [—lzpzwz + 1344 (E + 1) pzps} 93 sdx
R2 A2 ’
2324
T
 wA(N+ DN +1)
S (4K (I+x—N)

A(p3p2,+)p2,+dx
RZ

(7.3.25)

with wy and w as given in Lemma 7.3.4.

Proof. We prove (7.3.24) by recalling the formula

. 1 _16(N 4 12N+
A2V | T 7 (1 2Ny

and computing
) F2N+2 2
) cos“(N + 1)@
/ / [ 4prwy + PZ’B] (1 +r2N+2)2 [ sin (N + 1>9]rdrd9

/ 32(N + 1)2r2V 1 } PN+
0

—_

o]

=7 _/11(1 + 2Nz T 5P2P3 a1+ r2N+2)2rdr

T

00 1 N ,02/)3"2N+2 J
0 il (1 + r2N+2)2 w1 2(1 + r2N+2)2

|
3

/°° 2 Liw papar?N T2 rdr
0 ﬂ (1+r2N+2)2 2(1+r2N+2)2

00
— /

0

/°° p2p3 J 4z /°° rdr 2n
= — —_—rar = =
2 Jo (L+r2NF2) Ja o P27 oG+ 1)

where the integration by parts performed above is justified by virtue of the asymptotic
behavior of w; and its derivative as r — 400, as provided in Lemma 7.3.4. In order
to prove (7.3.25), again we use integration by parts to obtain:

p2p3 pap3rN+2 rdr
2(1 + r2N+2)2 2(1 + r2N+2)2

A A3lg
Izi =/ —Aoprw2 + A324 142 pap3| 03 Ldx — —/ P302,+ Ao +dx
R? A2 ’ A2 Jr2

7 (7.3.26)
= / |:—/12p2w2 + 1374 (2 + —) pzps] 03 Ldx,
R2 A2 ’

where we used —Ag2 + = 12p2¢2 +. In view of the identity

. 1 _ ler?
la+m2) T a+m)%
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we may transform the first term of 12i as follows

00 2 2 2
) _ r cos~ 6
/R2 Aaprw2gs Ldx = /0 /0 izpzwz—(l )2 I sin20 ]rdrd9
00 r2 P o) 1

-8 " wrdr =2 Ly ——— | word
”/o 1+ 2/0 2[(1+r2)2}w2r ’
n/oo Lowy

= ——= ———rdr
2 Jo (+r22

T

oo
1
== ——[A34 — A4A dr,
2/0 a r2)2[ 344p2p3 — A4Apslrdr

where we used (7.3.9) to derive the last identity. Substituting this result into (7.3.26),

we find
™ < pap3 T /°° Ap3
IF=—-")32 2 rdr 4+ =2 — _rd
) 234/0 (1+r2)2r r—+ 40 rar

2 (1+7r2)2
3\ [ papar’
A3dq |2+ — ————dr=1J J: Ja.
+7r34(+i2)/0 (1+r2)2r 1+J2+J3
We can rewrite J; and J3 as follows:
T o
Ji = ——Aal3ls / p3psrdr, (7.3.27)
16 0
i o0
J= a2+ 2 / plparidr. (7.3.28)
8 2] Jo

Also we can easily check that
Apy = Jo(2r? — 1)p3.

Therefore, for x > N we can perform integration by parts and obtain

o0

T 00 T
b= / Apspardr = = iniy / psApardr
1672 ), 167" |,

T 2 3 2
= Riz/u/o (2r7 —r)py p3dr. (7.3.29)

Consequently,
o A
12:t =J1+h+ = 16/12/13/14/ |:(4 + Zf) - ri| p%pgdr
0 2

i3y / @ = r)pdpadr

o0
= —mﬂc / [(4 +1)r — r] p3p3dr (7.3.30)
32 0

+ = / @ = r)p3padr

32/1 A4 +2) [(k +2)K1 — K2],
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where
o0 o0
K =/ r3pgp3dr and Kzz/ rp%p3dr.
0 0

We evaluate

K r

_ 64 /00 r3(1 4 r2V+2)
T2 )y

-2 /oo d dt+/oo A
2o (4o o (14r)4n

_g[ 1 N (N +2)! ]
S A2LB+0C+K)  B+R+K)--(+x—N) ]|’

(7.3.31)

and

64 [ r(14rN1
- /1% 0 (1+r2)4+1<

32 [} 1 00 tN+l
A5 1Jo (L+1)*+e o (I41)+*

_g[ Lo (N +1)! }
23+ BHQ+K) - Q4x—N) |

2

(7.3.32)

Substituting (7.3.31) and (7.3.32) into (7.3.30), we obtain

(N +2)! 1
34x  Groltrr - U+c—N) 3+«
(N + 1)!

_(3+x)(2+;c)---(2+x—1v)}

7@ +2)24(N + DIIN +2)2 +x) — (1 +x — N)]
BG+x)2+x)--(1+x—N)

7is(N + DIN + 1)

(I+x)k--(1+x—N)

The proof of Lemma 7.3.8 is completed. O

Proof of Proposition 7.3.7. Given f = (fi, f2, f3) € (X4)3, we need to show the
solvability in ¥,> x C? of the linear equation:

12i =n(k +2)/’L4|:

Alor, 02,03, a, fl = f. (7.3.33)

Equivalently,

2

1
Livi + 44 [—4p1w1 + —Pzp3] (p1,4a1 + @1,—a2)
yi
-4 (ﬁ + 1) p2p3(02,+ 1 + 02, P2) = f1,

(7.3.34)
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Lovy — 2A324p2p3(p1 401 + 01,—02) — 244 A[p3(p1,4+a1 + ¢1,—02)]

A

Aad
—41—23A[P3(¢2,+ﬂ1 + 2, f2)] = f2,

Al 223
Avz + Z3ppvy = —piv1 + [2/11,01101 - —zpzpz} (p1,+01 + @1,—02)
%o (7.3.36)

425 (A
— [443pow1 — —- (/13 + 1) p2p3 | (92,481 + 92— p2) = f3.
?o 2

By the orthogonality property of the system {¢1,+, 92 +} and by (7.3.24), we can ex-
plicitly determine

o 12(x+1)/ ; v Az(x+1)/ 7
1= 27 191,+> 2= 27 191,—

in (7.3.34), and thus ensure that

(Liv1, 91,4);2 = 0. (7.3.37)
Similarly by (7.3.25), we can determine f1, > in (7.3.35) such that,

(Lav2, p2,4)12 = 0. (7.3.38)

With such choices for a1, a; and B, f> we are in a position to use Proposition 7.3.7,
to obtain the v, v2 € Yy, solution, respectively, to (7.3.34) and (7.3.35). At this point,
set

A 23
8 = —A3pav2+ - p1o1 — | 221p1wr — —5p2p3 | (Pr401 + 91,-a2)
Po (7.3.39)

413 (A3
[4/13/)2101 pe (/1 + 1) pzps} (2,451 + 02, p2) + f3 € Xq,
0

and observe that (7.3.36) is solvable in Y,, with the corresponding solution given by

1
) = 5 [ Toxls = 3Ds(dy +C (7.3.40)

for a constant C € R. So the operator A is onto. Furthermore, K er.4 can be determined
by letting f1 = fo = f3 = 0 in the above argument. This leads to a; = 0 = ap,
p1 =0= prand vz = 1)1 + 7 02+Cw1thvj € KerLj, j = 1,2, and any
constant C € R. Therefore, the de51red conclusion (7.3.23) follows once we take into
account Proposition 7.3.7. O
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Proof of Theorem 7.2.2. We decompose (Y,)> x C* = U, ® Ker A with U, =
(Ker A)*, so that

A= Pl usap©,0,0,0,0,0) : Uy > (Xo)?

defines an isomorphism. The standard Implicit Function theorem (see e.g., [Nir]) ap-
plies to the operator P : U, X (—&q, &9) — (X,,[)3 for sufficiently small &g > 0, and
implies that there exist &1 € (0, &9) and a continuous function,

& = l/lé‘ = (MT,;;! u;gs u;ga Cl:, b:)a
from (—¢1, €1) into a neighborhood of the origin in U, such that
P(uT’g, uzg, u;g, al,br,e)=0, foralle € (—e,e1),

and uj .o = Oforevery j =1,2,3,and a’_, = 0 = b_,. Consequently,

u®(z) = log pgl,a; (2) + 2w (e2) + 82MT’8 (e2),
7°(z) = log pﬁ,: (2) + 2walez) + szuig (e2), (7.3.41)
0% (2) = log p! Lk e (2) + &7 w3 (62) + £7u3 , (52),

defines a solution for the system (7.2.4)—(7.2.6), Ve € (—¢1, €1), ¢ # 0. Furthermore,
from Lemma 3.4.18 we have

% ()] < Cllu Ny, (og™ x| + 1) < Cllyelly, (og™ x| + 1), j=1,2,3,

with
lwellu, — O, ase — 0.

Therefore,

s, (ex)]

sup —2——— = o(1 7.3.42
Rf (14 log™ |x|) m ( )

as ¢ — 0. Since (7.2.18) holds, the explicit form of p! .(2), p!}.(2), p!L ,.(2),

together with the asymptotic behaviors of w1, w>, w;, as described in Lemma 7.3.4
and (7.3.42), imply that the solution (u?, 7%, v%) in (7.3.41) also satisfies the integral
condition (7.2.26). The proof is completed. O

Final Remarks: By a more complete application of the Implicit Function theorem
(e.g., [Nir]), we can actually claim the existence of a family of solutions that depend
up on a number of parameters being equal to the dimension of Ker.A. A minor mod-
ification of the proof presented above allows us to include an equality in (7.2.18). In
this case, the image of the operator P is mapped into the space (Xa—50)3 for op > 0
sufficiently small. Notice that, according to Lemma 7.3.4, the functions w;, j = 1,2
are bounded in this case, (i.e., C1 = C2 = 0) while w3 diverges at infinity with loga-
rithmic growth. As a consequence, the resulting string solution no longer admits finite
energy.
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It is an interesting open question to know whether or not problem (7.2.4), (7.2.5),
and (7.2.6) admits a solution when (7.2.18) is violated, or more precisely, when
223
— <N+ 1. (7.3.43)
A2
By our discussion it seems reasonable to expect an existence result to hold under the
weaker assumption: 2))—2‘ > N. However, in this case, we see that the function w3
admits a power growth at infinity, and so it fails to belong to Y,,. Therefore, a modified
functional framework is required in order to handle this situation. On the other hand,

the above discussion indicates that, as far as selfgravitating electroweak solutions are
sin® @
4 g(pg
guarantee the finite energy properties (7.1.11) and (7.1.12).

concerned, the condition N + 1 < seems to be necessary when we wish to

7.4 Periodic electroweak vortices

In this section we focus our attention on solving (7.1.4) under the ’tHooft periodic
boundary conditions, over the periodic cell domain

Q={z=air+says, 0 <t,5s <1},

where a; and a are two given linearly independent vectors. In other words, we search
for a solution of (7.1.4) in Q and subject to the boundary condition (2.1.38) on 6Q.

As above, we will assign a set of N-points (counted with multiplicity) in Q that
correspond to the zeroes of the complex massive field W.

Thus, we call a selfdual electroweak periodic N-vortex any solution of (7.1.4) in
Q that satisfies (2.1.38) and for which W vanishes exactly at N-points (allowing mul-
tiplicity).

We shall see that the existence of selfdual electroweak periodic N -vortices imposes
some (necessary) restrictions between the vortex number N and the physical parame-
ters involved in the theory (see (7.4.1) below). Thus the effort is to construct periodic
N-vortices within such constraints.

Unfortunately at the moment this has been possible only when N = 1,2,3,4,
while for N > 5 existence is ensured only under more restrictive conditions on the
above mentioned parameters. More precisely we have:

Theorem 7.4.9 ([SY2],[BT2]) For a given N € N, we have:
(i) A necessary condition for the existence of a selfdual electroweak periodic N -vortex
solution of (7.1.4) and (2.1.38) in Q, is that

4 N g2<p2
2 2 0
— < . 7.4.1
£ = Q] cos2f ( )
(ii) Assume (7.4.1) and suppose in addition that
4z N — g%p2|1Q
o N gl (7.4.2)

87 sin? 0
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Then for a given set {z1, ..., 2N} C Q (repeated according to their multiplicity), there
exists a selfdual periodic N-vortex (p, W, P, Z) satisfying (7.1.4) and (2.1.38) in Q
such that: ¢ > 0 and W vanishes exactly at z; (according to its multiplicity) j =
1, ..., N. Furthermore, it admits a total flux ® = 2”TN (see (2.1.39)), where —e =
—(g sin @) is the electric charge.

Theorem 7.4.9 was first established by Spruck—Yang in [SY2], under the more restric-

4 N—g%p2|Q|

tive assumption: < 1.
p 87 sinZ 0

In the form stated above, Theorem 7.4.9 is due to Bartolucci—Tarantello (cf. [BT2]).
4n N-g2p2|Q)|

Still when ————=2%— = 1. the question of solvability of (7.1.4) and (2.1.38) in
Q stands as a challenging open problem. As a matter of fact, each time we have:
4z N — g%} 1Q
_8 %ol 2¢0| | N, (7.4.3)
87 sin”“ 0

we face additional analytical difficulties in the solvability of (7.1.4) and (2.1.38), for
reasons that will become clear in the sequel. Indeed, we suspect that only the values in
(7.4.3) represent a serious obstraction to the solvability of (7.1.4) and (2.1.38); and in

fact, Theorem 7.4.9 should hold with (7.4.2) replaced by the condition:
4z N — gzgogN
—— ¢ N. 7.4.4
87 sinZ 6 ¢ ( )

Proof of Theorem 7.4.9. Once more, we take advantage of the equivalent elliptic for-
mulation corresponding to (7.1.4) and (2.1.38), as derived in Section 2.1 of Chapter 2.
More precisely, defining new variables (u, v) such that

eu — |W|2 @D — wz)

we need to solve:

N
—Au =4g%e" + g%’ —4n Z(SZ./ in Q,
Jj=1
_ g2 (7.4.5)
2cos?2 6
u, v doubly periodic on 09,

(qﬂé —¢’) —2g%" in Q,

in order to recover the whole vortex (W, ¢, P, Z) solution for (7.1.4) and (2.1.38), by
means of (2.1.22), (2.1.23), (2.1.24) and (1.4.18)—(1.4.19).

Concerning (7.4.5), observe that upon integration over €2, every solution pair (&, v)
must satisfy the contraints:

2 2 2 g 8°0;
4 e+ /ev:4 N, 2 /e"-l——/ev:—ﬂ.
g/g § o 4 § o 2cos26 Jo 2c0s20I |
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Consequently we derive,

/ et = 47rN——g2¢02|Q|. / o — 820319 —47thos2<9.
Q Q

7.4.6
4g2sin’ 60 ( )

g2sin?0

From (7.4.6) we immediately deduce (7.4.1) as a necessary condition for the solvability
of (7.1.4) and (2.1.38), and part (i) is established. Next, we resume the function u¢ in
(4.1.3), that together with u and v, we are going to consider as functions defined over
the flat 2-torus M = R? /a17Z x ayZ. In this way, we decompose

u:uo—}—wl—l—c:/wl:Oandc:][ u,
M M (7.4.7)
v:wz—i—d:/wz:Oandd:][ 0.

M M

From (7.4.6) it follows that:

4N — g%p3|Q 1
e (n 8700 |) and e/

4g2sin” @ Jyy etot
2.2 2
Q| — 4 N cos~ 0 1
Y . . (7.4.8)
g2sin“ 0 Sy e

Therefore, letting

§2p21Q| —4xNcos’0  4xN — g*p3|Q)

=4z N — , 7.4.9
a sin2 6 sin2 6 ( )

the necessary condition (7.4.1) then reads as
0<u<4nN. (7.4.10)

Problem (7.4.5) can now be stated in terms of the new unknowns (w1, w>) equivalently
as follows:

eu0+w] o2 Az N |
_AwlzﬂW+(4nN_ﬂ)fMe11)2 —WIHM
up+tw 1 47 N — wy 1
Awy = (e )R AT Ny (T4.10)
2\ [y etoter M| 2cos?60 \ [ e2 M|

wl,wgeH](M): w; =0= wy
M M

Clearly, problem (7.4.11) is a particular case of the general elliptic system (6.1.7),
where M = R? /a1Z x aZ, A =4aN —u > 0,h =¢“ and f = 1.

Therefore we can simply apply Corollary 6.1.3 to obtain a solution for (7.4.11),
provided that

€ {(0,87) U (8, 167)} N (0, 47 N). (7.4.12)
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Recalling the definition of x in (7.4.9) from (7.4.12) we obtain the desired existence
result as stated in (ii). m]

Finally we notice that, for N = 1, 2, 3, 4, our existence result is rather “sharp” as
we have:

Corollary 74.10 If N = 1,2 or N = 3,4 and if # 1, then condition
(7.4.1) is necessary and sufficient for the existence of a selfdual electroweak periodic
N-vortex. Moreover, the N -points (counted with multiplicity) where W vanishes can
be arbitrarily prescribed.

Thus, we conclude our discussion about electroweak vortices with the following:
Open question: Does the conclusion of Corollary 7.4.10 also hold for N > 5, possibly
by assuming (7.4.4)?

7.5 Concluding remarks

We end this monograph by drawing the reader’s attention to other questions of interest
in the study of gauge field vortices which were not touched upon by our analysis.

Firstly, we observe that all of the static selfdual vortex problems considered here
could be more generally addressed on compact surfaces (cf. [KiKi]) other than the
flat 2—torus, on which we have in fact focused since it is encountered more often in
physical applications.

Actually it makes good sense to analyze the selfdual equations over compact sur-
faces with a boundary, where we assign Dirichlet boundary conditions of fixed “nor-
mal” state.

Secondly, concerning selfdual Chern—Simons vortices, it is important to clarify
whether the selfdual solutions considered here in fact describe all finite energy so-
lutions of the static Chern—Simons field equations: (1.2.33)—(1.2.34); (1.2.56); or
(1.3.103)—(1.3.104) (subject to (1.3.116)—(1.3.117)). This would imply that Chern—
Simons mixed vortex/antivortex configurations are not allowed, as indeed is true for
the Maxwell-Higgs model. If not, see whether this is actually the case for a certain re-
stricted class of solutions, such as local energy minimizers or “symmetric” solutions,
as it happens for Yang—Mills fields.

Even more importantly, it would be helpful to accurately describe the nature of
Chern—Simons vortices away from the selfdual regime, as was done for Ginzburg—
Landau vortices (cf. [BBH], [DGP] and [PR]). For some attempt in this direction, see
[HaK], [KS1] and [KS2].

Finally, our models are by nature bi-dimensional. To treat higher dimensional situ-
ations, it is necessary to consider other models with similar characteristics for example,
the much acclaimed Seiberg—Witten model discussed in [DJLPW].
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